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PREFACE TO THE FOURTH EDITION. 

In this work will be found all the Propositions which 

usually appear in treatises on Theoretical Statics. To the 

^ diflferent Chapters Examples are appended, which have 

^ been principally selected from the University and College 

^4 Examination Papers; these will furnish ample exercise 

^ in the application of the principles of the subject. 

\. Some of the Examples in the earlier Chapters assume 

.; results which are obtained at a later part of the book ; the 

student who has no previous acquaintance with the subject 

may therefore, on his first perusal of the book, omit the 

more difficult Examples of the first six Chapters. 

The subject besides being valuable for its own sake is 
important as the first, according to the usual order of 
study, which involves the application of the higher parts 
of pure mathematics to physics. Thus, for instance, the 
Chapters on the Centre of Gravity and on Attraction, be- 
sides their direct use in establishing interesting results in 
Mechanics, are indirectly of great advantage by illustrating 
the processes of the Integral Calculus, and special attention 
has been paid to this circumstance by the discussion of 
numerous examples. 

In the fourth edition the work has been revised, and 
some additions have been made which it is hoped will 
increase its utility. 

I. TODHUNTER. 

St John's Collbqe, Cambridge, 
June, 1874. 
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CHAPTER L 



INTRODUCTION. 

1. A BODY is a portion of matter limited in every direction, 
and is consequently of a determinate form and volume. A 
material particle is a body indefinitely small in every direc- 
tion ; we shall speak of it for shortness as a particle. 

2. A body is in motion when the body or its parts occupy 
successively different positions in space, But we cannot 
judge of the state of rest or motion of a body without com-» 
paring it with other bodies, and for this reason all motions 
which come under our observation are necessarily relative 
motions. 

3. Force is that which produces or tends to produce motion 
in a body. 

. 4i When several forces act simultaneously on a body, it 
may happen that they neutralise each other ; when a body 
remains at rest though acted on by forces, it is said to be in 
equilibrium ; or, in other words, the forces are said to main* 
tain equilibrium. 

5. Mechanics is the science which treats of the laws of 
rest and motion of bodies. Statics treats of the laws of the 
equilibrium of bodies, and Dynamics of the laws of motion of 
bodies. 

6, There are three things to consider in a force acting 
on a particle : the position of the particle : the direction of 
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2 INTRODUCTION. 

the force, that is, the direction in which it tends to make 
the particle start ; and the intensity of the force. As the 
dimensions of a particle are indefinitely small its position 
may be determined in the same manner as that of a point 
in geometry, and the direction of the force may be determined 
in the same manner as that of a straight line in geometry. 
We proceed then to consider the magnitude or intensity of 
a force. 

7. Forces can be measured by taking some force as the 
unit, and expressing by numbers the ratios which other forces 
bear to this unit. Two forces are equal when being applied 
in opposite directions to a particle they maintain equilibrium. 
If we take two equal forces and apply them to a particle in the 
same direction we obtain a force double of either ; if we unite 
three equal forces we obtain a triple force ; and so on. 

When we say then that a force applied to a particle is a 
certain multiple of another force, we mean that the first force 
may be supposed to be composed of a certain number of forces 
equal to the second and all acting in the same direction. In 
this way forces become measurable quantities, which can be 
expressed by numbers, like all other quantities, by referring 
them to a unit of their own kind. Forces may also be repre- 
sented by straight lines proportional in length to these num- 
bers, drawn from the point at which the forces act and in the 
directions in which they act 

8. Experience teaches us that if a body be let free from 
the hand, it will fall downwards in a certain direction ; how- 
ever frequently the experiment be made, the result is the 
same, the body strikes the same spot on the ground in each 
trial, provided the place from which it is dropped remain the 
same. The cause of this undeviating effect is assumed to be 
an affinity which all bodies have for the earth, and is termed 
the force of attraction. If the body be prevented from falling 
by the interposition of a table or of the hand, the body exerts 
a pressure on the table or hand. Weight is the name given to 
the pressure which the attraction of the earth causes a body to 
exert on another with which it is in contact. 
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9. A solid body is conceived to be an aggregation of 
material particles which are held together by their mutual 
aflinities. This appears to be a safe hypothesis, since experi- 
ments shew that any body is divisible into48uccessively smaller 
and smaller portions without limit, if sufficient force be exerted 
to overcome the mutual action of the parts of the body, 

10. A rigid body is one in which the particles retain in- 
variable positions with respect to each other. No body in 
nature is perfectly rigid ; every body yields more or less to 
the forces which act on it. If, then, in any case this com- 
pressibility is of a sensible magnitude, we shall suppose that 
the body has assumed its figure of equUibrium, and then 
consider the points of application of the forces as a system of 
invariable form. By body, hereafter, we mean rigid body. 

11. When a force acts on a body the effect of the force 
will be unchanged at whatever point of its direction we sup- 
pose it applied, provided this point be either one of the points 
of the body or be invariably connected with the body. This 
principle is known by the name of the ti ansmissibility of a 
force to any point in its line of action; it is assumed as 
an axiom or as an experimental fact. We may shew the 
amount of assumption involved in the axiom, by the follow- 
ing process. 

Suppose a body to be kept in equilibrium by a system 
of forces, one of which is the force P applied at 
the point A, Take any point B which lies on 
the direction of this force, and suppose JB so con- 
nected with A that the distance A Bis unchange- 
able. Then, if at B we introduce two forces, 
Pand P, equal in magnitude and acting in oppo- 
site directions along the straight line AB, it seems 
evident that no change is made in the effect of 
the force P at A, Let us now assume that P 
at A and P' at B will neutralise each other, and 
may therefore he removed without disturbing the 
equilibrium of the hody ; then there remains the 
force P at P producing the same effect as when 
it acted at A. 

1—2 




i .INTBODUCTIOK, 

12. We shall have occasion hereafter to assume what may 
be called the converse of the principle of the transmissibility of 
force, namely, that if a force can be transferred from its point 
of application to a second point without altering its efifect, 
then the second point must be in the direction of the force. 
See Art. 17. 

13. When we find it useful to change the point of applica- 
tion of a force, we shall for shortness not always state that the 
new point is invariably connected with the old point, but this 
must be always understood. 
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CHAPTER IL 

THE COMPOSITION AND EQUILIBRIUM OF FORCES ACTING 

ON A PARTICLE. 

14. "When a particle is acted on by forces which do not 
maintain equilibrium it will begin to move in some deter- 
minate direction. It is clear then that a single force may 
be found of such a magnitude, that if it acted in the direction 
opposite to that in which the motion would take place this 
force would prevent the motion, and consequently would be 
in equilibrium with the other forces which act on the par- 
ticle. If then we were to remove the original forces and 
replace them by a single force, equal in magnitude to that 
described above, but acting in the opposite direction, the par- 
ticle would still remain at rest. This force, which is equiva- 
lent in its effect to the combined effect of the original forces, is 
called their resultant^ and the original forces are called the 
components of the resultant. 

It wiU be necessary then to begin by deducing rules for 
the composition offerees ; that is, for finding their resultant 
force. After we have determined these, it will be easy to 
deduce the analytical relations which forces must satisfy when 
in equilibrium. 

15.' To find the resultant of a given number of forces acting 
on a particle vn, the same straight line ; and to find the condition, 
which they must satisfy that they may he in equilibrium. 

When two or more forces act on a particle in the same 
direction it is evident that the resultant force is equal to their 
sum and acts in the same direction. 

When two forces act in different directions, but in the same 
straight line, on a particle, it is equally clear that their re- 
sultant is equal to their difference and acts in the direction of 
the greater component. 



6 FORCES IN THE SAME STRAIGHT LINE. 

When several forces act in different directions, but in the 
same straight line, on a particle, the resultant of the forces 
acting in one direction is equal to the sum of these forces, 
and acts in the same direction ; and so of the forces acting in 
the opposite direction. The resultant, therefore, of all the. 
forces is equal to the difference of these sums, and acts in the 
direction of the greater sum. 

If the forces acting in one direction are reckoned positive, 
and those in the opposite direction negative,, then their re- 
sultant is equal to their algebraical sum ; its sign determines 
the direction in which it acts. 

In order that the forces may be in equilibrium, their 
resultant, and therefore their algebraical sum, must vanish. 



l1> 



16. There is another case in which we can easily deter- 
mine the magnitude and direction of the resultant. 

Let AB, A G, AD be the directions of three equal forces 
acting on the particle A ; suppose these forces all in the 
same plane and the three angles BAG, CAD, DAB each 
equal to 120®; the particle will remain at rest, for there is 
no reason why it should move in one direction rather than 
another. Each of the forces is therefore equal and opposite 
to the resultant of the other two. 
But if we take on the directions 
of two of them, AB,AG, two equal 
straight lines AG, AH to repre- 
sent the forces, and complete the 
parallelogram OAHJE, the diago- 
nal ^ J? will lie in the same straight 
line with AD. Also the triangle 
A GEwiU be equilateral, and there- 
fore AE=i A Q. Hence, the diago- 
nal AE of the parallelogram con- 
structed on Au^, AH represents 
the resultant of the two forces which A O and AH respec- 
tively represent. 

This proposition is a particular case of one to which we 
now proceed. 
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• 17. Iftwof(yroes acting at a point be represented in direc- 
tion and magnittide by two straight lines drawn from the 
point, and a paralldogram be described on these straight lines 
as adjacent sides, then the resvltant will be represented in di- 
rection and -magnitude by that diagonal of the parallelogram 
which passes through ike point 

This Proposition is called the Parallelogram of Forces. 

I. To find the direction of the resultant. 

When the forces are equal it is clear that the direction 
of the resultant will bisect the angle between the directions 
of the forces ; or, if we represent the forces in magnitude 
and direction by two straight lines drawn from the point 
where they act, and describe a parallelogram on these straight 
lines, that diagonal of the parallelogram which passes through 
the point will be the direction of the resultant. 

Let us assume that this is true for forces p and m inclined 
at any angle, and also for forces p and n inclined at the same 
angle ; we can shew that it must then be true for two forces 
p and m + n also inclined at the same angle. 

Let A be the point at which the forces p and m act ; 

AB, AG their directions and pro- -^ c e 

portional to them in magnitude: 
complete the parallelogram BG, and 
draw the diagonal -4Z>; then, by 
hypothesis, the resultant of p and m 
acts along AD. 

Again, take GE in thd same ratio 
to AG that n bears to m. By Art 11 
we may suppose the force n which acts in the direction AE 
to be applied at A or (7; and therefore the forces p, m, and n, 
in the straight lines AB, A G, and GE, are the same as p and 
m+n in the straight lines AB and AE. 

Now replace p and m by their resultant and transfer its 
point of application from ^ to 2>; then resolve this force 
at D into two parallel to AB and AG respectively; these 
resolved parts must evidently be p and m, the former acting 
in the direction DF, and the latter in the direction DG. 
Then transfer ptoG and mto O. 
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8 PARALLELOGRAM OF FORCES. 

But, by the hypothesis, p and n acting at C have a re- 
sultant in the direction CO ; therefore p and n may be 
replaced by their resultant and its point of application trans- 
ferred to G. And m has also been transferred to (?. Hence 
by this process we have removed the forces which acted 
at A to the point without altering their effect. We may 
infer then (see Art. 12) that G^ is a point in the direction of 
the resultant of p and m -fw at ui ; that is, the resultant ofjt> 
and m 4- n acts in the direction of the diagonal A O, provided 
the hypothesis is correct. But the hypothesis is correct for 
equal forces, as p, p, and therefore it is true for forces p, 2p ; 
consequently for ^, 3p, and so on ; hence it is true iorp, r.p. 

Hence it is true for p, r.p, and jp, r.p, and consequently 
for 2p, r.p, and so on ; and it is finally true for 8,p and r,p^ 
where r and s are positive integers. 

We have still to shew that the Proposition is true for 
incommensurable forces. 

This may be inferred from the fact that when two mag- 
nitudes are incommensurable, so that the ratio of one to the 
other cannot be expressed exactly by a fraction, we can still 
find a fraction which differs from the true ratio by a fraction 
less than any assigned firaction. Or it may be established 
indirectly thus. 

Lei ABy AG represent two such forces. Complete the 
parallelogram BC, Then if their 
resultant do not act along AD sup- 
pose it to act along ^^; draw -EF 
parallel to A C, Divide A C into a 
number of equal portions, each less 
than DE; mark off from CD por- W 
tions equal to these, and let -K^ be H 
the last division ; this evidently falls ^ 
between i) and IJ; draw (?^ parallel to AG* Then two forces 
represented hj AG, AG have a resultant in the direction AK, 
because they ai'e commensurable; therefore the forces AG 
and AB are equivalent to a force along AK together with a 
force equal to GB applied at A along AB, And we may 
assume as obvious that the resultant of these forces must lie 
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hetiVeen AK and AB ; but by supposition the resultant is 
AE which is Tiot between AK and AB, This is absurd. 

In the same manner we may shew that every direction 
besides AD leads to an absurdity, and therefore the resultant 
must act along AD, whether the forces be commensurable or 
incommensurable. 

11. To find the magnitude of the resultant. 

Let AB, AO he the directions of the given forces, AD 
that of their resultant; take AJE opposite to 
AD, and of such a length as to represent the 
magnitude of the resultant. Then the forces 
represented by AB, AC, AE, balance each 
other. On AE and AB as adjacent sides 
construct the parallelogram ABFE; then the 
diagonal AF is the direction of the resultant 
of AE and AB. 

Hence AG ia in the same straight line ^^ 
with AF; hence FD is a parallelogram ; and 
therefore AE= FB = AD. Hence the result- 
ant is represented in magnitude as well as in 
direction by the diagonal of the parallelogram. 

Thus the proposition called the Parallelogram of Forces is 
completely established. 

18. Hence if P and Q represent two component forces 
acting at an angle a on a particle, the resultant B is given 
by the equation 

JJ» = P«+g* + 2P(2cosa. 

19. TVhen three forces acting on a particle are in equi- 
libriv/m they are respectively in the same proportion as the 
sines of the angles in<>luded by the directions of the other 
two. 

For if we refer to the third figure of Art. 17 we have 
P: Q:B::AB:AO (or BD) : AD 

:: sin ADB : sin BAD ; sin ABD 
:: ^n CAE : sin BAE: sin BAG. 
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Conversely if three forces act on a particle, and each force 
is as the sine of the angle between the directions of the other 
two, it may be shewn that one of the forces is equal in mogr- 
nitude to the resultant of the other two, and acts either in 
the same direction or in the opposite direction : in the latter 
case the three forces are in equilibrium. 

It should be noticed that if the sides of a triangle be drawn 
parallel to the directions of the forces, the length of any side 
will be proportional to the sine of the angle between the 
forces which correspond to the other two sides. 

20. Any force acting on a particle may be replaced by 
two others, if the sides of a triangle drawn parallel to the 
directions of the forces have the same relative proportion 
that the forces have. For by the parallelogram of forces 
the resultant of the latter two forces is equal to the given 
force. 

This is called the resolution of a force. 

21. Since the resultant of two forces acting on a particle 
is represented in magnitude and direction by the diagonal 
of the parallelogram constructed upon the straight lines which 
represent these forces in magnitude and direction, it follows 
that, in order to obtain the resultant of the forces P^, P,, Pg*... 
which act on a particle A, and are represented by the straight 
lines AP^j AP^ AP^... we may proceed thus : 




Find the resultant of P^ and P^, compound this resultant 
with Py.this new resultant with P^ and so on. It follows 
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from this, that if vre construct a polygon APiBGD, of which 
the sides are respectively equal and parallel to the straight 
lines AP^, -4Pj,... and join A with the last vertex D, the 
straight line AD will represent in magnitude and direction 
the resultant of all the forces. 

We may conclude that the necessary and sufficient con- 
dition for the equilibrium of a number of forces acting on 
a particle is, that the point D should coincide with A ; 
that is, that the figure APyB... D should be a complete 
polygon. The forces in the figure are not necessarily all in 
one plane. 

The result here obtained may be enunciated thus : If the 
sides of any polygon taken in order are respectively proportional 
to the magnitudes of forces acting at a point, and parallel to 
the directions of the forces, then the f(yrces will he in equilibrium. 

This proposition is called the Polygon of Forces. 

The student must carefully notice the conditions under 
which this proposition is asserted to hold ; the forces are sup- 
posed all to act at one point, and are to be represented by the 
sides of a polygon taken in order. As an example of the 
latter condition, suppose a quadrilateral ^£(7i); then if forces 
which may be represented by AB, BG, CD, DA, act at a 
point the forces will be in equilibrium: but the forces will not 
be in equilibrium if represented by AB, BG, DG, DA, or by 
AB,BG, GD,AD. 

The direction and magnitude of the resultant may also be 
determined analytically, as in the following Articles. 

22. Any number of forces a^ on a particle in one plane; 
required to find the magnitude and the direction of their 
resultant. 

Let Pj, Pj, Pj,... be the forces, and a,,Gfj, or,,... the angles 
their directions make with a fixed straight line drawn through 
the proposed point. Take this fixed straight line for the axis 
of X, and one perpendicular to it for that of y. Then, by 
Art. 20, Pj may be resolved into P^ cos a^, and P, sin a^, acting 
along the axes of w and y respectively. The other forces may 
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be similarly resolved. By algebraical addition of the forces 
which act in the same straight line we have 

Pj cos a^ + Pg cos ffj + P3 cos ffj + .•• along the axis of aHy. 
Pj sin Kj + P, sin otj + Pj sin flj + ... along the axis of y. 

We shall express the former by 2P cos a and the latter by 
2P sin a, where the symbol 2 denotes that we take the sum 
of all the quantities of which the quantity before which it is 
placed is the type. 

If we put Pj cos a^= X^ and P^ sin a^^Y^, and use a similar 
totation for the other components, we have two forces replacing 
the whole system, namely XX along the axis of x and 2F 
along that of Y. If R denote the resultant of these forces and 
a the angle at which it is inclined to the axis of a?, we have> 
by Art. 17, 

5«=(2X)'-h'(2r)*, tana = g. 

AT ^^ • 2r 

Also cosa=^^; sma = -s-» 

23. To find the conditions of equilihrium when any number 
of forces act on a particle in one plane. 

When the forces are in equilibrium we must have JS = ; 
therefore 

(2X)»+(2F)«=0; 

therefore . 2X=0; 2r=0; 

and these are the conditions among the forces that they may 
be in equilibrium. 

Hence a system of forces acting in one plane on a particle 
will he in equilihrium if the sums of the resolved parts of the 
forces along two rectangular axes in the plane through the 
point vanish. 

Conversely, if the forces are in equilibrium the sum of the 
resolved parts of the forces along any straight line through 
the point will vanish. 

24. Three forces act on a particle in directions making 
right angles with each other; required to find the magnitude 
and direction of their resultant 
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Let AB, AG, AD represent the three forces X, Y, Zin 
magnitude and direction. Complete the parallelogram BC, 
and draw the diagonal AE; then AJE represents the resultant 
of X and Y in magnitude and direction, by Art. 17. Now 




the resultant of this force and Z, that is, of the forces repre- 
sented by AE, AD, is represented in magnitude and direction 
by AF, the diagonal of the parallelogram DE, Hence the 
resultant of X, Y, Z is represented in magnitude and direction 
by AF, Let R be the magnitude of the resultant, and a, J, c 
the angles the direction of JB makes with those of X, Y, Z. 
Then, since 



therefore 



AF'^AF^^ATy^AE'^AG^^-AI^, 



., AB X . AG 

Alsocosa=^^=^, cos6 = 2p: 






Thus the magnitude and direction of the resultant are deter* 
mined 

25. It follows from the last Article that any force R the 
direction of which makes the angles a, h, c with three rect- 
angular axes fixpd in space, may be replaced by the three 
forces R cos a, R cos h, R cos c, acting simultaneously on the 
particle on which R acts, and having their directions parallel 
to the axes of coordinates respectively. 
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26. Any number of forces act on a particle in any direc- 
tions; required to find the magnitude and ike direction of their 
resultant 

Let Pj, Pj, Pj,... be the forces; let a^, ^8^, y^ be the angles 
which the direction of P^ makes with three rectangular axes 
drawn through the proposed point; let a^, /8j, 7^ be the angles 
which the direction of P^ makes with the same axes; and 
80 on. 

Then, by Art. 25, the components of Pj in the directions of 
the axes are 

PjCosflfj, P^cos/8j, PjC0S7j, (or X^, F^, Z^y suppose). 

Kesolve each of the other forces in the same way, and reduce 
the system to three forces, by adding those which act in the 
same straight line, Art. 15 ; we thus have 

PjC0sai + PjC08ag+... or SPcosa, or 2X, 

Pj cos/3, + P, cos /3jj+... or SP cos/3, or ST, 

P,co8 7, + PjCos7j + ... or SPC0S7, or %Zy 

acting in the directions of the axes of x, y, and z respectively. 

If we call the resultant R, and the angles which its direc- 
tion makes with the axes a, 6, c, we have, by Art. 24, 

, 2X , 2F tZ 

and cosa = --^, cos 6 = -^, cosc = -p-. 

27. To find the conditions of equilibrium tvhen any nu/mher 
of forces act on a particle. 

When the forces are in equilibrium, we must have 12 = ; 
therefore 

(2X)«+(2F)«+(S.^«=0, 
therefore SX=:0; Sr=:0; S^=0; 

and these are the conditions among the forces that they may 
be in equilibrium. 
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28. The expression for the magnitude of the resultant in 
Art. 26 may be rendered independent of the position of the 
axes. For, from Art. 26, 

-B» = (P^ cos a, + Pj, cos 0, + ...)*+ (Pi cos iSj + P, cos /Sj, + ...)« 

+ (PjCos^j + Pj cos 7^ 4- ...)'• 

When the expressions on the right-hand side are developed, 
we shall find that the coefficient of P* is 

cos*aj + cos')8j + cos'^j, 
and that the coefficient of P^P^ is 

2 (cos ttj cos a, + cos /S^ cos P^ + cos 7^ cos 73). 

Now we know from Analytical Geometry of three dimensions 
that 

cos'flj + cos* ^j + cos*7j = 1 ; 

and that 

cos flj cos ttj, + cos P^ cos P^ + cos 7j cos 7, 

is equal to the cosine of the angle between the directions of 
the forces P^ and P^, which we may denote by cos (P^, P^). 
Similar values will be found for the coefficients of the other 
terms ; and the result may be expressed thus, 

B^^^tP"^ 22PP' cos (P, P'), 

where by P, P' we mean any two of the forces. 

29. The equation 5 cos a = 2P cos or, in Art. 26, shews 
that the resolved part of the resultant in any direction is equal 
to the sv/m of the resolved parts of the components in the same 
direction ; for since the axes were taken arbitrarily, that of x 
might have been made to coincide with any assigned direc- 
tion. Or we may establish the proposition thus. Suppose 
a straight line drawn through the point of application of the 
forces, and inclined to the axes at angles a', P, 7'. Take the 
three equations of Art 26, 

jB cos a = Pj cos a^ + Pj cos a, + 

Pcos6 = PjCos)8j + Pj|Cos)8j+ 

jB cose = PiCos7j + Pj,cos7j, + 
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Multiply the first by cos a', the second by cos ff, and the third 
by cos 7', and add. Then, if 0^, 6^... denote the angles which 
Pj, Pj... make with the arbitrarily drawn straight line, and 
6 the angle which the resultant R makes with it, we have, by 
the formula quoted in Art. 28 for the cosine of the angle be- 
tween two straight lines, 



jBcos^ = P,cos^j + P,cos^j,+, 



30. From Art. 20 it is obvious that a given force may 
be resolved into two others in an infinite number of ways. 
When we speak of the resolved part of a force in a given 
direction, as in the preceding Article, we shall always suppose^ 
unless the contrary is expressed, that the given force is re- 
solved into two forces, one in the given direction and the 
other in a direction at right angles to the given direction. The 
former component we shall call the resolved force in the given 
direction. 

When forces act on a particle it will be in equilibrium, 
provided the sums of the forces resolved along any three 
directions not lying in one plane are zero. For if the forces 
do not balance, they must have a single resultant; and as 
a straight line cannot be at right angles to three straight 
lines which meet at a point and are not in the same plane, the 
resolved part of the resultant, and therefore the sum of the 
resolved parts of the given forces, along these three straight 
lines, could not vanish, which is contrary to the hypothesis. 

31. In Art. 26 we resolved each force of a system into 
three others along three rectangular axes. In the same way 
we may, if we please, resolve each force along three straight 
lines forming a system of oblique ax£S. For whether the 
figure in Art. 24 represent an oblique or rectangular parallele- 
piped, the force AF may be resolved into Al) and AE, and 
the latter again resolved into AB and AC, Hence the re- 
sultant of a system of forces may be represented by the diago- 
naf of an oblique parallelepiped, and for equilibrium it will 
be necessary that this diagonal should vanish, and therefore 
that the edges of the parallelepiped should vanish. 

The following three Articles are particular cases of the 
equilibrium of a particle. 
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32. To determine the condition of equilibrium of a particle 
acted on by any forces and constrained to remain on a given 
smooth curve. 

By a STnooth curve we understand a curve that can only 
exert force on the particle in a direction normal to the curve 
at the point of contact. 

Let X, Y, Z denote the forces acting 6n the particle in 
directions parallel to three rectangular axes, exclusive of the 
action of the curve. Let a?, y, z denote the co-ordinates of 
the particle, and ^ the length of the arc measured from some 
fixed point up to the point (a?, y, z). Then by Analytical 
Geometry of three dimensions the cosines of the angles which 
the tangent to the curve at the point (jr, y, z) makes with the 

axes are -r- y ^ 'i ~t * respectively. The forces acting on 

the particle being resolved along the tangent to the curve, 
their sum is 

^ as as as 

Unless this vanishes, there will be nothing to prevent the 
particle from moving; for equilibrium then we must have 

as els as 

Conversely if this relation holds the particle will remain at 
rest, for there is no force to make it move dhng the curve, 
which is the only motion of which it is capable. 

We have supposed the particle to be placed inside a tube 
which ha^ the form of the curve. If, however, the particle 
be merely placed in contOjCb with a cv/rve, it will be further 
necessary for equilibrium that the resultant of the forces 
should press the particle agaivhst the curve and not move it 
from the curve. 

' 33. To determine the conditions of equilibrium of a particle 
acted on by any forces and constrained to remain on a given 
smooth surface. 

T. S. 2 
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A smooth surfaxje is one which can exert no force on the 
particle except in a direction normal to the surface. 

Let X, Y, Z denote the forces acting on the particle in 
directions parallel to three rectangular axes, exclusive of the 
action of the surface. The resultant of X, Y, Z must act in 
a direction normal to the surface at the point where the 
particle is situated ; for if it did not, ve might decompose 
it into two forces, one in the normal and one at right angles 
to the normal, of which the latter would set the particle in 
motion. The cosines of the angles which the resultant of 
X, F, Z makes with the axes are proportional \xi Xy Yy Z 
respectively ; and if F (a:, y, «) = be the equation to the 
surface, the cosines of the angles which the normal to the 
surface at the point (a;, y, z) makes with the axes, are by 
Analytical Geometry of three dimensions proportional to 

-p, -y— , and -T- respectively. Hence for equilibrium we 

must have 

X ^Y ^Z 

dF aP or* 
dx dy dz 

If these relations are satisfied, the resultant force is directed 
along the normal; hence, if we suppose the particle incapable 
of leaving the surface, the above conditions will be sufficient 
to ensure its equilibrium; but if the particle be merely placed 
on a surface, it will be further necessary that X, F, Z should 
act so that their resultant may press the particle against the 
surface. For example, if the particle be placed on the out- 
side of a sphere, the resultant of X, F, and Z must act 
towards the centre of the sphere. 

34. Suppose it required to determine the action which the 
curve or the surface exerts on the particle in the preceding 
cases. Denote it by JR, and let a, )8, y be the angles its direc- 
tion makes with the axes. Since R and the forces X, Y, Z 
maintain the particle in equilibrium, we have by Art. 27, 

Itco8a + X^0, Bcosfi+Y^O, i?cosy + Z=0. (1). 
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Also when the particle rests on a curve surface whose equation 
is F{x^ y, z) = 0, cos a, cos /3, and cos 7 are known in terms 
of the co-ordinates of the particle, since they are proportional 

to -p, -J-, -7- respectively. Hence the .equations (1) and 

that to the surface will determine x, y, z, and jB, if X, Y, Z 
be given. 

If the particle rest on a curve line, then, since the direc- 
tion of -B is perpendicular to that of the tangent to the curve, 
we have the following equation from Analytical Geometry of 
three dimensions, 

dx ^ ady ^ dz ^ .^. 

cosa-T- + cosp-^ + cos 7 J- =0..... (2). 

dx dt/ dz 

Since -v- , -# , and -v- can be expressed, theoretically at 

least, in terms of x, y, and z, the equation (2) gives a relation 
between cos a, cos )8, and cos 7, and x, y, and z. Thus (1) and 
(2) together with the two equations to the curve and the 
equation 

cos'a+ cos'/S + cos'7 s= 1, 

are suflScient to determine the seven quantities i?, x, y, z, 
cos a, cos /3, and cos 7. 

We may observe that from (1) 

35. Duchayla's proof of the Parallelogram of Forces which 
we have given in Art. 17, rests on the principle of the trans^ 
missibility 0/ force; see Art. 11. We shall give another proof 
which does not involve this principle; this proof is Poisson's 
with a slight modification. We assume that if two equal 
forces act on a particle", the direction of the resultant bisects 
the anglie between the directions of the components. Also, if 
F denote the magnitude of each of two equal forces, 2x the 
angle between their directions, and B the magnitude of the 
resultant, then jB must be some function of P and x; suppose 

S = fiP, x), 

la tbis equatLou, if we change our unit of force, the numerical 

2—2 
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values of P and R will change ; but as the above equation 
must be true, whatever unit of force we adopt,it follows that the 
function /(P, x) must be of the form P(f>{x). Hence we have 

R^P4>{x). 

Let M represent the position of the particle ; MA, MB 
the directions of the equal forces 
acting on it ; MD the direction of the 
resultant. Draw the four straight lines 
MO, MG, MR, ME, making the an- 
gles CMA, GMA, HMB, EMB all 
equal, and let z denote the magnitude 
of each angle. Suppose the force P 
acting along MA to be resolved into 
two equal forces acting along MG and 
J/ G^ respectively; denote each of these 
components by Q ; then 

P=Q<^(4 

Eesolve P acting along MB in like manner into two 
forces each equal to Q, acting along ME and MH respec- 
tively. Thus the two forces P are replaced by the four 
forces Q ; and consequently the resultant of these four forces 
must coincide in magnitude and direction with the resultant 
B of the two forces P. 

Let Q[ denote the resultant of the two forces Q, acting 
along MG and MH; since QMD^HMD =a? — ^, we have 

q^Q<l>{x^z), 

and MD is the direction of Q, 

Similarly, the resultant Q" of the other forces Q will act 
along MD ; and since GMD = EMD ^x-\-z, we have 

Since Q and Q" both act along the straight line MD, their 
resultant, which is also the resultant of the four forces Q, 
must be equal to their sum ; hence 

But we have R = P^ {x) = Q4> {z) 4> [x). 

Hence ^[x) ^(2?) = ^(a?-f ^) + ^(a? — «) (1). 
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This equation admits of more than one solution; for exam- 
ple, if ^(^) = 2 cos ex, or if <^ (x) = e^4- e~^, where c is any 
constant, the equation is satisfied; we shall however shew 
that the only solution admissible in the present question is 
the following, 

<f>{x)=2 cos a? (2). 

We may observe that we need not consider any value of x 

IT 

greater than ^ , for the directions of two forces acting at a 

point will always include an angle less than ir ; we may then 
assume it as obvious that ^ {x) must be a positive quantity. 

We shall first shew that if ^(a?) = 2 cos^ when x has any 

value a, then ^ {x) must = 2 cos x when x has the value ^. In 

(1) put X and z each equal to - , so that ^ (a? + 2?) becomes 
equal to 2 cos a ; thus 

*©*(i)=*(^)+^"'*'" (^^- 

But the resultant of two equal forces acting in the same 
straight line is eqjial to twice either of the component forces; 
thus ^ (0) = 2 ; therefore by (3) 

^(|)^(|) = 2(l+cosa) = 4cos'|. 

Hence ^ ( ^ ) = + 2 cos ^ ; but by supposition ^ is less than 
■^, and ^ (^ I must be a positive quantity; thus 

Similarly if (a?) = 2 COS 05 when 0? = ^ , then ^ (a?) =2 cos a; 
when a? = T ; and so on. Thus we conclude that if <^ (x) = 2 cos x 
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Mm 

when a? =s a, then (^ (a?) = 2 cos a? when x = ^, where n is any 

positive integer. 

We shall next shew that if <^(^) = 2 cos a? when x^fiy and 
when a; = 7, and when a; = /3 — 7, then ^ (a;) = 2 cos x when 
a? = /3+7. From (1) 

«= 4 cos ^ cos 7—2 cos 08 — 7) 

= 2 cos (^ + 7). 

Thus if (2) holds when aj = )8, it will hold when a? = 2)8; this 
we obtain by supposing 7 = ^8. Then if (2) holds when a? =^ 
and when x =* 2)8, it also holds when a? =i 3^ ; and so on ; that 
is, if (2) holds when a? = )8 it will hold when x = w^S. Thus 
we conclude that if (2) holds when a? = a it will hold when 

a? =5» -^ , where m and n are any integers. 

But since the numbers m and n may be as great as we 

please, we can take them such that the expression -^ may 

differ as little as we please from any assigned value of x. 
We may therefore consider (2) as completely demonstrated 
if it holds for any value of x different from zero. But by 
Art. 16, it does hold whena?=j7r, for then <^(iF)=l=2 cos^tt; 
hence it holds always. Hence 

-B = 2Pco6a7. 

» 

If then the forces P be represented by straight lines drawn 
from their point of application, the^resultant B. will be repre- 
sented by that diagonal of the parallelogram described on 
these straight lines which passes through the point of appli- 
cation. 

Next, let two unequal forces P and Q act on the particle M 
along the straight lines MA and MB\ 
represent their intensities by the 
straight lines MO and MH taken 
on their directions, and complete 
the parallelogram MGKH. 

First suppose AMB a right an- 
gle. Draw the two diagonals MK 
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and GH, which meet at L\ through and fi'draw G^and 
HO parallel to ML, meeting at N and the parallel to OH 
drawn through Jtf. Then 

OL-^LH^LM. 

Hence NL and OL are equilateral parallelograms, and there- 
fore, \)y what has been already proved, the force MO may be 
regarded as the resultant of il/??"and MLy and the force MH 
as the resultant of MO and ML, Hence we may substitute 
for MO and MH the forces MN, MO, and the two forces ML) 
MN and MO, sin.ce they are equal and opposite, destroy each 
other, and we have remaining the two forces ML^ which 
together give a force represented in magnitude and direction 
\>Y MK. 

Secondly, suppose the angle AMB 
not a right angle. Through O and H 
draw GE and HF pei-pendicular to the 
diagonal MK, and G^-^^and HO parallel to 
this straight line. Through if draw NMO 
at right angles to MK, Then we have 
GE=^ HF. As we have already shewn, 
the force MO may be replaced by JfAT 
and J£E, and the force MH by MO and 
MF. Since MN and MO are equal and 
opposite, they will destroy. each other, and^ 
MF and MF remain; since MF=^KE, 
we have MK as the resultant in mag- 
tude and direction of MG and MH. 

Hence the Parallelogram of Forces is completely proved. 

36. A proof of thfe Parallelogram of Forces has been 
given by Laplace {M^canique Celeste, Liv. I. Chap. 1). In this 
proof the component forces are at first supposed to be at right 
angles; the magnitude of their resultant is then determined 
and afterwards its direction. The first part of the proof is so 
simple, that it may be conveniently introduced here; it is 
substantially as follows. Let x and y denote two forces which 
are inclined at a right angle, and let z denote their resultant; 
we propose to find the value of z. It is obvious that if the 
components instead of being x and y were 2a? and 2y respec- 
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tively, the resultant would be 2z and would have the same 
direction as before; so if the components were Sx and Sy 
respectively, the resultant would be Sz and would have the 
same direction as before; and so on. We may therefore 
assume conversely, that if the inclination of the resultant to 
each component remains unchanged, the ratio of each com- 
ponent to the resultant will also remain unchanged. Now 
consider the force x as the resultant of two forces x' and x", of 
which X is in the direction of z, and x" is at right angles to 
that direction. Then by the principle just assumed, we have 

X* X , a?" v 

— = - and — = -; 

X z X z 

so that a?' = — , and x" ==-^. 

- z . z 

Similarly y may be resolved into — along the direction of z 

and — at right angles to that direction. Thus the forces 

X and y are equivalent to four forces, two in the direction of ^ 
and the other two at right angles to that direction; the latter 
two are equal in magnitude and opposite in direction, so that 
they counteract each other; hence the resultant of the former 
two must be equal to z. Thus 

X* i/* 

— + — ^z; therefore 2* = ^ + ^. 



We shall now give some simple propositions which will 
serve to exemplify and illustrate the principles of the present 
Chapter. 

I. ABG is a triangle; 
D, Ey F are the middle points 
of the sides BO, CA, AB 
respectively: shew that forces 
represented by the straight 
lines ^i>, BE, OF will be in 
equilibrium. 
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It is Itnown that the straight lines AD^ BE, Ci^meet at a 
point: see Appendix to Euclid. Let G denote this point. 
The three forces may be supposed to act at G. 

Since JD is the middle point of BG, the parallelogram de- 
scribed on AB and AC dA adjacent sides will have a diagonal 
in the direction AD\ hence twice AD will represent the 
resultant of two forces represented by AB and A C. And 
conversely the force represented by AD may be resolved into 
two forces represented by half AB and half A G, Similarly 
the force BE may be resolved into half 5(7 and half BA ; and 
the force CFmay be resolved into half CA and half GB 

But the force half AB is equal and opposite to the force 
half BA ; and so on. Thus, finally, the forces AD, BE, OF 
are in equilibrium. 

n. In the figure of the preceding proposition forces re- 
presented by the straight lines GA^ OB, GG will be in 
equilibrium. 

The resultant of the forces GB and GG acts along GD. 
J£ then there is not equilibrium the three forces GA, GB, 
OG have a resultant acting either from A towards D or from 
D towards A, that is in the straight line AD, But in the 
same way it may be shewn that if the forces GA, GB, GG 
are not in equilibrium their resultant must act in the straight 
line BE, and also in the straight line GF. But it is impossi- 
ble that the resultant can act in three diflferent straight lines. 
Therefore the forces GA, GB, GO must be in equilibrium. 

As the student is probably aware, it may be shewn by 
Geometry that AG\a equal to twice GD\ and thus the pre- 
sent theorem may be established directly; but we have used 
the method here given for the purpose of illustrating me- 
chanical principles. We may observe that we have thus by 
the aid of mechanical principles, in fact, demonstrated that 
AG= 2GD; for the resultant of GB and GG is represented 
by twice GD. 

Since AD = SGD, BE==SGE, and GF^^SGF, the forces 
AD, BE, CFhave the same relative proportion as the forces 
GD, GE, GF) so that the first proposition may be deduced 
immediately from the second. 
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III. Forces act at the middle points of the sides of a tri- 
^pgle, in the plane of the triangle, at right angles to the sides 
and respectively proportional to the sides : shew that if they 
all act inwards or all act outwards they will be in equilibrium. 

The directions of the forces meet at a point, namely, the 
centre of the circle which circumscribes the triangle. And 
the angle between the directions of two forces is the supple- 
ment of the angle between the corresponding sides. Thus 
each force is as the sine of the angle between the other two. 
Hence by Art. 19 the forces are in equilibrium. 

IV. Forces act at the angular points of a triangle along 
the perpendiculars drawn from the angular points on the 
respectively opposite sides; and the forces are respectively 
proportional to the sides: shew that the forces will be in 
equilibrium. 

It is known that the perpendiculars meet at a point : see 
Appendix to Euclid, Hence by the same method as in the 
preceding proposition the forces are in equilibrium. 

V. -45(7 is a triangle; Hy 7, K are points in the sides 
BGy CAy -45 respectively such that 

BH_CI_AK 
HG lA KB' 

Shew that if forces represented by AHy BI, CK act at a point 
they will be in equilibrium. 




Let Dy E, F be the middle points of the sides; and suppose 
AD, BE, and Oi^to be drawn. 
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The force AH may be resolved into the forces AD, DH; 
the force BI into the forces BE, EI) and the force CK into 
the forces OF, FK. See Art. 20. 

The forces AD, BE, OF are in equilibrium by the first 
proposition. 

And we have from the hypothesis as to H, I, K, 

DHEI FK 
BG CA^AB' 

so that the forces DH, EI, FK are proportional to the sides 
of the triangle ABC taken in order ; and they are therefore 
in equilibrium by Art. 21 if they act at a point. 

Hence if the forces AH, BI, CfiTact'at a point they are 
in equilibrium. 

The straight lines AH, BI, CK by their intersections form 
a triangle ; and therefore by Art. 19 the sides of this triangle 
are proportional to the forces. Hence we aixive by mechanical 
principles at the following geometrical result: the sides of 
the triangle formed by the intersections of AH, BI, CK are 
proportional to AH, BI, CK respectively. 

VI. A, B, C are three points on the circumference of a 
circle ; forces act along AB and BC inversely proportional to 
these straight lines in magnitude: shew that the resultant 
acts along the tangent at £• 

Denote the forces by -j-^ and -^ respectively. Resolve 

them at right angles to the tangent at B ; thus we obtain by 
Euclid, III. 32, • 

'^smACB--§^6uxCAB; 
AB BU 

and this is zero, since 

BC sin CAB 
AB^QinACB* 

r • 

Hence the resultant must act along the tangent at B, 
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VII. If one of two forcea be given in m^nitude and 
position, and also the direction oftbeir resultant, the locus 
of the extremity of the straight line representing the other 
force will be a straight line. 

Let a and r denote the magnitudes of two forces ; suppose 
the former to make an angle a. with the direction of the 
resultant, and the latter an angle 0. 

Then, resolving along the straight line which is at right 
angles to the direction of the resultant, we have 
a sin a — r sin fi "" 0. 

Now a and a being given, while r and are variable, this 
equation represents a straight line which is parallel to the 
direction of the resultant, and at a distance a sin a from it. 
See Conic Sections, Chap. ii. 

Vni, From any point within a regular polygon perpen- 
diculars are drawn on all the sides of the polygon : shew that 
the direi3tion of the i-esullant of all the forces represented 
by these perpendiculars passes through the centre of the 
circle circumscribing the polygon, and find the magnitude of 
the resultant. 

Let^) (ieoote the pcrpeiuUcular from the centre on a side, 
c the distance of the puiut at which the forces act from the 
centre, a the angle which this distance makes with a fixed 
straight line which coincides with the perpendicular from 
thi3 centre on a side, n the number of sides in the polygon ; 

and let ^-". 

magnitude of the wf force may be denoted by 
" — o), and the direction of this force will make 
rWith the fixed straight line. 

id parts of the forces parallel to the fixed 
right armies to it, will be respectively, 

i{i and 2 [p— c cos (m^S — a}} sin mfi, 

summation to be taken with respect to m 
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Also cos (m^ — a) cos mjS = ^ {cos (2m^ — a) + cos a}, 

1 

cos (myS — a) sin m)8 = - {sin (2mj3--a) + sina}. 

Jit 

Then effecting the summation, (see Trigonometry, Chap, xxil,) 
we obtain for the resolved parts, — -^cosa and — — sin a. 
Hence, with the notation of Art. 22, 

tan a = tan a, It= -^ . 

The former equation shews that the direction of the re- 
sultant coincides with the straight line which joins the 
centre to the point at which the forces act; and the latter 
equation determines the magnitude of the resultant. 

IX. Suppose three forces P, Q, It to act in one plane 
at a point 0, and to be in equilibrium ; let a circle be de- 
scribed with as centre, and any radius, cutting the direc- 
tions of the forces at the points A, B, (7 respectively : then 
shall P, ^, ^ be respectively proportional to the areas of the 
triangles OBC, OCA, OAB. 

This follows at once from Art, 19, since the area of a 
triangle is expressed by half the product pf two sides into the 
sine of the included angle. 

Conversely, if P, Q, B, are respectively proportional to 
these areas, they will be in equilibrium. 

X. Suppose four forces P, Q, B, 8 "to act at a point 0, 
and to be in equilibrium; let a sphere be described with 
as centre, and any radius, cutting the directions of the forces 
at the points A, B, C, D respectively : then shall P, Q, B, 8 
be respectively proportional to the volumes of the pyramids 
OBOJD, OCBA, ODAB, OABO. 

Take as the origin of a set of rectangular axes, let 
a*j, y^, z^ be the co-ordinates of A ; x^, y^, z^ the co-ordinates 
' of -B ; and so on. Then, by Art. 27, 

Px^+Qx^'{'Bx^ + 8x^ = 0, 
Bz^ + Qz^-^Bz. + Sz.^O. 



30 EXAMPLES OF FORCES AT A POINT. 

Hence, eliminating Q and JS, we shall obtain 

Hence, by the aid of the expression for the volume of a 
pyramid given in works on Analytical Geometry of three 
. dimensions, we have 

P_ volume of pyramid OB CD 
i5'~ volume of pyramid OABC 

It 

Similarly we obtain the value of ^ and of -^ . 

Conversely, if P, Q^ R, 8 are respectively proportional to 
these volumes they will be in equilibrium. 



EXAMPLES, 

■ 1. Two forces P and ^ have a resultant B which makes 
an angle a with P; if P be increased by jB while Q remains 
unchanged, shew that the new resultant makes an angle 

I with P. 

• 2. Two forces in the ratio of 2 to V3 — 1, are inclined to 
each other at an angle of 60® ; what must be the direction 
and magnitude of a third force which produces equilibrium ? 

BesvU, The required force must be to the first of the 
given forces as V6 ^ 2 ; and its direction produced makes 
an angle of 16® with that force, 

3. The resultant of two forces P and Q is equal to QsfZ, 
and makes an angle of 30® with P; find P in terms of Q. 

Result Either P= ^ or P=2Q; in the former case the 
angle between P and Q is 60®, in the latter 120®. 
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• 4. If D, J?, F be the middle points of the sides of 
the triangle ABC and any other point, shew that the 
system of forces represented by OD^ OE, OF in equivalent to 
that represented by OA, OB, OG. 

5. The resultant of two forces is 10 lbs., one of them is 
equal to 8 lbs., and the direction of the other is inclined to 
the resultant at an angle of 36^ Find the angle between 
the two forces. 

BmiJi. Sin"^ ^ (10 - 2^5) i 

• 6. The resultant of two forces P, Q, acting at an angle ^, 
is equal to (2w + 1) V(-P' + ^) \ when they act at an angle 
iw-^, it is equal to (2m-l) V(-P*+ G*); shew that 

tan^= =-. 

m + 1 

• 7. Two forces F and F acting in the diagonals of a 
parallelogram keep it at rest in such a position that one of 
its edges is horizontal, shew that 

F sec a' = jP' sec a = TTcosec (a + a ), 

where W is the weight of the parallelogram,, a and a' the 
angles between its diagonals and the horizontal side. 

8. If a particle be placed on a sphere, and be acted on 
by three forces represented in magnitude and direction by 
three chords mutually at right angles drawn through the 
particle, it will remain at rest. 

9. Three forces P, Q^ B acting on a point and keeping 
it at rest are represented by straight lines drawn from that 
poiut. If P be given in magnitude and direction, and Q in 
magnitude only, find the locus of the extremity of the line 
which represents the third for<;e jB. 

BesidL A sphere. 
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10. A circle whose plane is vertical has a centre of con- 
stant repulsive force at one extremity of the horizontal dia- 
meter ; find the position of equilibrium of a pai'ticle within 
the circle, the repulsive force being equal to the weight of 
the particle. 

Result The straight line joining the particle with the 
centre of the circle makes an angle of 60* with the horizon. 

11. A particle is placed on a smooth squdxe table whose 
side is a at distances c,, c,, c,, c^ from the comers, and to it 
are attached strings passing over smooth puUies at the cor- 
ners and supporting weights P^, P^, P^ P^ ; shew that if there 
is equilibrium, 



P 

c 



1 Cj C3 Qj a' Vcj cj \c^ cj 



r Shew also that 

12. Two small rings slide on the arc of a smooth vertical 
circle; a string passes through both rings, and has three 
equal weights attached to it, one at each end and one be- 
tween the rings; find the position of the rings when they 
are in equilibrium. The rings are supposed without weight. 

Result Each of the rings must be 30® distant from the 
highest point of the circle. 

13. The extremities of a string without weight are fast- 
ened to two equal heavy rings which slide on smooth fixed 
rods in the same vertical plane and equally inclined to the 
vertical ; and to the middle point of the string a weight is 
fastened equal to twice the weight of each ring ; find the 
position of equilibrium and the tension of the string. 

If the point to which the weight is fastened be not the 
middle point of the string, shew that in the position of equi- 
librium the tensions of its two portions will be equal. 
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14. A light cord with one end attached to a fixed point 
passes over a pully in the same horizontal line with the fixed 
point and supports a weight hanging freely at its other end. 
A heavy ring being fastened to the cord in diflFerent places 
between the fixed point and the pully, it is required to find 
the locus of its positions of equilibrium. If the weight of the 
ring be small compared with the other weight, the locus will 
be approximately a parabola. 

15. If two forces acting along chords of a circle are 
inversely proportional to the lengths of the chords, their 
residtant will pass through one or other of the points of 
intersection of straight lines drawn through the extremities 
of the chords. 

16. A particle rests on an ellipse acted on by forces \x\ 
fty*, parallel to the axes pf x and y respectively; find its 
position of equilibrium. Explain the case in which w = 1. 

17. A particle is placed on the outer surface of a smooth 
fixed sphere and is acted on by a fixed centre of force lying 
vertically above the centre of the sphere, at a distance c from 
it and attracting directly as the distance. Shew that the 
particle will rest on any part of the sphere if the weight of 
the particle equals the attraction on it by. the fixed centre of 
force when at a distance c from it. 

18.. A particle is placed on the surface of an ellipsoid in 
the centre of which is resident an attractive force: determine 
the direction in which the particle will begin to move. 

a?' t/' ^ 

19. Find the point on the surface -i + fs + "a = 1> where 

* a c 

a particle attracted by a force to the origin will rest in equir 
Hbrium. 

20. ABCD is a quadrilateral inscribed in a circle, and 
forces inversely proportional to ABy EG, AD, DC act along 
the sides in the directions indicated by the letters: shew that 
their resultant acts along the straight line joining the inter- 
section of the diagonals with the intersectiori of the tan- 
gents to the circle at £, Z>. 

T. s. 3 
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. CHAPTER III. 
hesultant of two parallel forces, couples. 

37« To find the magnitude and the diredi&n of the re- 
stdtant of two parallel forces acting on a rigid body. 

Let P and Q be the forces ; A and B their points of ap- 




plication : let P and Q act in the same direction* The eflfect 
of the forces will not be altered if we apply two forces equal 
in magnitude and acting in opposite directions along the 
straight line AB. Let S denote each of these forces^ and 
suppose one to act at A and the other at B. 

Then P and 8 acting at A are equivalent to some force P' 
acting in some direction AF inclined to AP (Art. 17) ; and 
Q and 8 acting at B are equivalent to some force Qf acting in 
some direction BQ inclined to BQ» 

Produce P'-4, QB to cut each other at (7, and draw CD 
parallel to AP, meeting AB at D ; suppose G rigidly con- 
nected with AB^ 

Transfer P' and ^ to G (Art. 11), and resolve them along 
GD and a straight line parallel to AB; the latter parts will 
each be equal to 8 but act in opposite directions, and the sum 
of the former is P+ Q. Hence B, the resultant of P and Q, 
= P + Q and acts parallel to P and Q in the straight line GJD. 
We shall now determine the point where this stiuight line 
cuts AB, 
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The sides of the triangle A CD are parallel to the directions 
of the forces F, S, P' \ therefore by Art. 19 

P CD , . ,, . S DB 

^ = -^. and similarly ^ = -^; 

therefore -7r=^'rrT = 1 if AB^a and AD^x\ 

Q JjA X ' 

therefore ^ 



this determines the point D through which the direction 
of the resultant passes. It will be observed that AB is 
divided at D into segments which are inversely as the forces 
at A and B respectively. 

If the force P act in a directioi\ opposite to that of Q 




a similar process will lead us to 

5 = (2-P,and^=^; 

which may be derived from the formulaa of the preceding 
case by changing P into — P. 

It will be observed that AB produced is divided at D into 
segments which are inversely as the forces at A and B re- 
spectively. 

3—2 



36 A COUPLE. 

38. The point D possesses this remarkable property: that 
however P and Q are turned about thei^r points of application 
A and B, their directions remaining parallel, D detennined as 
above remains iixed. This point is in consequence called the 
centre of the parallel forces P and Q. 

39. . If P == Q in the second case of Art. 37, thei^ P = 
and a? = 00 , a result perfectly nugatory. It shews, us that the 
method fails by which we have attempted to compound two 
equal and opposite parallel forces. In fact the addition of the 
two forces 8 still gives, in this case, two equal forces parallel 
and opposite in their directions. 

Such a system of forces is called a Couple. 

"We shall investigate the laws of the composition and 
resolution of couples, since to these we shall reduce the com^ 
position and resolution of forces of every description acting on 
a rigid body. 

40. From Art. 39 we might conjecture that two equal 
forces acting in parallel and opposite directions do not admit 
of a single resultant, which may be shewn as follows. 




Suppose, if possible, that the single force R will maintain 
equilibrium with two forces, each denoted by P, acting in 
parallel and opposite directions. 

J)raw a straight line meeting at A and B the directions of 
the forces P, and that of R at E. Make AD = BE, and apply 
at D two forces T and 8 each = R and parallel to R but 
in opposite directions ; this will not disturb the equilibrium. 
Hence the fivp forces, R, P, P, S, Tare in equilibrium. But 
since P, P and R form a system in equilibrium, so by symt 
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metry do P, P and T, Hence if we remove the last three 
we shall not disturb the equilibrium, and we accordingly haver 
R and S left maintaining equilibrium. But this is obviously 
impossible, since they act in the same direction. Hence the 
two parallel forces P cannot be balanced by a single force, 
and therefore do not admit of a single resultant. 

41. A couple consists of two equal forces acting in parallel 
and opposite directions. 

The arm of a couple is the perpendicular distance between 
the directions of its forces. 

The moment of a couple is the product of either of its forces 
into the perpendicular distance between them. 

The axis of a couple is a straight line perpendicular to the 
phne of the couple and proportional in length to the moment* 

Two couples in the same plane may differ with respect to 
direction. For suppose the middle point of the arm of a 
couple to be fixed, and the arm to move in the direction in 
which the two forces of the couple tend to urge it; there are 
two different directions in which the arm may rotate. Sup- 
pose a pei*pendicular drawn to the plane of the couple through 
the middle point of its arm, so that when an observer is 
placed along this straight line with his feet against the plane, 
the rotation which the forces give to the arm appears to take 
place from left to right; the perpendicular so drawn we shall 
take for the aods of the couple. 

We shall now give three propositions shewing that the 
effect of a couple is not altered when certain changes are made 
with respect to the couple. It is to be supposed in all these 
propositions that a rigid body is in equilibrium under the 
action of certain forces, including an assigned couple; and it is 
shewn that then the equilibrium will not be disturbed by the 
specified changes with respect to the couple. 

42. The effect of a couple is not altered if its arm be turned 
through any angle about one extremity in the plane of the 
couple. 
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A COUPLE MAY BE TRANSFERRED. 



Let the plane of the paper he the plane of the couple, AB 
the arm, and -^JB' its new position; the forces P^, P, are equal 




and act on the arln AS. At B' and A let the equal and 
opposite forces PgPg, P4P5, each equal to P^ or P, he applied, 
acting at right angles to AB' ; this will not affect the action 
ofP, andP,. 

Let 5Pj, BP^ meet at (7; join AC; -4 (7 manifestly bisects 
the angle BAB\ 

Now Pj and P, are equivalent to some force in the direction 
CAy andPj andP^ are equivalent to an equal force in the direc- 
tion AC. Therefore P^, P^, P3, P^ are in equilibrium with 
each other ; therefore the remaining forces P , P^ acting at 
B, A respectively produce the same effect as P,, P^ acting at 
P, A respectively. Hence the proposition is true. 

"We may now turn the arm of the couple through any angle 
about jB'; and by proceeding in this way we may transfer the 
couple to any position in its own plane. 

43. The effect of a couple is not altered if we transfer the 
couple to any plane parallel to its own, the arm remaining 
parallel to itself 

Let AB be the arm, A'B its new position parallel to AB. 
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Join AS, AB bisecting each other at Q. At Al;Il apply 
two equal and opposite forces each = P^ or P, and parallel to 
them ; and let these forces be P3, P^, P,, P^; this will not 
alter the effect of the couple. 

But Pj and P^ are equivalent to 2Pj acting at G in 
the direction Ga parallel to the direction of P,, and P and 
P3 are equivalent to 2Pj acting at (? in the opposite direc- 
tion Gh. 

Hence P^, P^, P,, P^ are in equilibrium with each other; 
therefore the remaining forces P„ and P acting at A isind S 
respectively produce the same effect as r^ and P, acting at A 
and B respectively. Hence the proposition is true. 

44. The effect of a couple is not altered if we replace it by 
another couple of which tiie moment is the same ; the plane 
remaining the same and the arms being in the same straight 
line and having a common extremity. 

Let AB be the arm ; let P, ip.Q 4.R 
P be the forces, and suppose j Ip 

P = Q + if; let ^P = a, and let 
the new arm AC=b\ at G 
apply two opposite forces each 
= Q and parallel to P; this v 

will not alter the effect of the P-a+» 

couple. 

Now jB at -^ and Q at C will balance ^ + 2? at P, 

if AB : BG :: Q : By (Art. 37), 

or it AB : AG :: Q : Q + R, 
that is, if Q . J = P . a ; 

we have then remaining the couple Q, Q acting on the arm 
AG Hence the couple P, P acting on AB may be replaced 
by the couple Q, Q acting oa AG, if Q.b = P.a, that is, if 
their moments are the same. 

45. From the last three Articles it appears that, without 
altering the effect of a couple, we may change it into anothof 
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^O MEASURE OF A COUPLE. 

m 

of equal moment, and transfer it to any position, either in 
its own plane or in a plane parallel to its own. The couple 
must 'remain unchanged so far as concerns the direction of 
the rotation which its forces would tend to give the arm, sup- 
posing its middle point fixed as in Art. 41. In other words, 
the straight line which we have called the axis, measured as 
indicated in that Article, must always remain on the same 
side of the plane of the couple. 

46. We may infer from Art. 44 that couples may be mea- 
sured by their moments. Let there be two couples, one in 
which each force = P, and one in which each force = Q, the 
arms of the couples being equal; these couples will be in the 
ratio of P to Q, For suppose, for example, that P is to Q as 
3 ta 5 ; then each of the forces P may be divided into 3 equal 
forces and each of the forces Q into 5 such equal forces. Then 
the couple of which each force is P may be considered as the 
sum of 3 equal couples of the same kind, and the couple of 
which each force is Q as the sum of 5 such equal couples. 
The efifects of the couples will therefore be as 3 to 5. Next, 
suppose the arms of the. couples unequal, and denote them by 
p and q respectively. The couple which has each of its 
forces = Q and its arm = j is equivalent to a couple having 

each of its forces = —^ and its arm=^, by Art. 44. The 

couples are therefore by the first case in the ratio of P to — 

that is of Pp to Qq. 

With respect to the efifect of a couple, we may observe 
that it is shewn in works on rigid dynamics that if a couple 
act on a free rigid body it will set the body in rotation about 
an axis passing through a certain point in the body called 
its centre of gravity, hut not necessarily perpendicular to the 
plane of the couple* 

47. To find the resultant of any number of couples acting 
on a hody, the planes of the couples being parallel to each 
other. 

First, suppose all the couples transferred to the same plane 
(Art. 43) ; next^ let them be all transferred so as to have 
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'their arms in the same straight line, and one extremity com- 
mon (Art. 42) ; and lastly, let them be replaced by other 
couples having the same arm (Art. 44), 

Thus if P, Q, B, be the forces, and 

a, b, c, be their arms, 

we shall have them replaced by the following forces (sup- 
posing a the common arm), 

-P--> Q'-y a.-, acting on the arm a. 

a a a ^ 

Hence their resultant will be a couple of which each force 
equals 

P.^+e.- + i2.- + , 

a a a 

tod the arm = a, 

or of which the moment eqlials 

P.a + Q.h + Ii.c+ 

Hence the moment of the resultant couple is equal to the 
sum of the moments of the original couples. 

If one of the couples, as Q, Q, act in a direction opposite to 
the couple P, P, then the force at each extremity of the arm 
of the resultant couple will be 

P. — Q.— + P. — h , 

a a a 

and the moment of the resultant couple will be 

P.a'~Q.b + E.c+ , 

or the algebraical sum of the moments of the original 
couples; the moments of those couples which tend in the 
direction opposite to the couple P, P being reckoned ne- 
gative. 
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48. To jvnd the resultant of two couples not acting in the 
same plane. 

Let the planes of the couples intersect in the straight line 




ABy which is perpendicular to the plane of the paper, and let 
the couples be referred to the common arm ABj and let their 
forces thus altered be P and Q. 

In the plane of the paper draw -4a, Ai at right angles to 
the planes of the couples P, Pand Qf Q \ and equal in length 
to their a^es. 

Let R be the resultant of the forces P and Q at A, acting 
in the direction AR ; and of P and Q at P, acting in the 
direction BR. • 

Since AP, A Q are parallel to PP, BQ respectively, there- 
fore AR is parallel to BR. 

Hence the two couples are equivalent to the single couple 
Ry R acting on the arm AB. 

Draw Ac perpendicular to the plane of P, P, and in the 
same proportion to Aa, Ah that the moment of the couple 
P, P is to those of P, P and Q, Q respectively. Then Ac 
is the axis of P, P. Now the three straight lines Aa, Ac, Ab 
make the same angles with each other that AP, AR, A Q 
make with each other ; also they are in the same propor- 
tion in which AB . P, AB . P, AB . Q are ; that is in which 
P, P, Q are. 

But P is the resultant of P and Q ; therefore Ac is the 
diagonal of the parallelogram on Aa, Ah (see Art. 17). 

Hence if two straight lines, having a common extremity, 
represent the axes of two couples, that diagonal of the paral- 
lelogram described on these straight lines as adjacent sides 
which passes through their common extremity represents the 
axis of the resultant couple. 
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49. To find the magnihide and position of the couple which 
w the resultant of three couples which act in planes at right 
angles to each other. 

Let AB, A C, AD be the axes of the given couples (see 
fig. to Art. 24). Complete the parallelogram GB, and draw 
A£ the diagonal. Then AE is the axis of the couple which 
is the resultant of the two couples of which the axes are 
AB, AG. Complete the parallelogram BE, and draw AF 
the diagonal. Then AF is the axis of the couple which is 
the resultant of the couples of which the axes are AE, AD, 
or of those of which the axes are ABy A G, AD, 

' Now AF'^^AE' + AD^^AB^+AG^ + AD'. 

Let G be the moment of the resultant couple ; L^M, N 
those of the given couples ; 

therefore 6^-= T + JiP + JST; 

and if \ fi, v be the angles the axis of the resultant makes 
with those of the components, 

^ AB L M N 

cos\= -r-r7=-77; cosu = -77: COSI/=-77. 
AF G' ^ G' G 

50. Hence conversely any couple may be replaced- by 
three couples acting m plaues at right aisles to each other ; 
their moments being G cos X, G cos /i, G cos v ; where G is 
the moment of the given couple, and X, fi, v the angles its 
axis makes with the axes of the three couples. 

Thus couples follow, as to their composition and resolution, 
laws similar to those which apply to forces, the cmis of the 
couple corresponding to the direction of the force and the 
moment of the couple to the intensity of the force. Hence 
for example, by Art. 29, the resolved part of a resultant 
couple in any direction is equal to the sum of the resolved 
parts of the component couples in the same direction. 

51. In Chapter II. we treated of forces acting at a point ; 
in the present Chapter we have passed to the consideration 
of forces which do not act at the same point, and this subject 
will be further developed in the following Chapters. Mistakes 
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are frequently made by students in consequence ol neglecting 
the diflFerence between the case in which forces are given 
acting at the same pointy and the case in which the forces 
are not so given. 

It may be observed that by the aid of what has already 
been explained, it is theoretically possible to discuss any 
problem respecting forces which all act in the same plane ; 
we have only to make repeated use of the principles of trans- 
ference and composition. For take any two of the forces, 
produce the directions of the forces to meet, and suppose the 
two forces to act at the common point ; then replace the two' 
forces by their resultant. Next this resultant may in like 
manner be compounded with any third force; and so on. 
Thus we shall always be able to reduce any forces which 
act in the same plane either to a single force, or to a couple. 
The next Chapter will shew us how to proceed in a more 
systematic manner ; but, as we have said, the explanations 
already given are theoretically sufficient. 

For example. Forces are represented in magnitude and 
line of action by the sides A£, BG, and CA of a triangle : 
find their resultant. 

The two forces AB and BC may be supposed to act 
at B) their resultant will be a force through B, parallel 
to A Cy and denoted in magnitude by A G, Then this force 
and the force represented by GA constitute a couple; the 
moment of the couple will be represented by the product 
of GA into the perpendicular from B on GA \ that is by 
twice the area of the triangle ABG. 

Again. Forces are represented in magnitude and line 
of action by the sides AB^ BC, and AG oi a, triangle : find 
their resultant. 

Here, as before, the two forces AB a,ni BG are equivalent 
to a force through B parallel to AG; thus the final resul- 
tant is a force parallel to A G, passing through the middle 
point of AB, and denoted in magnitude by twice A (7. 
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EXAMPLES. 

1. Forces 1,-2, —3, 4 act on a rod at right angles 
to it, and at equal distances in the same plane : find their 
resultant. 

2. Forces P, — SP, — 5P, 7P act on a rod at distances 
from one end proportional to their respective magnitudes; 
the forces are parallel and in the same plane: find their 
resultant. 

3. A BCD is a quadrilateral; forces are represented in 
magnitude and Hue of action by AB, BO, and CD: find 
their resultant. 

4. ABGD is a quadrilateral; forces are represented in 
magnitude and line of action by AB, BC, and DC: find 
their resultant. 

5. ABCD and AB'GD' are parallel faces of a parallele- 
piped, the edges AA!, BB ^ CG\ DD\ being parallel to 
each other; if forces represented by the edges BA, BC, L^C, 
UA act respectively along these edges, shew that they are 
equivalent to a couple acting in the plane passing through 
BB and DIf , and represented in n^oment by the area of 
the section of the parallelepiped made by that plane. 
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CHAPTER IV. 

BESULTANT OF FORCES IN ONE PLANE. CONDITIONS OF 

EQUILIBRIUM. MOMENTS. 



52, To find the resultant of any number of parallel forces 
acting on a rigid body in one plane. 

... denote the forcea Take any point in 



Let P„ P., P.. 



V 



»'■ 



the plane of the forces as origin and draw rectangular axes 
Oxy Oy, the latter parallel to the forces. Let -4j be the 
point ^here Ox meets the direction of P^, and let 0-4^ = 0?^. 

Apply at two forces each equal and parallel to P^ in 
opposite directions. Thus the force P, is replaced by P^ at 
along Oy, and a couple of which the moment is P^. OA^^ 
that is P^. a?^. Transform the other forces in a similar manner^ 
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using a similar notation^ and the whole system will be re- 
duced to a force P^ + Pj + P3+ or 2P along Oy, and a 

couple Pja;j + Pja;, + P,a:3+ or SPa: in the plane of 

the forces and tending to turn the body from the axis of x 
to the axis of y. 

53. To find the conditions of equilibrium of a system of 
parallel forces acting on a rigid body in one plane. 

A system of parallel forces can be reduced to a single 
force and a couple. If neither of these vanish equilibrium 
is impossible, because a single force cannot neutralize a couple 
(Art. 40). If the single force alone vanish equilibrium is 
impossible, because there remains an unbalanced couple. If 
the couple alone vanish equilibrium is impossible, because 
there remains an unbalanced force. Hence, for equilibrium 
it is necessary that both the force and the couple should 
vanish ; that is 

2P = and SPa? = 0. 

54. The product of a force into the perpendicular drawn 
upon its direction from any point, is called the moment of 
the force with respect to that point, or round that point. 
Hence the conditions of equilibrium which have just been 
obtained may be thus enunciated : 

A system of parallel forces adding on a rigid body in one 
plane will be in equilibrium if the sum of the forces vanishes, 
and the sum of the mx>ments of the forces round an origin in 
the plane also vanishes. 

Conversely, if the forces are in equilibrium their sum must 
vanish, and also the sum of their moments round any origin 
in the plana 

The word sum must be understood algebraically. Forces 
which act in one direction being considered positive, those 
which act in the opposite direction must be considered nega- 
tive. Also moments being considered positive when the cor- 
responding couples tend to turn the body in one direction, 
they must be considered negative when the corresponding 
couples tend to turn the body in the opposite direction* 
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55. When the sum of the forces vanishes in Art. 52, 
ihe forces reduce to a couple. 
When SP is not zero, the y 
forces can be reduced to 
a single resultant. For if 
SPa; = 0, then 2P acting 
at is the single resultant. 
If IPx be not = 0, let the 
couple be transformed to one 
in which each of the forces 
is equal to 2P, and conse- 
quently, by Art. 44, the arm <fsp 

is -^T-FT . Let SP acting at A 



y 



and 2P acting along 0\f form this couple. The latter force 
is destroyed by the force 2P along Oy. Hence the single 
resultant is 2P acting at Ay that is, at a point the distance 

of which from is -^-p . 

56. To find the resultant of any number of forces which 
act on a rigid body in one plane. 

Let the system be referred to any rectangular axes Ox, Oy 
in the plane of the forces. 

y 




. Let Pj, Pg, Pj, denote the forces; ofj, a^, a^, 

the angles which theiir directions make with the axis of x:^ 



IN ONE PLANE. 49 

let ic^, y^ be the co-ordinates of the point of application of P^; 
let x^^ y^ be those of the point pf application of P^, and so on. 

Let A^ be the point of application of P^. At suppose 
two forces applied in opposite directions each equal and 
parallel to P^. Draw Op^ perpendicular to P^A^* 

Hence P^ acting at A^ is equivalent to P^ acting at 
and a couple of which Op^ is the arm and each force is Pj, 
which tends to turn the body from the axis of x to that of 
y. Now 

Op^ = x^ sin Gfj — y^ cos a^. 

Hence the moment of the couple is 

Pj {x^ sin flj — y^ cos a^). 

The other forces may be similarly replaced. Hence the 
system is equivalent to the forces 

Pj, P„ P3, acting at 0, 

in directions parallel, to those of the original forces ; and the 
couples of which the moments are 

Pi(^iSinaj-yjCosaJ, 

P^(x^8ma^-y^cosa^), 

■PsC^aSinag-yjCOSOfJ, 



acting in the plane of the forces. It will be found that any 
one of the above expressions for the moments of the couples 
is positive or negative, according as that couple tends to turn 
the body from the axis of x towards that of y, or in the 
contrary direction. 

Let li be the resultant of thQ forces acting at 0, let a be 
the angle which B makes with the axis of x, and G the 
moment of the resultant couple ; then (by Art. 22) 

^cosa = SPcosa; 5sina = 2Psina; 

and (by Art. 47) 

(? = 2P(^sina— y cosa). . 
T. s. 4 
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If PjCOsaj = Xj and P^s^na^= Y^, and a similar notation 
be used for the other forces, the above equations may be 
written 

i?=(2Z)«-f-(2r)«; taiia = ||'; 
and = t(Yx^Xy). 

57. To find the conditions for the equilibriumi of a system 
of forces dcting on a rigid body in one plane. 

Any system of forces acting in one plane may be reduced 
to a single force JR, and a couple whose moment is 0, If 
neither B nor O vanish equilibrium is impossible, since a 
single force cannot balance a couple. If li alone vanish equi- 
librium is impossible, because there remains an unbalanced 
couple G; it Gr alone vanish equilibrium is impossible, be- 
cause there remains an unbalanced force. Hence, for equi- 
librium we must have R = and 0=^0. Also ^ = requires 
thatSX=0and2r=0. 

Since G is equal to the sum of the moments of the forces 
with respect to 0, we may enunciate the result thus: A sys- 
tem of forces acting in one plane on a rigid body will be in 
equilibriwm if the sums of the resolved parts of the forces pa- 
rallel to two rectangular axes in the plane vanish, and the sum 
of the moments round an origin in the plane also vanishes. 

Conversely, if the forces are in equilibrium the sum of 
the resolved parts of the forces parallel to any direction will 
vanish, and also the sum of the moments of the forces round 
any origin. 

58. If three forces acting in one plane maintain a rigid 
body in equilibrium their directions either all meet at a point or 
are all parallel. 

For suppose two of the directions to meet at a point, and 
take this point for the origin ; then the moment of each of 
these two forces vanishes, and the equation G^ = requires 
that the moment of the third force should vanish, that is, the 
third force must also pass through the origin. Hence, if any 
two of the forces meet, the third must pass through their point 
of intersection, which proves the proposition. This pro- 
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position may also be established without referring to Art. 57. 
For if two of the forces meet at a point, they may be supposed 
both to act at that point and may be replaced by their re- 
sultant acting at the same point; this resultant and the third 
force must keep the body on which they act in equilibrium, 
and must therefore be equal and opposite; that is, the third 
force must pass through the point of intersection of the 
first two. 

59. If .fl = in Art. 56, the forces reduce to a couple: if 
B be not = 0, the forces can be reduced to a single resultant; 
and the equation to its line of action may be found. 

For if the couple = 0, the resultant force is B acting at 
the origin. If the couple Q be not = 0, let it be trans^ 
formed into one having each of its forces = R and its arm con- 




sequently = -n (Act. 44). Let this couple be turned in its own 

plane, until one of its forces acts at the origin exactly opposite 
to tile force i?, which by hypothesis acts at the origin. Hence 
these forces destroy each other and we have left It acting 
at the extremity of the arm OA, in a direction inclined to 

the axis of x at an angle a, found by the equation tan a = ^^ 

(Art. 66). If this direction meet the axis of x at -B, we have 



0B= OA cosec a = -^ . ^:r^^= 



i2'2r 2r* 



4—2 



52 RESULTANT OF FORCES IN ONE PLANE. 

and the equation to the line of action of the single resultant is 

or, ^'Sr-y'2X=2(F^-Zy), 

w, y being the variable co-ordinates. 

60. The result of the last Article may also be obtained 
thus. Suppose that the given forces have a single resultant 
acting at the point (a?' , y), and equivalent to the components 
X' and Y' parallel to the co-ordinate axes. It follows that 
the given forces will, with — Z', — F' acting at the point 
(a?', y), form a system in equilibrium. Hence, by Art. 57, 

2x-x=o, 2r-r=o, (?-rv+zy = o. 

Of these three equations the first determines X\ the second 
Y\ and the third assigns a relation between x and y\ which 
is in fact the equation to the line in which the single re- 
sultant acts and at any point of which it may be supposed 
to act. If 2Z and S Y both vanish, it is impossible to find 
values of x and y that satisfy the last equation of the three, 
so long as Q does not vanish ; this shews that if the forces 
reduce to a couple, it is impossible to find a single force equi- 
valent to them. 

61. In Art. 56, we have for the moment of the force P^ 
about the origin the expression 

Pj (x^ sin a^ — y^ cos otj), 
and this we may express by 

Since X^ and Y^ are the rectangular components of P^, we 
see by comparing the two expressions that the moment of 
a force about any origin is equal to the algebraical sum of 
the moments of its rectangular components about the same 
origin. (See Art. 54.) There are many such theorems con- 
nected with moments, and the demonstration of some of them 
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is facilitated by observing that iaccording to the definition 
of a moment, it may be geometrically represented by twice 
the area of the triangle having for its base the straight line 
which represents the force and for its vertex the point about 
which moments are taken. For example, we may prove the 
theorem which we have already deduced. 

62. The algebraical sum of the moments of two component 
forces with respect to any point in the plane containing the two 
forces is equal to the moment of the resultant of the two forces. 

Let ABy A C represent two component forces; complete the 
parallelogram and draw the 
diagonal AD representing the 
resultant force. 

(1) Let 0, the point about 
which the moments are to be ^ , 
taken, fall without the angle 
BAC and that which is ver- 
tically opposite to it. Join 
OA, OB, 00, OD. 

The triangle OA having for its base A and for its 
height the perpendicular from on AG v& equivalent to a 
triangle having A for its base and for its height the perpen- 
dicular from BonAO, together with a triangle having BD 
for its base and for its height the perpendicular from on BD. 
This is obvious since BD is equal and parallel to A 0, and the 
perpendicular from on AO i^ equal to the perpendicular 
from on BD together with the perpendicular from Bo^AG. 
Hence we have 

LAOG=^^BOD-\-^AGD. 

Hence, adding the triangle A OB, we have 

I^AOG^^AOB = LBOD-^^ABD-^LAOB=::^AODi 

that is, the moment of -4(7 + the moment of AB = the mo- 
ment of AD, 
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(2) Let fall within the angle BAG or its vertically 
opposite angle. 

AAOC= AABD - ABOB 

^ AAOB Jf AAOB. J, 
Therefore 

AAOB^AAOC^hAOB', 

that is, the moment of -4i> = the moment of -4(7— the 
moment oi AB, As the moments oi AG and AB about O 
are now of opposite characters, the moment of the resultant 
is still equal to the algebraical sum of the moments of the 
components. 

The proposition may also be readily shewn in the case 
where the two component forces bxq parallel; see Art. 37. 

In this example, however, nothing is gained in brevity or 
simplicity by the aid of Geometry; for the required result is 
an immediate consequence of the mechanical principle that the 
resolved part of the resultant along a straight line through A 
at right angles to -4 is equal to the algebraical sum of the 
resolved parts of the components in the same direction. 

63. Forces are represented in magnitude and position hy 
the sides of a plane polygon taken in order; required the re- 
sultant 




Let the sides of the figure ^^CD^i'^ represent the forces 
in magnitude and position ; the first force being supposed to 
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act in the straight line AB from A towards B, the second in 
the straight line BC from B towards G, and so on. 

As in Art. 56, the forces may be replaced by a resultant 
force at an arbitrary origin and a couple. The former is 
composed of all the forces AB, BG....... moved each parallel 

to itself up to ; the resultant force consequently vanishes 
by Art. 21. 

The moment of the resultant couple is the sum of the 
moments of the component couples, and is therefore repre- 
sented by twice the triangle -40-S + twice the triangle BOG 
+ ...; that is, by tmce the area of the polygon. Hence the 
forces reduce to a resultant couple measured by twice the area 
of the polygon. 

We may observe that the algebraical sum of the moments 
of the two forces which form a couple is the same about 
whatever point it be taken ; it is in fact equal to the moment 
of the couple. 

64. If the sum of the moments of the forces P., P,, Pj,... 
be required about a point whose co-ordinates are Ji, k instead 
of about the origin, we must in the expression for O, in 
Art 56, put x^ — h, a?,— A., ... for oj^, a*,, ... respectively, and 
l/i — Ic, y^ — k, ...toT y ,y^, ,.. respectively. Hence, denoting 
the result by G^, we nave 

0,^t{Y{x-h)-X(t,-k)} 

= ktX-htY+t{Yx-Xy) 

= k%X- KZ Y+ Q. 

Hence the value of G^ depends in general on the situation 
of the point about which we take moments. . If, however, 

AjS-X"— K% !F= a constant, 

that is, if the point Qi, k) move along any straight line 
parallel to the direction of the resultant force J2, then Q^ 
remains unchanged. 
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If three different points exist with respect to which the sum 
of the moments vanishes, we have three equations 

Hence we deduce 

(Jfc,-A;3)2X=(A,-/i3)2r. 

Unless the point (A^, h^, the point (A,, k^, and the point 
(^8> ^s) ^^ ^^ ^ straight line, it is impossible that 

ZlzJ^^ ^8 "" ^« . 
we must therefore have 

2X=0, 2r=o, (? = 0. 

Hence if the sum of the moments of a system of forces in one 
plans vanish with respect to three points in the plane not in a 
straight line, that system is in equilibrium. 

• 

When a system of forces in one plane can be reduced to a 
single resultant, we have found in Art. 59 that the equation 
to the direction of the resultant is 

a?'2r-y'2X = 2(Fa:-Xy). 

This may be written 

The equation to the direction of the resultant thus in fact 
determines the locus of the points for which the algebraical 
sum of the moments of the forces is zero. 

65. Hitherto we have supposed our axes rectangular. If 
they are oblique and inclined at an angle o), we may shew, 
as in Art. 56, that a system of forces in one plane may be 
reduced to 2-X' along the axis of a?, 2F along the axis of y, 
and a couple the moment of which is sin o)2 {Yx — Xy). The 
latter part will be easily obtained, since the moment of the 
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force Pj is equivalent to the algebraical sum of the moments 
of its components X, and Y^; and the perpendicular on the 
former from the origin is y^ sin cd, and on the latter ay^ sin g). 

The conditions for equilibrium are, as before. 



The following Examples may be solved by means of the 
principles given in the preceding Articles, When different 
rigid bodies occur in a question, the equations of Art. 57 
must hold with respect to each, in order that there may be 
equilibrium. In cases where only three forces act on a body, 
it is often convenient to use the proposition of Art. 58. Since 
by Art. 57 the moments of the forces with respect to any 
origin must vanish, we may, if we please, take different origins 
and form the corresponding equation for each. See Art. 64. 

In some of the Examples we anticipate the results of the 
subsequent Chapters so far as to assume that the weight of 
any body acts through a definite and known point, which is 
the centre of gravity of the body. When two bodies are in 
contact it is assumed that whatever force one exerts on the 
other the latter exerts an equal and opposite force on the 
former; if the bodies are smooth this force acts in the direction 
of the common normal to the surfaces at the point of contact. 
We restrict ourselves to the supposition of smooth bodies 
until Phapter X. 

In attempting to solve the problems the student will find 
it advisable when the system involves more than one body 
to confine his attention to one at a time of those bodies which 
are capable of motion, and to be careful to take into con- 
sideration aU the forces which act on that body. When 
bodies are in contact some letter should be used to denote 
the mutual force between them, and the magnitude of this 
force must be found from the equations of equilibrium of the 
body or bodies which are capable of motion. And when 
two of the bodies are connected by a string a letter should 
be used to denote the tension of the string, and the magnitude 
of the tension must be found, from the conditions of equi- 
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librium of the body or bodies which are capable of motion. 
Beginners often fall into error by assuming incorrect values 
for the tensions of strings and the mutusd forces between 
bodies in contact, instead of determining the correct values 
from the equations of equilibrium. 

We will give here two propositions, respecting forces acting 
in a plane, which involve important results. 

I. Forces act at the middle points of the sides of a rigid 
polygon in the plane of the polygon; the forces act at right 
angles to the sides, and are respectively proportional to the 
sides in magnitude: shew that the forces will be in equili- 
brium if they aU act inwards or all act outwards. 

The result here enunciated has been already shewn to be 
true in the case of a triangle ; see the Proposition iii. at the 
end of Chapter ii. ; the general proposition is obtained by 
an inductive method. 

Suppose for example that the proposition were known to be 

true for a four-sided figure also ; 
then we can shew that it must be 
true for a five-sided figure.- Let 
ABCDE be a five-sided figure; and 
let forces act at the middle points of 
the sides in the plane of the figure, 
at right angles to the sides and re- 
spectively proportional to the sides 

in magnitude: suppose for the sake of distinctness that the 

forces aU act outwards. 

Join AD, By hypothesis a certain system of forces acting 
outwards on the four-sided figure ABCD would be in equili- 
brium; and from this it follows that the assigned forces acting 
on AB, BG, CD must be equivalent to a single force acting 
at the middle point of AD, towards the inside of the four- 
sided figure ABGD, proportional to AD in magnitude. 

Also the assigned forces acting on DE, EA must in like 
manner be equivalent to a single force acting at the middle 
point of AD, towards the inside of the triangle AED, pro- 
portional to ADia magnitude. 
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Hence the two single forces balance each other; and the 
system is in equilibrium. 

In this manner, knowing that the result is true for a tri- 
angle, we can shew in succession that it is true for a figure 
of four, five, six,... sides. 

II. Rigid rods without weight are joined together by 
smooth hinges at their extremities, so as to form a plane 
polygon. Forces act at the middle points of the sides of the 
polygon in the plane of the polygon; the forces act at right 
angles to the sides, and are respectively proportional to the 
sides in magnitude ; shew that, if the forces all act inwards 
or all act outwards, when there is equilibrium, a circle can 
be described round the polygon. 

Let -45 CDJKF represent the polygon. Consider one of the 

rods as AB, This rod is acted 
on by a force at the middle 
point H at right angles to AB^ 
and by actions from the hinges 
at A and B. The former force 
is proportional to AB, and may 
be denoted by fi.AB, The 
three forces must meet at a 
point, suppose K; then by re- 
solving parallel to AB, we find 
that the actions at A and B 
must be equal ; we will denote 
them by B, Resolve the forces at right angles to AB: thus 

fiAB = 2B sin ABK. 

The action at B on the rod BC is equal and opposite to 
that on the rod BA ; hence we obtain in the same manner 

fiBC::^2RsmCBL. 

r^ . HinABK AB sin ACB 

1 nereiore — — ^^, = ^-^ = -■ — ttTu • 

sm CBL BC sm GAB 

This shews that KBL touches at B the circle described 
round ABC. 

Similarly AK touches at A the circle described round 
BAF. 
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But AK and BK are equally inclined to AB, Hence the 
two circles must coincide ; that is, the points F, A, B, G lie 
on the circumference of a circle. 

In this way we shew that any four consecutive angular 
points of the polygon he on the circumference of a circle; 
and hence it follows that all the angular points must lie on 
the circumference of the same circle. 

It will be seen from the preceding results that the action 
at every hinge is the same, and is denoted by the product of 
II into the radius of the circle described round the polygon. 



EXAMPLES. 

1. ABCD is a quadrilateral and is acted on by forces 
which are represented in magnitude and direction by AB, 
AD, GB, GD ; shew that the resultant coincides in direction 
with the straight line which joins the middle points of the 
diagonals AG, BD, and is represented in magnitude by four 
times this straight line. 

2. Forces whose intensities are proportional to the sides 
of an isosceles triangle act along the sides of the triangle, 
those acting along the equal sides tending from the vertex ; 
find the magnitude and position of their resultant. 

Result The required resultant is represented by a straight 
line which passes through the middle point of the base of the 
triangle, is parallel to one of the sides, and double that side 
in length. 

3. The upper end of a uniform heavy rod rests against 
a smooth vertical wall ; one end of a string is fastened to the 
lower end of the rod and the other end of the string is fastened 
to the wall; the position of the rod being given, find the point 
of the wall to which the string must be fastened, in order that 
the rod may be in equilibrium. 

« 

4. A uniform heavy rod is placed across a smooth hori- 
zontal rail, and rests with one end against a smooth vertical 
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wall, the distance of which from the rail is :rzr th of the length 

lb 

of the rod; find the position of equilibrium. 

Result The rod makes an angle of 60^ with the horizon. 

5. ABC is a triangular lamina ; AD, BE, CF are the 
perpendiculars on the sides, and forces represented by the 
straight lines BB, CD, CE, AE, AF, BF are applied to the 
lamina; shew that their resultant will pass through the 
centre of the circle described about the triangle. 

6. AB, A G are two equal beams connected by a hinge 
at A, and by a string joining the extremities B and C : AB 
is fixed vertically, and a sphere of given weight and radius 
is supported between the two beams: find the pressure of the 
sphere on each^beam, and the tension of the string. 

7. An elliptic lamina is acted on at the extremities of pairs 
of conjugate diameters by forces in its own plane tending 
outwards, and normal to its edge: shew that there will be 
equilibrium if the force at the end of every diameter be 
proportional to the conjugate diameter. 

8. A heavy sphere hangs from a peg by a string whose 
length is equal to the radius, and it rests against another 
peg vertically below the former, the distance between the 
two being equal to the diameter. Find the tension of the 
string and the pressure on the lower peg. 

Results. The tension is equal to the weight of the sphere 
and the pressure to half the weight of the sphere. 

9. Two equal rods without weight are connected at their 
middle points by a pin which allows free motion in a vertical 
plane; they stand upon a horizontal plane, and their upper 
extremities are connected by a thread which carries a weight. 
Shew that the weight will rest half way between the pin and 
the horizontal line joining the upper ends of the rods. 

10. Two equal circular discs with smooth edges, placed on 
iheir flat sides in the corner between two smooth vertical 
planes inclined at a given angle, touch each other in the 
straight line bisecting the angle. Find the radius of the least 
disc which may be pressed between them without causing 
them to separate. 
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11. A flat semicircular board with its plane vertical and 
curved edge upwards rests on a smooth horizontal plane, and 
is pressed at two given points of its circumference by two 
beams which slide in smooth vertical tubes ; find the ratio 
of the weights of the beams that the board may be in equi- 
librium. 

12. Two smooth cylinders with their axes horizontal, of 
equal radii, just fit in between two parallel vertical walls, and 
rest on a smooth horizontal plane without pressing against 
the walls ; if a third cylinder be placed on the top of them, 
find the resulting pressure against either walL 

13.. A smooth circular ring rests on two pegs not in the 
same horizontal plane; find the pressure on each peg. 

14; Two spheres are supported by strings attached to a 
given point, and rest against one another; find the tensions 
of the strings. 

15. Two equal smooth spheres, connected by a string, are 
laid upon the surface of a cylinder, the string being so short 
as not to touch the cyliiider ; determine the position of rest 
and the tension of the string. 

16. A heavy regular polygon is attached to a smooth 
vertical wall by a string which is fastened to the middle 
point of one of its sides ; the plane of the polygon is vertical 
and perpendicular to the wall, and one of the extremities of 
the side to which the string is attached rests against the wall; 
shew that whatever be the length of the string when the 
polygon is in equilibrium, the tension of the string and the 
pressure on the wall are constant. 

17. A straight rod without weight is placed between two 
pegs, and forces P and Q act at its extremities in parallel 
directions inclined to the rod; required the conditions under 
which the rod will be at rest and the pressures on the pegs. 

Result. P and Q must be equal and in opposite directions. 

^18. Forces P, Q, i?, 8 act along the sides of a rectangle; 
find the direction of the resultant force. 

19. Two weights P, P are attached to the ends of two 
strings which pass over the same smooth peg and have their 



OF FORCES IN ONE PLANE, 63 

other extremities attached to the ends of a beam AB, the 
weight of which is W; shew that the inclination of the beam 

to the horizon = tan"^ f , tang J ; a, h being the distances 

of the centre of gravity of the beam from its ends, and 
W 

20. A square is placed with its plane vertical between 
two small pegs which are in the same horizontal line ; shew 
that it wiU be in equilibrium when the inclination of one 

of its edges to the horizon = J sin"^ — j — , 2a being the 

c 

length of a side of the square, and c the distance between 

the pegs. Shew that the equilibrium will not be aftected by 

the application of any force which bisects the straight line 

joining the pegs and passes through the lowest point of the 

square. 

21. One end of a string is fixed to the extremity of a 
smooth uniform rod, and the other to a ring without weight 
which passes over the rod, and the string is hung over a 
smooth peg. Determine the least length of the string for 
which equilibrium is possible, and shew that the inclination of 
the rod to the vertical cannot be less than 45". 

22. A string nine feet long has one end attached to the 
extremity of a smooth uniform heavy rod two feet in length, 
and at the other end carries a ring without weight which slides 
on the rod. The rod is suspended by means of the string 
from a smooth peg ; shew that if be the angle which the 

rod makes with the horizon, then tan 6 = 3"^ — 3"^. 

23. A square rests with its plane perpendicular to a 
smooth wall, one comer being attached to a point in the wall 
by a string whose length is equal to a side of the square ; 
shew that the distances of three of its angular points from the 
wall are as 1, 3, and 4. 

24. One end of a beam, whose weight is W, is placed 
on a smooth horizontal plane ; the other end, to which a string 
is fastened, rests against another smooth plane inclined at an 
angle a to the horizon ; the string passing over a pully at 
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the top of the inclined plane hangs vertically, supporting 
a weight P. Shew that the beam will rest in all positions if 
a certain relation hold between P, IT, and a. 

25. If a weight be suspended from one extremity of a rod 
moveable about the other extremity A, which remains fixed, 
and a string of given length be attached to any point B in 
the rod, and also to a fixed point C above A, and in the same 
vertical line with it, then the tension of the string varies 
inversely as the distance AB. 

26. One end of a uniform beam is placed on the ground 
against a fixed obstacle, and to the other end is attached a 
string which runs in a horizontal direction to a fixed point in 
the same vertical line as the obstacle, and passing freely over 
it, is kept in tension by a weight TFsuspended at its extremity, 
the beam being thus held at rest at an inclination of 45° to 
the horizon. Shew that if the string were attached to the 
centre instead of to the end of the beam, and passed over the 
same fixed point, a weight = \/2 TF would keep the beam in 
the same position. 

27. Two equal beams AB, AG connected by a hinge at 
A are placed in a vertical plane with their extremities B, C 
resting on a horizontal plane ; they are kept from falling by 
strings connecting B and G with the middle points of the 
opposite beams ; shew that the ratio of the tension of each 
string to the weight of each beam 

= 4V(9cot'^ + l), 

being the inclination of each beam to the horizon. 

28. One end of a string is attached to a beam at the point 
J5, and the other end is fastened to the highest point A of a 
fixed sphere of radius r. If the points of contact of the beam 
and string trisect the quadrant -4 0, shew that the distance 
between B and the centre of gravity of the beam must be 
2r(2-V3). • 

29. A heavy rod can turn freely about a fixed hinge at 
one extremity, and it carries a heavy ring which is attached 
to a fixed point in the same horizontal plane with the hinge 
by means of a string of length equal to the distance between 
the point and the hinge. Find the position in which the 
rod will rest. 
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30. Two equal heavy beams of sufficient length, and 
connected by a hinge, are supported by two smooth pegs in 
the same horizontal line ; a sphere is placed between them, 
determine the position of equilibrium, 

31. Forces P, Q, B act along the sides BG, CA, AB of 
a triangle, and their resultant passes through the centres of the 
inscribed and circumscribed circles ; shew that 

Pi Q : jB :: cosJ5 — cos C? : cos (7— cos -4 : cos -4 — cos J?. 

32. Find the position of equilibrium of a uniform beam 
resting in a vertical plane with one end pressing against a 
vertical wall, and the other end supported by the convex arc 
of a parabola in the vertical plane, whose vertex is at the 
foot of the wall and axis horizontaL 

33. A uniform beam PQ of given weight and length rests 
in contact with a fixed vertical circle whose vertical diameter 
is ABy in such a manner that strings AP^ BQ attached to the 
rod and circle are tangents to the circle at the points A and B, 
Find the tensions of the strings, and shew that the conditions 
of the problem require that the inclination of the beam to the 

vertical must be less than sin"*-^-— ^ — ♦ 

34. Shew that no uniform rod can rest partly within and 
partly without a fixed smooth hemispherical bowl at an incli- 
nation to the horizon greater than sin"^-^. 

35. The sides of a rigid plane polygon are acted on by 
forces at right angles to the sides and proportional to them in 
magnitude, all the forces acting in the plane of the polygon, 
and being inwards; also the sides taken in the same order 
are severally divided by the points of application in the con- 
stant ratio of p to J ; shew that the system of forces is equi- 
valent to a couple whose moment is 

where /ta represents the force applied to any side a of the 
polygon, and 2a' the sum of the squares of the sides. 

T. s. 5 
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CHAPTEK V. 

FORCES IN DIFFERENT PLANES. 

66. To find the magnitude and direction of the resultant of 
any number of parallel forces acting on a rigid body, and to 
determine th^ centre of parallel forces. 

Let the points of application of the forces be referred to a 
system of rectangular co-ordinate axes. Let m^, m,,... be the 




points of application; let x^, y^, z^, be the co-ordinates of 
the first point, a?j, y^, z^ those of the second, and so on; let 
Pj, Pj,...be the forces acting at these points, those being 
reckoned positive which act in the direction of P^, and those 
negative which act in the opposite direction. 

Join wijWij ; and take the point m on m^m^ such that 



mjm = 



P^^^.ni,w,; 
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then the resultant of P^ and P^ is P^ + P,, and it acts through 
m parallel to P^. (Art. 37.) 

Draw m^a, mJ, mji perpendicular to the plane of {x, y), 
meeting that plane at a,l,c\ draw m^de parallel to ahc meet- 
ing mi at rf and m^c at e. Then, by similar triangles, 

m^ra ^ md _ mb — s!^ 

p 

therefore mh — z^^ 



p^ + P, ^"^^ " ''^^ ' 



therefore mb = ^'p' "^ p'"^' . 

This gives the ordinate parallel to the axis of z of the point 
of application of the resultant of P^ and P^, 

Then supposing ^^ and il to be replaced by P^ 4- P^ acting 
at m, the resultant of P^ + P^ and P, is P^ + P^ + P^, and the 
ordinate of its point of application 

^ (P, + P,)m6 + P^, _ P,^, + P^, + P3^3. 

p,+p,+p, - P.+P,+A ' 

and this process may be extended to any number of parallel 
forces. Let R denote the resultant force and z the ordinate 
of its point of application ; then 

Similarly, if x^ y be the other co-ordinates of the point of 
application of the resultant, 

- _tPx - _ SPy 
a?- 2P ' ^"" 2P " 

The values of S, y, i are independent of the angles which 
the directions of the forces make with the axes. Hence if 
these directions be turned about the points of application of 
the forces, their parallelism being preserved, the point of 

5—2 
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application of the resultant will not move. For this reason 
this point is called the centre of the parallel forces. 

67. The moment of a force with respect to a plane is the 
product of the force into the perpendicular distance of its point 
of application from the plane. 

In consequence of this definition, the equations for deter- 
mining the position of the centre of parallel forces shew that 
the sum of the Tnoments of any number of parallel forces with 
respect to any plane is. equal to the moment of their resultant 

68. If the parallel forces all act in the same direction the 
expression 2P cannot vanish ; hence the values of the co- 
ordinates of the centre of parallel forces found in Art. 66 cannot 
become infinite or indeterminate, and we are certain that the 
centre exists. But if some of the forces are positive and some 
negative, 2P may vanish, and the results of Art. 66 become 
nugatory. In this case, since the sum of the positive forces is 
equal to the sum of the negative forces, the resultant of the 
former will be equal to the resultant of the latter. Hence the 
resultant of the whole system of forces is a couple, unless the 
resultant of the positive forces should happen to lie in the 
same straight line as the resultant of the negative forces. 

We shall give another method of reducing a system of 
parallel forces. 

69. To find the resultant of a system of parallel forces 
acting upon a rigid body. 

Let Pj, P,, ... denote the forces. Take the axis of z 

Sarallel to the forces. Let the plane of {x, y) meet the 
irection of P^ at M^, and suppose x^, y^ the co-ordinates of 
this point. 

Draw M^^ perpendicular to the axis of a? meeting it at ^ . 
At the origin 0, and also at N^, apply two forces each equal 
and parallel to P^ and in opposite directions. Hence the 
force Pj at M^ is equivalent to the following system, 

(1) P.atO; 

(2) a couple formed of P^ at M^ and P^ at N^ ; 

(3) a couple formed of P^ at N^ and P^ at 0. 
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The moment of the first couple is P^y^, and this couple, 
without altering its effect, may be transferred to the plane of 
(y, z)y which is parallel to its original plane. The moment 
of the second couple is P^x^y and the couple is in the plane 
of (a:, «)• 

If we effect a similar transformation of all the forces, we 
have, as the resultant of the system the following system, 

(1) a force SP acting at ; 

(2) a couple SPy in the plane of Cy, z) ; 

(3) a couple XPx in the plane of {x, z). 

The first couple tends to turn the body from the axis of y to 
that of z, and the second from the axis of a? to that of z. We 
may therefore take Ox as the cuds of the first couple according 
to the definition in Art. 41. For the second couple, however, 
we must either take Oy as the axis, or consider it as a couple 
turning from z to x, of which the moment is — SPa? and the 
axis Oy. Adopting the latter method, we may replace the 
two couples by a single couple of which the moment is G, 
where 

and the axis is inclined to the axis of x at an angle a given 
by the equations 

tPy . - tPx 

cos a = — pr- ; sm a = — 7^— . 
(jt Cr 
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70. To find the conditions of equilibrium of a system of 
parallel forces acting on a rigid body. 

A system of parallel forces can always be reduced to a 
single force and a couple. Since these cannot balance, and 
neither of them singly can maintain equilibrium, they must 
both vanish. That is, 

2P=0, and (? = 0; 

the latter requires that 

2Pa; = 0, and 2iV = 0. 

Hence a system of parallel forces acting on a rigid body will 
be in equilibrium if the sum, of the forces vanishes, and also the 
sum of the moments vanishes with respect to two planes at right 
angles to each other and parallel to the forces. 

Conversely, if the forces are in equilibrium the sum of 
the forces will vanish, and also the sum of the moments with 
respect to any two planes at right angles to each other and 
parallel to the forces. 

71. When 2P=0, the forces reduce to a couple of which 
the moment is G, When 2Pis not = 0, the forces can always 
be reduced to a single force ; this has already appeared in 
Art. 66, and may also be shewn thus. The forces will reduce 
to a resultant -B acting at the point {x, y), parallel to the 
original forces, provided a force - E acting at this point will 
with the given forces maintain equilibrium. The necessary 
and sufficient conditions for this are, by Art. 70, 

2P-ii! = 0, tPx-Rx'^O, 2Py-J?y' = 0. 

TT -n <^n t ^P^ / ^Py 

Hence jB = 2P, x = ^^ , y = -^p • 

These results agree with those of Art. 66. 

72. To find the resultants of any number offerees acting 
on a rigid body in any directions. 

Let the forces be referred to three rectangular axes Ox, Oy, 
Oz; and suppose P^, Pj, P,,... the forces; let x^, y^, ^^ be the 
co-ordinates of the point of application of P^; let a^, y^, z^ 
be the co-ordinates of the point of application of Jr*,; and 
so on. 
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Let A^ be the point of application of P^ ; resolve P^ into 
compopents JC^, 1^, ^, parallel to the co-ordinate axes. Let 




the direction of Z^ meet the plane of {x, y) at M^, and draw 
M^N^ perpendicular to Ox, Apply at N^ and also at two 
forces each equal and parallel to Z^, and in opposite directions. 
Hence Z^ at -4, or M^ is equivalent to Z^ at 0, and two 
couples, the former having its moment = Z^ . N^M^, and which 
may be supposed to act in the plane of (y, z), and the latter 
having its moment = Z^ . ON^^ and acting in the plane of {z, x). 

We shall consider those couples as positive which tend to 
turn the body round the axis of x from y to ^, also those 
which tend to turn the body round the axis of y from z to x, 
and those which tend to turn the body round the axis of z 
from a? to y. 



Hence Z^ is replaced by Z^ at 0, a couple Z^y^ in 
of (y, z), and a couple — Z x^ in the plane of (z, x). 
X^ may be replaced by J^ at 0, a couple X^z^ in 
of {z, x), and a couple — X^y^ in the plane of (x, y). 
may be replaced by Y^ at 0, a couple Y^x^ in 
of {x, y), and a couple — Y^z in the plane of (y, z). 
the force P^ may be replaced by X^, F,, Z^ acting 
the couples of which the moments are, by Art. 47, 



the plane 
Similarly 
the plane 
And Y, 
the plane 
Therefore 
at 0, and 






Y^z^ in the plane of (y, z), 

Z^X^ {ZyX), 

^^x (^»y)^ 
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By a similar resolution of all the forces we shall have them 
replaced by the forces 

2x, sr, Sir, 

acting at along the axes, and the couples 

2 {Zy — Yz) = L suppose, in the plane of (y, z), 

X{Xz'-Zx)^M , {z,x), 

tiYx^Xy)^N , {x,y). 

Let R be the resultant of the forces which act oi 0; a^ b, c 
the angles its direction makes with the axes ; then, by Art. 24, 

2X , SF tZ 

cos a =5 — ^ , cos o = -^ , cos c = -^5- . 
Jt xC JtC 

Let O be the moment of the couple which is the resultant 
of the three couples Lj M, N\ X, fi, v the aDgles its axis 
makes with the co-ordinate axes ; then, by Art. 49, 

^ L M N 

cos X = 75 > cos M'— Jyf COS ^ = 75 • 

The convention adopted in the present Article for distin- 
guishing the signs of couples agrees with that in Art. 41 when 
the axes of x, y, and z are drawn as in the present figure, but 
the conventions will not necessarily coincide if the figure be 
modified ; for example, if the axes of y and z be retained as in 
the figure, but the positive part of the axis of a; directed to the 
left instead of the right, they will not coincide. The conven- 
tion of the present Article is that which we shall hereafter 
always retain. 

73. To find ihe conditions of equilibriwn of any nvmber of 
f<yrces acting on a rigid body in any directions. 

A system of forces acting on a rigid body can always 
be reduced to a single force and a couple. Since these can- 
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not balance each other and cannot separately maintain equi- 
librium they must both vanish. Hence JB = 0, and (? = ; 

therefore (SX)» + (2 F)" + {tZ)' = 0, 

and r + ]tP + N' = 0. 

These lead to the six conditions 

2X=0, 2r=0, 2^=0, 

74. A verbal enunciation may be given of the last three 
equations by means of a new definition. For the sake of 
convenience, we repeat two definitions already given in 
Arts. 54 and 67. 

Moment of a force with respect to a point The moment 
of a force with respect to a point is the product of the force 
into the perpendicular from the point on the direction of the 
force. 

Moment of a force with respect to a plane. The moment 
of a force with respect to a plane is the product of the force 
into the distance of its point of application from the plane. 

Moment of a force with respect to a straight line. Resolve 
the force into two components respectively parallel and per- 
pendicular to the straight line ; the product of the component 
perpendicular to the line into the shortest distance between 
the straight line and the direction of this component is called 
the moraent of the force with respect to the straight line. 

Hence the moment of a force with respect to a straight line 
is equal to the moment of the component of the force perpen- 
dicular to the straight line with respect to the point at which 
a plane drawn through this component perpendicular to the 
straight line meets the straight line. Hence, by Art. 62, the 
moment of the force may be found by taking the sum of the 
moments of any two forces into which the perpendicular com- 
ponent may be resolved. 

If the force i& parallel to the given straight line, its moment ' 
about the straight line is zero. If the force is perpendicular 
to the given straight line, its moment about the straight line 
is the product of the force into the shortest distance between it 
and the given stiaight Une. , . 
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75. Suppose we require the moment of the force P^ about 
the axis of « ; we resolve P^ into the forces Z^ parallel to the 
axis of z and Q^ perpendicular to the axis of Zy where Q^ is 
itself the resultant of X^ and Y^. The moment of Q^ with 
respect to the axis of z is equal to the algebraical sum of the 
moments of its components X^ and Y^\ that is, to Y^x^ — Xj/^. 
Hence N in Art. 72 denotes the sum of the moments of the 

forces round the axis of z, and similar meanings arise for L 
and M. 

Hence, the forces acting on a rigid body will be in equili- 
brium if the sums of the resolved parts of the forces parallel to 
three straight lines at right angles to each other vanish, and 
the sums of the moments of the forces with respect to these 
straight lines also vanish. 

Conversely, if the forces are in equilibrium, the sum of 
the resolved parts of the forces in any direction will vanish, 
and also the sum of the moments of the forces with respect to 
any straight line. 

76. In order to interpret the meaning of Q we observe 
that if we keep to the same origin, the moment of this couple 
and the direction of its axis must be independent of the 
directions of the co-ordinate axes. For R, being the resultant 
of all the given forces, supposing them applied at a point, is of 
course independent of the directions of the axes. If by a new 
choice of axes we obtain G' as the resultant couple, then R 
and G mtist be equivalent to R and (?', and therefore 
R, G, —R, -- G' must form a system in equilibrium. But 
this is impossible unless G— G and the axes of G and G' are 
coincident or parallel. 

Since the direction of the co-ordinate axes is arbitrary, sup- 
pose the axis of x to coincide with the axis of G \ then Jkf = 0, 
j^= 0, and L and G are identical. 

Hence G is equal to the sum of the moments of the given 
forces with respect to the straight line which is the aads of G. 

77. Suppose a force P acting at the point {x, y, z), and let 
X, y, Z be its components parallel to the axes. Then, by 
Art. 72, P at the point {x, y, z) is equivalent to P at the 
origin, together with the couples Zy — Yz^ Xz — Zx, Yx — Xy. 
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round the axes of x, y, z respectively. Let JET be the resultant 
couple, r the distance of the point {x, y, z) from the origin, 
and a the angle between r and P; then 

J7' = (Zy- Tzy+iXz'-Zxy + {Yx-'Xyy 

=:{x' + y' + z^{X'+Y'-hZ')^(xX+yY+zZy 

\r F r P T F) 
= r'i-(l-cos'a), 
therefore ^7= rP sin a. 

Thus, as we might have anticipated, JTis the moment of the 
couple formed by P at the point (a?, y, z)y and a force at the 
origin equal to P and acting in a parallel and opposite direc- 
tion. Hence G is the Couple formed by compounding the 
couples similar to JT arising from all the forces of the system. 

78. As an example of Art. 73 we may take the case in 
which all the forces are 'parallel. Let a, ^, 7 be the angles 

which the direction of the forces T^yP^j makes with the 

axes. Then the equations of equilibrium reduce to 

SP=0, 

SP (y COS 7 — cos)9) = 0, 

SP [z cos a — 0? cos 7) = 0, 

2P (aj cos )9 — y cos a) = 0. 

The last three equations may be written thus : 

^Px ^ tPy ^ tPz 
cos a ~ cos ^ "" COS 7 ' 

Hence we can deduce the conditions that a system oi parallel 
forces may maintain a body in equilibrium, however they may 
he turned abend their points of application. For the preceding 
equations must then hold whatever a, ^, 7 may be. Thus we 
must have - 

2P=0, SPa? = 0, SPy = 0, ^Pz = 0. 
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79. In' Art. 72 we have reduced the forces acting on a body 
to a force R and a couple G, If O vanish there remains a 
single force ; and if B vanish, a single couple. If neither It 
nor vanish the forces may reduce to a single force ; we pro- 
ceed to shew when this is possible. 

To find the condition among the forces that they mxiy have a 
single resultant 

Any system of forces can be reduced to a single force jB 
and a couple G ; if then the forces can be reduced to a single 
resultant 8, it follows that 0, B, and — 8 are in equilibrium. 
If B and — iS' do not form a couple, they can be reduced to a 
couple G' and a force i?; therefore Bf must balance the 
couple compounded of G and G\ This is impossible by 
Art. 40. Hence B and — 8 must form a couple, and this 
couple must have its plane coincident with that of G, or 
parallel to that of 0, in order that it may balance 0, There- 
fore that the forces may have a single resultant, the direction 
of B must be parallel to the plane of Q, or coincident with 
it ; that is, must be at right angles to the axis of G. Hence, 
using the notation of Art. 72, 

cos a cos \ + cos 6 cos fi + cos c cos v = 0, 
therefore iSX + Mt Y+ NtZ^ 0, 

80. Conversely, if Z2X+if 2 r+ NtZ=0, and 2X, 2 F, 
^Zdo not all vanish, the forces can be reduced to a single force. 
For the plane of the couple G ras.j be made to contain the 
force B, and the couple may be supposed to have each of its 

forces =iJ and its arm consequently = -d 5 t^® couple may 

then be turned rouixd in its own plane until the force at one 
end of its arm balances the resultant force B, and there re- 
mains B at the other end of the arm* 

81. When the forces are reducible to a single resultant^ to 
find the equations to the straight line in which it aots. 

Let L, My N denote the moments of the forces round the 
co-ordinate- axes ; X', M\ M' the moments of the forces round 
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axes parallel to the co-ordinate axes drawn through the point 
(a?', y\ z). Then L' is found by writing y^—y for y^, y^—y 

for y^ z^'-z' for z^^ z^-^z' for «,, in the expression 

X{^-Yz). Therefore 

Similarly 

M' ^t[X {z^ z") -- Zix'-x)] 

^M-'z'tX + x'lZ, 

N'^t[Y{x^x')^X{y^y)] 

^N-'x'tY^-y'tX. 

If Xj v\ z' can be so taken as to make L\ M\ and N* 
vanish, the forces reduce to a single resultant passing through 
the point (a?', y', z'). The three equations 

Z-3/2^+«'2r=0 (1), 

2f-«'2X+a:'2Z=0 ; (2), 

N^x'XY-vytX^O (3), 

are equivalent to two independent equations ; for if we elimi- 
nate «' from (1) and (2), we have 

iSZ + ifS F+ 2^ (^'2 r- y'tX) = 0. 

But i2X+ if 2 r+-y 2^=0, by Art. 79, 

therefore N - a:'2 Y+ y*tX = 0. 

Thus (3) is a necessary consequence of (1) and (2). Hence 
(1) and (2) will determine a straight line at every point of 
which the resultant couple vanishes; that is, the straight 
line in which the single resultant force acts. 

82. By the following method we may determine at once 
the condition for the existence of a single resultant and th<5 
equations to its direction. 

Suppose that the forces can be reduced to a single force 
acting at the point (a/, y\ z*). Let the single force be resolve^ 
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into components X\ Y\ Z' parallel to the co-ordinat-e axes ; 
then if we add to the given system — X', — F', and — -^', 
acting at the point {x\ y\ z) parallel to the axes respectively, 
there will be equilibrium. Hence, by Art. 73, 

2X-X' = 0, 2F-r = 0, 2Z-^' = (1), 

ilf-XV + ZV = I (2). 

• 

Equations (1) determine X\ Y\ Z\ It might at first appear 
that equations (2) would determine oi^ y', z' \ but if we pro- 
ceed to solve them, we find that they cannot be simultane- 
ously true unless 

and if this condition be satisfied, and XX, 2F, XZdo not all 
vanish, then any one of the equations may be derived from 
the other two, so that there are only two independent equations. 
Hence that the forces may have a single resultant the above 
condition must be satisfied, and then any two of equations (2) 
will determine the locus of points at which this single result- 
ant may be supposed to act. From the form of equations (2) 
it is obvious that this locus is a straight line, and that its 
direction cosines are proportional to X', Y\ Z ^ as might 
have been anticipated. 

In order that the force which replaces the system may pass 
through the origin, we must have 

i=0, lf=0, i^=0. 

83. Although a system of forces cannot always be reduced 
to a single resultant, it can always be reduced to two forces. 
For we have shewn that the system may be replaced by a 
force R at the origin, and a couple G lying in a plane through 
the origin ; one of the forces of O may be supposed to act at 
the origin, and may be compounded with R so that this 
resultant and the other force of Q are equivalent to the whole 
system. Since the origin is arbitrary, we see that when a 
system of forces is not reducible to a single force it can be 
reduced to two forces, one of which can be made to pass 
through any assigned point. 
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84. When three forces maintain a body in equilibrium, 
they mv^t lie in the same plane. 

Draw any straight line intersecting the directions of two 
of the forces and not parallel to the third force, and take this 
straight line for the axis of x. Then the first two forces have 
no moment round the axis of x ; therefore the equation i= 
requires that the third force should have no moment round 
the axis of x ; that is, the direction of the third force must 
pass through the axis of a?. Since then any straight line, 
which meets the directions of two of the forces, and is not 
parallel to the direction of the third, meets that direction, the 
three forces must lie in one plane. 

Combining this proposition with that in Art. 58, we see 
that if three forces keep a body in equilibrium, they must all 
lie in the same plane and must meet at a point or be parallel. 

85. If the axes of co-ordinates be oblique, suppose Z, m, n 
to denote the sines of the angles between the axes of y and z, 
z and 0?, x and y, respectively; then we may shew, as in 
Art. 72, that any system of forces can be reduced to 2-X, 2 Yy 
^Z, acting at the origin along the axes of x, y, z respectively, 
and three couples in the three co-ordinate planes, having their 
moments equal to IL, mM, nN respectively, where, as before, 

i = 2(^y-r4 M^tiXz'-Zx), N=-^{Yx-'Xy). 

Also for equilibrium, we must have, as before, 

2X=0, 2r=0, 2Z=0; 
i = 0, Jf = 0, N= 0.. 

That the forces may admit of a single resultant we must have, 
as before, 

LtX+MXY+NXZ^O, 
and 2X, XY, 2-Z'not all vanishing. 

The following propositions are connected with the subject 
of the present Chapter. 
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I. Forces act at the .angular points of a tetrahedron in 
directions respectively perpendicular to the opposite faces and 
proportional to the areas of the faces in magnitude: shew that 
the forces will be in equilibrium. 

Let ABGD represent the tetrahe- 
dron. 

(1) Kesolve the forces parallel 
to AB. Let p denote the perpen- 
dicular from A on the face BCD; 
then the resolved part of the force 

at A is -^fr= X area of BCD, that is, 
AB 

3 volume of tetrahedron 
AB • 

We obtain the same expression for the resolved part of the 
force at B, The forces at C and D have no resolved part 
parallel to AB. Thus the forces resolved parallel to AB 
vanish. 

(2) Take moments round AB. Let q denote the perpen- 
dicular from C on the straight line AB ; the angle between 
the planes BAD and BA C. Then the moment of the force 
at C is J cos . area of ABD, that is, 

gAB cos . area of ABD 2 cos ^.area of ^J5(7.area oiABD 
AB ^^ AB • 

We obtain the same expression for the moment of the 
force at D. Thus the moments round AB vanish. 

Since these results hold for any edge of the tetrahedron 
the forces must be in equilibrium. 

II. Four forces act on a tetrahedron at right angles to 
the faces and proportional to their areas, the points of 
application of the forces being the centres of the circles 
circumscribing the faces: shew that if the forces all act 
inwards or all act outwards they will be in equilibrium. 

In this case the forces all pass through a point, namely 
the centre of the sphere described round the tetrahedron. 
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Hence we only require the first part of the investigation in 
the preceding proposition to establish that the forces are in 
equilibrium. 

Or we may resolve the forces at right angles to a face 
instead of parallel to an edge, and thus obtain the result. 
For resolve the forces at right angles to the face BOB; 
we have one force represented by the area BCD, and the 
resolved parts of the other forces are represented by the pro- 
jections of the respective areas BAG, CAD, DAB on BCD. 
And the sum of these projections is equal to BCD^ Thus 
the forces resolved at right angles to BCD vanish. 

Similarly the forces resolved at right angles to any other 
fia.ce vanish. 

III. By a process similar to that used in establishing the 
Proposition I. at the end of Chapter iv. we can extend the 
preceding Proposition to the case of any polyhedron bounded 
by triangular faces. Thus we obtain the following result: 
Forces act on a polyhedron bounded by triangular faces at 
right angles to the faces and proportional to their areas, the 
points of application of the forces being the centres of the 
circles circumscribing the faces ; shew that if the forces all act 
inwards or all act outwards they will be in equilibrium. 

IV. If four forces acting on a rigid body are in equi- 
librium, and a tetrahedron be constructed by drawing planes 
at right angles to the directions of the forces, the forces will 
be respectively proportional to the areas of the faces. 

This is the converse of il. and may be readily demon- 
strated: for by resolving the forces in any direction, and 
projecting the areas on a plane at right angles to that direc- 
tion, we find that the four forces are connected by the same 
linear relation as the four areas. 

We infer from this result that the areas in the present 
theorem must be respectively proportional to the volumes 
considered in the Proposition X. at the end of Chapter ii : 
thus we indirectly arrive at a geometrical truth. 

T.a 6 
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V. Parallel forces P, Q, B, 8, T act at the comers of a 
regular pentagon: find under what conditions their centre 
will coincide with that of the pentagon. 

Let c stand for 2 cos 36* ; then, by Art. 66, the following 
condition is necessary and sufficient in order that the centre 
of the parallel forces should fall on the straight line through 
the centre of the pentagon and the point at which P acts : 

cQ + R = cT^-S (1). 

Similarly, the following condition is necessary and suf- 
ficient in order that the centre of the parallel forces should 
fell on the straight line through the centre of the pentagon 
and the point at which Q acts : 

c5 + 5 = cP+r. (2). 

Hence (1) and (2) are the necessary and sufficient condi- 
tions in order that the centre of the parallel forces may 
coincide with that of the pentagon. 

We may observe that in the same manner as (1) and (2) 
were obtained we have the following as the necessary and 
sufficient condition that the centre of the parallel forces 
should fall on the straight line through the centre of the 
pentagon and the point at which R acts : 

c/Sf+r=cg + P. (3), 

If we eliminate R between (1) and (2) we obtain 

c»Q + cP=(c*-l)r+(c+l)>Sf (4). 

In order that (3) and (4) may agree we must have 
c' — c — 1 = 0. Thus we see that from statical considera- 
tions we can obtain an equation for determining the value 
of cos 36'. 
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EXAMPLES. 

1. Four parallel forces act at the angles of a plane quad- 
rilateral and are inversely proportional to the segments of its 
diagonals nearest to them ; shew that the point of application 
of their resultant lies at the intersection of the diagonals. 

2. Parallel forces act at the angles A, B, oi Si triangle 
and are respectively proportional to a, b, c; shew that their 
resultant acts at the centre of the inscribed circle. 

3. A cone whose vertical angle is 30**, and whose weight 
is W, is placed with its vertex on a smooth horizontal plane ; 
shew that it may be kept with its slant side in a vertical 
position by a couple whose arm is equal to the length of the 

3W 

slant side of the cone, and each force -ttt • 

' 16 

4. Six equal forces act along the edges of a cube which 
do not meet a given diagonal, taken in order; find their re-- 
sultant. 

Result A couple, the moment of which is 2Pa \/3, where 
P denotes each force and a the edge of the cube. 

5. A cube is acted on by four forces j one force is in a, 
diagonal, and the others in edges no two of which are in the 
same plane and which do not meet the diagonal ; find the 
condition that the forces may have a single resultant. 

Eesult {XY+ YZ+ ZX) V3 + P(X+ 7+Z)=-0; where 
X, Y, Z denote the forces along the edges, and P the force 
along the diagonal. ^ 

6. If a triangle is suspended from a fixed point by strings 
attached to the angles, the tension of each string is propor- 
tional to its length. 

7. A uniform heavy triangle is supported in a horizontal 
position by three parallel strings attacned to the three sides 
respectively ; shew that there is an infinite number of ways 

6—2 
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in which the strings may be relatively disposed so that their 
tensions may be equal, but that the situation of one being 
given^ that of each of the other two is determinate. 

8, A sphere of given weight rests on three planes whose 
equations are 

fl? cos a + y cos )3 + i5 cos 7 = 0, 
X cos cTj + y COS )3j + z COS 7j = 0, 
X COS ttj + y cos/3j + « cos 7g = 0, 
the axis of z being vertical ; find the pressure on each plane. 

9. A heavy triangle ABC is suspended from a point by 
three strings, mutually at right angles, attached to the angular 
points of the triangle ; if ^ be the inclination of the triangle 
to the horizon in its position of equilibrium, then 

cos ^ = 



V(l + sec A sec B sec C) * 



10. An equilateral triangle without weight has three un- * 
equal particles placed at its angular points ; the system is 
suspended from a fixed point by three equal strings at right 
angles to each other fastened to the corners of the triangle ; 
find the inclination of the plane of the triangle to the horizon. 

Result. The cosine of the angle is ■ . .TaVg — u^a ■ txt-^w > 
where TTj, TT,, W^ represent the weights of the particles. 

11. Four smooth equal spheres are placed in a hemisphe- 
rical bowl. The centres of three of them are in the same 
horizontal plane, and that of the other is above it. If the 
radius of each sphere be one-third that of the bowl, shew- 
that the mutual pressures of the spheres are all equal ; and 
find the pressure of each of the lower spheres on the bowl. 

Results. Let W be the weight of each of the spheres ; 

then each of the mutual pressures between the spheres is 

W 4eW , 

-j^ ; and —j^ is the pressure of each of the lower spheres on 

the bowl. 
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12. Three equal spheres hang in contact from a fixed 
point by three equal strings; find the heaviest sphere of given 
radius that may be placed upon them without causing them 
to separate. 

Besvlt. Let W be the weight of each of the equal spheres, 

the angle which each string makes with the vertical, ^ the 

angle which the line joining the centre of one of the three 

equal spheres with the centre of the upper sphere makes with 

the vertical ; then the weight of the upper sphere must not 

, STTtan^ 
exceed t — -r — - — 7, . 
tan 9 — tan 6 

13. ABGD is a tetrahedron in which the edges AB, AC^ 
AD are at right angles to each other ; forces are represented 
in magnitude and direction by AB, AC, AD, BC, CD, DB; 
determine their resultant. * 

14. Three equal hollow spheres rest symmetrically inside 
a smooth paraboloid of revolution, whose axis is vertical ; a 
solid sphere of equal radius is placed upon them : shew that 
the equilibrium will be destroyed if the radius of the spheres 

is less than ^ , where I is the latus rectum ; the weight of 

the hollow spheres being neglected in comparison with that 
of the solid one. 
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CHAPTER VI. 

EQinUBSIXTM OF A CONSTRAINED BODY. 

86. To find the conditions of equilibrium of forces acting 
en a rigid body when one point is fixed. 

Let the fixed point be taken as the origin of co-ordinates. 
The action of the forces on the body ^1 produce a pressure 
on the fixed point ; let X', Y\ Z be the resolved parts of 
this pressure parallel to the axes. Then the fixed point will 
exert forces — X', — F', — Z' against the body ; and if we 
take these forces in connexion with the given forces, we may 
suppose the body to be free, and the equations of equilibrium 
are 

2x-x'=o, 2r-r=o, 2^-z'=o, 

i = 0, Jf=0, N=-0, 

The first three equations give the resolved parts of the 
pressure on the fixed point ; and the last three are the only 
conditions to be satisfied by the given forces. Thus the forces 
will be in equilibrium if the sums of the moments of the forces 
with respect to three straight lines at right angles to each other, 
and passing through the fixed point, vanish 

Conversely, if the forces are in equilibrium the sum of the 
moments of the forces with respect to any straight line 
through the fixed point will vanish. 

From the equations X' = tX, Y' = 1,Y, Z' =: tZ, it follows 
that the pressure on the fixed point is equal to the resultant 
of all the given forces of the system moved parallel to them- 
selves up to the fixed point. 

If all the forces are parallel, we may take the axis of z 
passing through the fixed point parallel to the forces. Then 
all the forces included in %X vanish, and so do all the forces 
included in 2F; thus N vanishes, jJf reduces to — S^Za;, and 
L reduces to ^Zy. Hence X and Y' vanish and the equa- 
tions of equilibrium reduce to 

2^-Z' = 0, 2% = 0, tZx=^Qi 
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the first determines the pressure on the fixed point, and the 
other two are conditions which must be satisfied by the given 
forces. 

If all the forces act in one plane passing through the fixed 
point, and we take this plane for that of {x, y), all the forces 
included in 2-^ vanish ; also the ordinate parallel to the axis 
of z of the point of application of each force is zero. Thus 
L and jJf vanish ; also Z' vanishes, and the equations of equi- 
librium reduce to 

2Z-X' = 0, 2F-r = 0, 2(ra;-Zy) = 0; 

the first two determine the pressure on the fixed point, and the 
third is the only condition which the forces must satisfy. 
Thus the forces will be in equilibrium if tlie sum of the mo- 
ments of the forces with respect to the straight line perpendicular 
to their plane, and passing through the fixed point vanishes ; 
and conversely, if the forces are in equilibrium the sum of the 
moments of the forces with respect to this straight line will 
vanish. 

87. To find the condition of equilibrium of a body which 
has two points in it fixed. 

Let the axis of z pass through the two fixed points ; and 
let the distances of the points from the origin be z and z". 
Also let X', Y' , Z^ be the resolved parts of the pressures 
on one point, and X", Y" , Z" those on the other point. 

Then, as in Art. 86, the equations of equilibrium will be 

2x~x-x"=o, 2F~r~r'=o, 2z-z'-z"=o, 

i+FV+rv'=o, jf-xv~zv=o, iv=o. 

The first, second, fourth, and fifth of these equations will 
determine X\ X'\ Y\ Y"; the third equation gives Z'+Z\ 
shewing that the pressures on the fixed points in the direction 
of the line joining them are indeterminate, being connected 
by one equation only. The last is the only condition of 
equilibrium, namely jr= 0. Thus the forces will be in equi- 
librium if the sum of the moments of the forces with respect to 
the straight line passing through the fixed points vanishes ; and 
conversely, if the forces are in equilibrium the sum of the 
moments of the forces with respect to this straight line will 
vanish. 
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88. The indeterminateness which occurs as to the valuers 
of Z' and Z" might have been expected ; for if two forces, 
— Z* and — -2^", act on a rigid body in the same straight 
line, their eflfect will be the same at whatever point in their 
line of action we suppose them applied, and consequently 
they may be supposed both to act at the same point, or one 
of them to be increased provided the other be equally di- 
minished. If it be objected that in any experimental case 
there really would be some definite pressure at each fixed 
point, we must reply, that no body on which we can ex- 
periment fulfils the condition of perfect rigidity, on which 
our conclusions depend. See Foisson, Art. 270 ; and Foinsot, 
Arts. 128... 132. 

The case which we have been considering is that of a body 
which is capable of turning round a fi^ed axis ; for an axis 
will be fixed if two of its points are fixed. 

89. If the body, instead of having two fixed points, can 
turn round an axis and also slide along it, then in addition to 
the condition -^7"= 0, we must have XZ= 0, supposing the axis 
of z directed along the straight line on which the body can 
turn and slide. For the axis will not be able, as in the last 
case, to furnish any forces —Z' and —Z" to counteract ^Z, and 
therefore 2^2' must = 0. 

90. To find the conditions of equilibrium of a rigid body 

resting on a smooth plane. 

* 

Let this plane be the plane of {x, y) ; and let x, y' be the 
co-ordinates of one of the points of contact, JB' the pressure 
which the body exerts against the plane at that point. Then 
the force —R', and similar forces for the other points of 
contact, taken in connexion with the given forces, ought to 
satisfy the equations of equilibrium ; hence 

2x=o, 2r=o, 2^-5'-ir'-...=o, 
i-iry-i2'y'-...=o, jf+ii;v+ii!V + ...=o, n=q. 

If only one point be in contact with the plane, then the 
third equation gives the pressure, and we have five equations 
of condition, 

2X=0, 2r=0, i-y'2^ = 0, M + x'lZ=0, N^O. 
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If two points be in contact, then the equations 

B:y' + E'y" = L, B'x' + R"x" = - M, 

p, _ Lx" + My" ^,_ Lx' + Mj/ 
^^^ ^~y'x"-x'y"' ^ y'x'-x-y"' 

and the equations of condition are 

2X=0, Sr=0. 2Z- -^^^^'-f! + ^ iy-Zy) = 0, and J^=0. 

y X —xy 

If three points are in contact, then the pressures are 
determined from the equations 

Ey'->rB:'y"^E"y'"^L, 
Ex + E'x" + 72' V" = - Jf, 
and the conditions of equilibrium are 

sz=o, sr=o, JV=0. 

If more than three points are in contact, then the pressures 
are indeterminate, since they are connected by only three 
equations ; but the conditions of equilibrium are still 

2X=0, 2r=o, N^O. 

91. The equations at the commencement of the preceding 
Article shew that if a body rests in equilibrium against a 
plane, the forces which press it against the plane must reduce 
to a single fcyrce acting in a direction perpendicular to the 
plane, for the condition 

is satisfied, since 2X, 2 F, and N vanish. Hence the forces 
reduce to a single force ; and since 2X and 2 Y vanish, this 
force must be perpendicular to the fixed plane. 

Also, this single force must counterbalance the forces 
— Ey— E\..y which are all parallel and all act in the same 
direction. Hence, from considering the construction given 
in Art. 66 for determining the centre of a system of 
parallel forces, it follows that the point where this resultant 
cuts the plane must be within a polygon, formed by so joining 
the points of contact as to include them all and to have 
no re-entering angle. 



90 EXAMPLES. 



MISCELLANEOUS EXAMPLES. 

1. The lid ABCD of a cubical box, moveable about 
hinges at A and jB, is held at a given angle to the horizon 
by a horizontal string connecting C with a point vertically 
over A : find the pressure on each hinge. 

2. Two equal forces act on a cube whose centre is fixed, 
along diagonals which do not meet of two adjacent faces : 
find the couple which will keep the cube at rest. 

Result Let P denote each force, a the edge of the cube ; 
the moment of the required couple is either — -^— or -^ ac- 
cording to the dii-ections of the two given forces. 

3. Three equal heavy rods in the position of the three 
edges of an inverted triangular pyramid are in equilibrium 
under the following circumstances : their upper extremities 
are connected by strings of equal lengths, and their lower 
extremities are attached to a hinge about which the rods 
may move freely in all directions. Find the tension of the 
strings. 

4. A given number of uniform heavy rods, all of the 
same weight, have their extremities jointed together at a 
common hinge, about which they can turn freely ; and being 
introduced through a circular hole in a horizontal plane 
with their hinge end downwards, are spread out symmetri- 
cally along the circumference of the hole like the ribs of 
a conical basket. If a heavy sphere be now placed in the 
interior of the system of rods, so as to be supported by them, 
determine the position of rest. 

5. A cylinder with its base resting against a smooth 
vertical plane is held up by a string fastened to it at a point 
of its curved surface whose distance from the vertical plane 
is h. Shew that h must be greater than b — Za tan and less 
than b, where 2b is the altitude of the cylinder, a the radius 
of the base, and the angle which the string makes with the 
vertical 
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6. A cylinder rests with its base on a smooth inclined 
plane; a string attached to its highest point, passing over 
a pully at the top of the inclined plane, hangs vertically 
and supports a weight ; the portion of the string between the 
cylinder and the pully is horizontal. Determine the con- 
ditions of equilibrium. 

Resvlts. Let W be the weight of the cylinder, W the 
weight attached to the string, a the inclination of the plane 
to the horizon; then W = TTtana, and tana must not ex- 
ceed the ratio of the diameter of the base of the cylinder to 
the height of the cylinder. 

7. A cone of given weight W is placed with its base 
on an inclined plane, and supported by a weight W which 
hangs by a string fastened to the vertex of the cone and 
passing over a pully in the inclined plane at the same 
height as the vertex. Determine the conditions of equilibrium. 

Results. Let a be the inclination of the plane to the 
horizon, the semi-vertical angle of the cone ; then 

3 
W'= PFtan a, and tan must not be less than ^ sin 2a. 

o 

8. A smooth hemispherical shell whose base is closed 
includes two equal spheres whose radii are one third of that 
of the shell. The shell is fixed with its base vertical ; find 
the mutual pressures at all the points of contact. 

Results. Let R^ be the pressure between the upper sphere 
and the shell, R^ that between the two spheres, ^3 that be- 
tween the lower sphere and the base of the shell, R^ that 
between the lower sphere and the curved part of the shell ; 
then 

p«Z P-?Z P~3TF p_4F 

9. A rectangular table is supported in a horizontal posi- 
tion by four legs at its four angles : a given weight W being 
placed upon a given point of it, shew that the pressure on 
each leg is indeterminate, and find the greatest and least value 
it can have for a given position of the weight. 
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CHAPTER VII. 



GENERAL THEOREMS ON A SYSTEM OF FORCES. 



92. In Art. 72 it is proved that the forces acting on a 
rigid body may be reduced to a force li and a couple 0, and 
that GP = L^ + M* + N*^ where L, M, N are the moments of 
the forces round three rectangular axes arbitrarily chosen. 
It is obvious that neither i, M, nor N can be greater than G ; 
hence, for a given origin, the resultant moment is greater 
than the moment of the forces about any other oorw. For this 
reason O is called the principal moment of the forces. 

From the equations in Art. 72, which determine the direc- 
tion of the axis of O, it follows that O cos <^ is the moment 
of the forces about an axis which passes through the given 
origin, and makes an angle ^ with the axis of principal 
moment. 

93. The value of JJ in Art. 72 is independent of the 
position of the origin of co-ordinates ; iit is in fact the re- 
sultant of the given forces, supposing each of them moved 
parallel to itself until they are all brought to act at the same 
point. The value of (?, however, depends on the origin we 
assume. If we take a point whose co-ordinates are x\ y', z\ 
and denote by L\ M\ N' the moments of the forces round 
straight lines through this point parallel to the co-ordinate 
axes, and by (?' i\ie principal moment of the forces with respect 
to this point, we have, by Art. 81, 






(1) 
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"We proceed to apply these equations to find the least 
yalue of 0\ 

To find the locus of the origins which give the least principal 
moments, the magnitude of those moments, and the position of 
their a^es. 

Multiply the first of equations (1) by SX, the second by 
S F, and the third by ^Z, and add ; thus 

LXX+M'^Y+N'^Z^L^X^MtT^NtZ... (2). 

Also 

2?G'« = {(2X)« + (2F)' + (S^«} [V^ + M'^ + N'^] 

= (iV'2 r- MtZf + (i'SZ- iV"2Z)» 

+ (Jlf'2X-L'2r)'+ (i'2X+ J/^2r+iV'2^)» ... (3). 

Of these four terms the last is constant for all values of 
X, y\ z by (2) ; hence we obtain the least value of O' by 
making the three preceding terms vanish, which gives 

IL-ML-K. Mv 

that is, 

■£-y'2Z+/Sr _ M-z"tX+x'tZ _ N-x'S. Y +y'^X . . 

Hence the required locus is a straight line. 

From (4) it appears that L', M' N' are proportional to 
2X, % Y, "SZ respectively, which shews that the axis of the 
principal moment at any point on the straight line (5) is 
parallel to the direction of the resultant B. By (3) the value 
of the least principal moment is 

LtX+MZY+N%Z 
B * 

Each of the fractions in (6) is, by a known theorem, 

equal to 

L%X+MtY+Nl,Z 

(2Z)»+(2r)' + (SZ)"' 

,, ,. , LtX+MtY+NtZ 
tnatis^ to ' ™i f 
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The equations (5) may by suitable transformations loe 
reduced to the ordinary symmetrical equations to a straight 
line. We have 

L--y''ZZ+/tT _ LtX+MtY+NXZ 
^X " M^ ' 

therefore 

L[{t Yy + (ZZ)'] + (/2 r- y'XZ)R' = {Mt Y+ NZZ) 2X; 
therefore 

[z'E^-^iTZX+LlY) 2r= (i/'E^^LZZ+JSrZX)XZ; 
therefore 

1 f , LXZ-'NXX \_ 1 f , MXX^LXY\ 
XYV i? J^'ZZV^ B' )' 

Hence we conclude that the equations (5) may be written 
1^ / . N1,Y''MXZ \_ 1 f , LZZ -NZX \ 

^ xzv £' )' 

from which we see that the straight line determined by (5) is 
parallel to the direction of jB. Hence this straight line has 
the following properties : at every point of it the value of the 
principal moment is the same, and is less than it is for any 
point not in the line ; also for every point in the line the position 
of the axis of principal moment is the same, being the line itself* 
This line is called the central aads. 

We have supposed in the investigation that li is not zero. 
If B be zero we have for every origin 

/y=i, M'=M, jv'=iv; 

94. The equation (2) of Art. 93 may be written 
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This shews that if we resolve L\ M, iV' along a straight 
line parallel to the direction of ^, and add the resolved parts, 
we obtain the same result whatever origin he chosen. Thus 
the resolved part of any principal moment in the direction ofR 
is constant. By the resolved part of the principal moment in 
the direction of R we mean that part of the moment which has 
its axis in the direction of JS. 

95. From equations (1) of Art. 93 it appears that L* = X, 
M' = M, and N' = N, provided 

'ft 

X __ y _ z 

th^t is, if the point (a?', y\ z) be on a straight line through 
the origin parallel to the direction of R. Since the origin is 
arbitrary, we may therefore assert that the principal moment 
remains unchanged, when the point to which it relates moves 
along any straight line parallel to the direction of R. 

96. The equation to the plane through the origin perpendi* 
cular to the direction of R is 

a?'2X+y2r+/2^=0 (1). 

If we combine this equation with equations (5) of Art. 93, 
we obtain the co-ordinates of the point of intersection of this 
plane with the c&tdral axis. 

We thus find for these co-ordinates 

NXY^MXZ LZZ-NXX MXX-^LXY 
R^ ' J? ' jB* ' 

which we will denote by A, A, I respectively. 

K x\ y\ z' satisfy (1), then N'^Y^M^ZZ 
or (iV- a?'2 Y + y'2Z) 2 T- ( Jf - z'^ZX + x%Z) XZ 

' ^NtY^M-ZZ^x'R'^RT'ih^x'). 
Similaa-ly L'XZ-^ JV'2X= JS» {k - y'), 

if'2X-i'Sr=-B'(Z-«7- 
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Therefore from equation (3) of Art. 93 

+ 1 B ^J ^^'- 

Hence ff remains constant for all points in the plane (1) 
for which (A — ic')*+ (A; — y')'+ (Z — /)* is constant; that is, 
for all points in (1) which are at a constant distance from the 
central axis. From this and Art. 93 it follows, that if a right 
cylinder be described round the central 00:18, the principal 
moment has the same value for any point on the surface of this 
cylinder, 

97. Of the two expressions which compose ff in equation 
(2) of Art. 96, the latter, by Art. 94, is the resolved part of 
O' parallel to the direction of JS; hence the former part is the 
resolved part of O' perpendicular to the direction of R. Call 
the former part Q, and (f> the angle which the direction of the 

axis of (?' makes with that of B ; then sin <j} = -^,, and this 

is constant so long as G' is, that is, for every point on the 
surface of the cylinder in the preceding Article. 

98. The propositions already given in this Chapter admit 
of other modes of demonstration, which we proceed to in-- 
dicate. 

To shew that any system of forces can always be reduced 
to a force a/ad a couple^ the a>xis of the latter being parallel 
to the direction of the former. 

The forces can be always reduced to a force B and a couple 
G, and the angle <f> between the former and the axis of the 
latter is given by the equation 

cos^ = a:B • 

Resolve the couple into two others ; one having its axis 
parallel to the direction otB and its moment equal to G cos (f>, 
the other having its axis perpendicular to the direction of B 
and its moment equal to sin ^. The forces of the latter 
couple axe therefore in .a plane parallel to B ; and by pro- 




i 
-I 
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perly placing this couple in its own plane, and making each 
of its forces equal to 5, one of its forces may be made to 
balance the force B. We shall then have remaining the 
couple O cos </> and a force B, the direction of which is 
parallel to the axis of the couple, and which is moved to 

a distance ^-^ from its original position. The system is 

thus reduced to a force B and a couple ^ , 

Ji 

the axis of the latter being parallel to B, and therefore its 

plane perpendicular to B, 

Since the resultant couple must be independent of the direc- 
tion of the axes of co-ordinates we conclude that 

B 

must be constant whatever be the direction of the axes ; and 
as A is constant it follows that LXX + MXY + N^Z ranst be 
constant whatever be the direction of the axes. The expres- 
sion also remains the same whatever origin b.e chosen, as ap- 
pears from equation (2) of Art. 93. 

99. When a system of forces is reduced to a force and a 
couple in a plane perpendicular to the force^ the position and 
magnitude of the force are always the same. 

The magnitude of the force is always the same, for it is the 
resultant of the given forces supposing each of them moved 
parallel to itself until they are all brought to act at the same 
point. We shall now shew that there is a definite straight 
line along which the resultant force must act. 

Let x\ y, z be the co-ordinates of an origin such that the 
axis of the resultant couple coincides with the direction of 
the resultant force. Then, with the notation of Art. 93, 
we have 

for the direction cosines of the axis of the couple are propor- 
tional to L\ M\ and N\ and those of the direction of the 

T. s. 7 
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force are proportional to 2X, XY, SZ. Hence the locus of 
the origins is the straight line determined by equations (5) 
of Art. 93. 

100. It appears from the last Article that there is only 
one position of the resultant force in which it is perpendicular 
to the plane of the resultant couple. K we wish to transfer 
the resultant force to any other point, we can do it by 
introducing two forces. It and — B, at that point ; the latter 
with the original force R will form a couple; and if this 
couple be compounded with the original couple we have 
a new couple, the moment of which is *J (K* + B'p*), where 
K denotes the original moment and p the distance to which 
R has been moved. This moment is greater than K; and 
hence the straight line in which R acts when perpendicular to 
the plane of the resultant couple is the dxis of least principal 
moment It is therefore the central axis, 

K IS shewn m Art. 98 to be = ^ . 

101. The principal moment will be the same for every 
point of the central axis, since when we have reduced the 
forces to a single force and a couple in a plane perpendicular 
to the force, the force may be supposed to act at any point 
in its line of application, and the plane of the couple may be 
moved parallel to itself into any new position. See also Art. 95. 
Hence if we draw any plane perpendicular to the central axis, 
and describe a circle in the plane with radius p, and having its 
centre at the intersection of the central axis, then, by the 
last Article, the principal moment for any point in this circle 
will be V {I^ + -2*P*)j ^^d ^^ angle ^ at which the direction 
of its axis is inclined to the direction of R is given by the 

equation tan <A "^ "/^ • 

102. When a system of forces acting on a rigid body is 
reduced to twoforceSy amd these are represented by two straight 
lines which do not meet and are not parallel, the volume of the 
tetrahedron of which the two straight lines are opposite edges 
is constant 
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Let the straight lines AB and A'B represent the two forces, 
AA' being a straight line at right 
angles to both. Suppose two paral- 
lel lines Ax^ A'x* drawn, each at ..'' 
right angles to AA\ and Ay, A!y\ '^'' 
respectively at right angles to -4a?, 
Aoi^ and also at right angles to 
AA. Let BAx = </>, BAa! = <^', .,-" 

and let T and T denote the in ten- ^.^>'' 
sities of the forces in AB and AB 
respectively. Then T may be resolved into T cos <^ and 
Tsini^ acting at A along Ax and Ay respectively, and T* 
into r'oos</>', T' ^voL^ acting at A along Ax and Ay 
respectively. Let a be the inclination of AB and ABy so 
that ^' = ^ + a. Now determine </> by the equation 

rcos<^ + rcosf = (1), 

that is Tcos <^ -f 2^ cos (<^ + a) = 0, 

Then by (1) the forces Tcos <^ and T cos ^ wiUform a couple 
in the plane xAAx' ; and T sin <f> and T sin <^' will have a 
single resultant perpendicular to the plane of this couple, 
for they cannot form a couple since then the whole system of 
forces would reduce to a single couple which is contrary to the 
supposition. Let P denote the intensity of this single force 
so that 

P=rsin^ + rsin^' (2). 

The moment of the couple is ^^'xTcos^. Hence, by 
the latter part of Art. 98, AA' x P x Tcos (f) is constant 
whatever be the position and magnitude of the forces T and 
Z", so long as they are equivalent to a given system of forces. 

Now the volume of the tetrahedron of which AB and AB 
are opposite edges is ^AB.AB.AAsma. For the base 
may be considered to be the triangle AAB , the area of 
which is \AA . AB\ and the height will then be AB sin a. 

But from (1) and (2) we have T* sin a = Poos <^. Hence the 
volume of the tetrahedron becomes \AA . T . P co^ ^, which 
we have just seen to be constant. : 

This result is due to Chasles; see Mobius, Lehrbuch der 
Statik, I. 122. / ;„ 

7— V ^ 
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103. "When a system of parallel forces acting on' a rigid 
body has a single resultant, that resultant always passes 
through a fixed poixit iu the body whatever may be the 
position of the! body. When any system of forces acts on 
a rigid body we: might investigate the consequences of turn- 
ing the body from one position into another while the forces 
retain their original directions, or of turning the forces in 
such a manner as to leave their relative directions unchanged 
while the body remains fixed. We shall here give some 
examples of the general theorems that have been demon- 
strated on this Subject. The forces litre supposed to act at 
fixed points in the body, 

104. Let PA and QA be the directions of two forces 
lying in one plane, acting at the 
points P and Q respectively ; TA 
the direction of their resultant. 
Suppose the forces ip PA, QA to 
be turned round the points P and Q 
respectively through the same an- 
gle a towards the same direction; 
since PA and QA will include the 
same angle as before, their point 
of intersection will move on a circle 
passing through P and Q. And 
as the magnitudes of the forces are supposed unchanged, the 
magnitude of the resultant and the angles which it makes 
with the components remain unchanged. Hence if T be the 
intersection of the resultant and the circle originally, it will 
always be so, since the arcs PT and QT are proportional to 
the angles PAT and QAT\ the resultant will therefore have 
turned through the angle a round the point T. 

The same conclusion holds if instead of supposing the body 
to be fixed and the forces to revolve, we suppose each force 
to remain parallel to itself and the body to be turned through 
any angle round a perpendicular to the plane of the forces. 

The point T through which the resultant always passes 
may be called the centre of the forces which act at P and Q. 
It is evident, in like manner, that if a third force pass 
thDoi^igh a fixed point 8 and meet the straight line TA, we 
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may find the centre of tlie forces at rand 8, that is, the centre 
of the forces at P, Q^ and 8\ and generally we may infer 
that every system of forces in one plane which is reducible to 
a single resultant has a centre; or, in other words, if there 
be a system of forces acting in a plane and having a single 
resultant, and we know the magnitude of each force, the 
angles the directions of the forces make with each other, 
and one point in the direction of each, then we can deter- 
mine the magnitude of the resultant, the angle its direction 
makes with those of the component forces, and one point in 
its direction, 

105. If a system of forces maintain a body in equilibrium, 
and equilibrium also subsist after the body has been turned 
through any given angle which is not a multiple of two right 
angles, about any axis, then equilibrium will still subsist 
when the body is turned about the same axis through any 
angle whatever, the forces being supposed to act with the 
same intensity and in parallel directions throughout. 

Take the axis of z to coincide with the straight line about 
which the body is turned. Since there is equilibrium in its 
first position, we have 

2x=o, 2r=o, 2^=0 (1), 

' 2(%-r^) = 0, 2(X0-Z^) = O, t{Yx^Xy) = Q...{2). 

If equilibrium subsist when the body is turned through an 
angle 6, the equations (1) and (2) must hold when we put 
xco^O—y sin for a?, and a; sin d + y cos for y. Hence (2) 
become 

sin ^2 {Zx) + cos ^2 {Zy) -^{Yz) = (3), 

. 2(X3)-cos^2(^) + sind2(^j^) = (4), 

cosd2(ra?-Xy)-sin^2(-Xi+r^)=0 (5). 

By means of (2), equations (3) and (4) become 
sin^2 (X^) - (1 -cos^) 2 {Tz) =0, 
(1 -cos ^2 (Z;^) + sind2 (K;) =0. 

As these equations hold for some value of sin different from 
zero we must have 

. 2(X;5)=0, and2(r«) = (6)* 
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Then, by (2), we infer 

%{Zx)=0, and S(%)=0..... (7). 

And from (2) and (5), 

2(ra?-Xy) = 0, and l,{Xx + Yt/)^0 (8). 

And when (6), (7), and (8) are true, (3), (4), and (5) are true 
for all values of 0. 

It appears from the preceding investigation that when 
forces act in (me plane on a rigid body and maintain equi- 
librium, the necessary and sufficient additional condition in 
order that equilibrium may subsist after the body has been 
turned round an axis perpendicular to the plane while the 
forces remain parallel to their original directions, is 

2(Xa?+ry) = a 

106. A system of forces acts on a rigid body : determine 
the conditions which must hold in order that when the system 
is resolved parallel to any straight line these resolved parts 
may be in equilibrium. 

Take a straight line whose direction cosines are Z, w, w. 
In order that the resolved parts of the forces parallel to 
this straight line may be in equilibrium we must have, by 
Art. 78, 

2(ZX+?»r+nZ) = 0, 

2 (?X+ wr+ nZ)x _ S (IX-^mY+nZ) y 
I m 

_ 'S.{lX'\-mY+nZ)z 
n 

And as these are to be true for all ratios of I, m, n we 
must have 

tX^O, 2r=0, 2^=0, 

XXy = 0, 2X«=»0, 2raj=0, XYz^O, tZx^Q, XZy=zO, 

tXx^tYy^'ZZz. 

Th^se are the necesstMy and sufficient conditions. 
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107. We have remarked in Art. 9 that the property 
of the divisibility of matter leads us to the supposition that 
every body consists of an assemblage of material particles or 
molecules which are held together by their mutual attraction. 
Now we are totally unacquainted with the nature of these 
molecular forces ; if, however, we assume the two hypotheses 
that the action of any two molecules on each other is the 
same, and also that its direction is the straight line joining 
them, then we shall be able to deduce the conditions of equi- 
librium of a rigid body from those of a single particle. 

To deduce the conditions of equilihriv/m of a rigid body from 
those of a single particle. 

Let the body be referred to three rectangular axes; and 
let x^, y y z^ be the co-ordinates of one of its constituent par- 
ticles ; X^y Y^y Z^ the resolved parts, parallel to the axes, of 
the forces which act on this particle exclusive of the mole- 
cular forces; P^, -P,, Pj, the molecular forces acting on 

this particle ; a^, /8j, 7^ ; a^, )8a» 72^ ^^^ angles their re- 
spective directions make with the three axes of co-ordinates. 
Then, since this particle is held in equilibrium by the above 
iforces, we have, by Art. 27, 

J,^-P, cosa, + PaCOsajj+, =0 (1), 

r, + P, cos /3, + P3C0s/33 + = (2), 

Z, +P,cos7, + P,cos73 + = (3). 

We shall have a similar system of equations for each particle 
in the body ; if there be n particles there will be 3n equations. 
These 3/i equations will be connected one with another, since 
any molecular force which enters into one system of equations 
must enter into a second system ; this is in consequence of 
the mutual action of the particles. 

There are. two conditions which will enable us to de- 
duce from these 3n equations six equations of condition, 
independent of the molecular forces. These will be the 
equations which the other forces must satisfy, in order that 
equiUbrium Q^y te mamtained. ^. _ _, 
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The first condition is this, that the molecular actions are 
mutual ; and that, consequently, if P^ cos a^ represent the 
resolved part parallel to the axis of x of any one of the 
molecular forces involved in the 3n equations, we shall like- 
wise meet with the term — P^ cos a^ in another of those equa- 
tions which have reference to the axis of x. Consequently, 
if we add all those equations together which have reference 
to the same axis, we have the three following equations of 
condition independent of the molecular forces, 

2x=o, 2r=o, 2z=o. 

The second consideration is this : that the straight lines 
joining the different particles are the directions in which the 
molecular forces act. 

Thus, let Pj be the molecular action between the particles 
whose co-ordinates are (a?^, y^, z^ and {x^, y^, 2jJ, 

Pj cos a^, Pj cos )8j, Pj cos 7^, 

— Pj cos ftp — PjCOS^Sj, — PjC0S7j, 

the corresponding resolved parts of P^ for the two particles. 
Then 



2? — 2? 



x^ — x. r% y« — Vt 

cosa, = -2-^S cos/3, = =^^S cos7,= ^ , 

where r = ^{(x^ - x^f + (y, - y,y + {z^ - z^f"]. 

These enable us to obtain three more equations free from 
molecular forces ; for if we multiply (1) and (2) by y^ and aj^ 
respectively, and then subtract, we have 

Y^x^ - X^j + ... +Pj {x^ cos )9j -y^ cos aj + ... = 0... (4). 

By the same process we obtain from the system of equations 
which refer to the particle (a?j, y^, z^), 

Y^x^ - X^y^+... - PJa?, cos /S^ -y, cosaj + ... = 0... (5)^ 

But the values of cos a^ and cos fi^ given above lead to the 
condition 

(a?,-a?j) cosySj- (y,-3r^ cosaj=? a 
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Wherefore the equation 

Y^CD,^X^y^+ + r^a?,-X,y,+ =0 

will not involve Pj, the molecular action between the particles 
whose co-ordinates are a?^, y^, z^ and 0?^, y^, z^ respectively. 

It follows readily from what we have shewn, that if we form 
all the equations similar to (4) and (5), and add them together, 
we shall have a final equation 

independent of the molectdar forces. 
In like manner we should obtain 

Moreover we can shew that these six equations are the cmly 
equations free from the molecular forces, supposing the body 
to be rigid, and consequently the molecules to retain their 
mutual distances invariable. For if a body consist of three 
molecules, there must evidently be three independent mole- 
cular forces to keep them invariable ; if to these three mole- 
cules a fourth be added, we must introduce three new forces 
to hold it to the others ; if we add a fifth molecule we must 
introduce three forces to hold this invariably to any three of 
those which are already rigidly connected ; and so on ; from 
which we see that there must be at least 3+3 (w— 3) or 3n— 6 
forces. Hence the Zn equations resembling (1), (2), and (3) 
contain at least 3n— 6 independent quantities to be eliminated; 
and therefore there cannot be more than six equations of con- 
dition connecting the external forces and the co-ordinates of 
their points of application. 
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1. Determine the central axis when there are two forces 
Paud Q whose lines of action are defined by 5?=c, y=a? tan a, 
and z^-^Cty^ — x tan a respectively. 
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2. If P and Q are two forces whose directions are at right 
angles, shew that the distances of the central axis from their 
lines of action are as P^ to Q\ 

3. Parallel forces act on a rigid body and maintain it 
in equilibrium, the points of application being all in one 

Jjlane : shew that the forces will maintain the body in equi- 
ibrium however they may be turned about their points of 
application. 

4. A system of forces acting on a rigid body is equiva- 
lent to a single force : shew that it will also be equivalent to 
a single force after the body has been turned through any 
angle about the axis of z, the directions of the forces remain- 
ing the same, if 

2(X)2(F^) = 2(r)2(X4 
and 2(X) X{Zx) + 2(r) 2(Zy) =2(Z) t{Xx+Ty). 

5. Forces act at the angular points of a tetrahedron in 
directions respectively perpendicular to the opposite faces, 
and proportional to the areas of the faces in magnitude: 
shew that the forces have the property considered in Art. 106. 

6. Shew that within a quadrilateral there is but one 
point, at which forces acting towards the comers and pro- 
portional to the distances of the point from them^ can be 
in equilibrium. 

7. Two forces acting at a point are represented in magni- 
tude and direction by straight lines drawn from that point : 
their sum is constant and their resultant is constant both in 
magnitude and direction. Find the locu9 of the extremities 
of the straight lines which represent the forces. 

8. If forces P, Q, R acting at the centre of a circular 
lamina along the radii OA, OB, 0(7 be equivalent to forces 
JP', Q\ R acting along the sides BC, GA, AB of the inscribed 
triangle, shew that 

p.P Q.qr B.R 
BG ^ V4 ■*■ 45 ~ 
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9. A uniform rigid rod, of length 2a, can turn in a hori- 
zontal plane about its middle point. At one end a string is 
tied which passes over a fixed puUy, vertically above that 
end, and at a distance h from it, and is then fa<stened to a 
given weight. The rod is then turned through an angle 6, 
and kept at rest in that position by a horizontal force P per- 
pendicular to the rod through its other end. Prove that P 
will be a maximum if 

tan*rr 



2 6^ + 4a«' 



10. Prove that a system of forces can be reduced in an 
infinite number of ways to a pair of equal forces, whose direc- 
tions make any assigned angle with one another; and find 
the distance between these forces when the angle is given. 



( 108 ) 
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108. Weight is measured like other quantities by means 
of an arbitrary unit. If a certain upward force be necessary 
to prevent a body from /ailing, then another body which 
requires an equal force to sustain it is said to have a weight 
equal to that of the first. When two weights have been 
recognised to be equal, a body which requires to sustain it 
a force equal to the sum of the two equal forces which would 
sustain the two equal weights, is said to have a weight double 
that of either of the two equal weights ; and so on." 

It appears from experiment that the weight of a given body 
is invariable so long as the body remains at the same place on 
the earth's surface, but changes when the body is taken to a 
different place. We shall suppose therefore when we speak of 
the weight of a body that the body remains at one place. 

When a body is such that the weight of any portion of it is 
proportional to the volume of that portion it is said to be of 
uniform density ; the density of such a body is measured by 
the ratio which the weight of any volume of it bears to the 
weight of an equal volume of some arbitrarily chosen body of 
uniform density. 

The product of the density of a body into its volume is 
called its rams. 

When a body is not of uniform density its density at any 
point is measured thus : find the ratio of the weight of a 
volume of the body taken so as to include that point to the 
weight of an equal volume of the standard body ; the limU of 
this ratio, when the volume is indefinitely diminished, is the 
density of the body at the assumed point* 
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109. It was shewn in Arts. 66 and 68 that there is a 
point in every body such that, if the particles of the body be 
acted on by parallel forces in the same direction and this 
point be fixed, the body will rest in whatever position it be 
placed. 

Now the weight of a body may be considered as the resultant, 
of the weights of the different elementary portions of the body, 
acting in parallel and vertical lines. In this case the point 
above described as the centre of parallel forces is called the 
centre of gravity of the body. We may define the centre of 
gravity of any system of heavy particles as a point such that 
if it be supported and the particles rigidly connected with it, 
the system will rest in any position. 

In the present Chapter we shall determine the position of 
the centre of gravity in bodies of various forms. We shall 
first give a few elementary examples. 

(1) Given the centres of gravity of two parts which compose 
a body, to find the centre of gravity of the whole body. 

Let (?, denote the centre of gravity of one part, and G^ the 
centre of gravity of the other part ; let m^ denote the mass of 
the first part and m^ the mass of the second part. Join G^ G^ 

and divide it at G so that ^.^^ = — ^, then G is the centre 

of gravity of the whole body (Art 37). 



(2) Given the centre of gravity of a body and also the centre 
of gravity of a part of the body, to find the centre of gravity of 
the remainder. 

Let G denote the centre of gravity of the body, and G^ the 
centre of gravity of a part of the body ; let m denote the mass 
of the body, and m^ the mass of the part. Join G^Gsuid pro- 
duce it through G to G^, so that -py-?T = — » then G^ is the 

(jrixj^ m—m^ " 

centre of gravity of the remainder. 

(3) To find the centre of gravity of a triangular figure of 
uniform thickness and density. 
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Let ABC be one surface of the triangular figure ; bisect BC 



at E; join AE; draw ceb parallel to 
CEB cuttitig AE at e. Then, by 
similar triangles, 

ce : CE :: Ae 

and be : BE :: Ae 

therefore ce : CE :: he 



AE, 
AE, 
BE; 




but CE=BE, therefore ce = be. 

Hence -4^ bisects every straight line parallel to BC. There- 
fore each of the strips similar to ceb, into which we may 
suppose the triangle to be divided, will balance on AE, and 
therefore the centre of gravity must be in the straight line AE. 

Bisect AC Sit F and join BF; let this cut AE at G, 
Then, as before, the centre of gravity must be in BF; but 
it must be in AE; and therefore G is the centre of gravity. 

Join EF Then, because CE= BE and CF=AF, there- 
fore ^^is parallel to AB and AB=2FE; and by similar 
triangles, 

EG : EF :: AG : AB, therefore EG = I AG. 

Hence to find the centre of gravity of a triangle, bisect any 
side, join thie point of bisection with the opposite angle, and the 
centre of gravity lies a third of the way up this straight line. 

The centre of gravity of any plane polygon may be found 
by dividing it into triangles, determining the centre of gravity 
of each triangle, and then by Art. 66 deducing the centre of 
gravity of the whole figure. 

We may observe that the centre of gravity of a triangle 
coincides with the centre of gravity of three equal particles 
placed at the angular points of the triangle. For to find the 
centre of gravity of three equal particles placed at A, B, C 
respectively, we join CB and bisect it at ^; then E is the 
centre of gravity of the particles at C and B; suppose these 
particles collected at E\ then join AE smd divide AE at G so 
that EG may be to AG ss the mass of the one particle at A is 
to that of the two at E, that is, as 1 is to 2 ; then G is the centre 
of gravity of the three equal particles. From the construction 
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Q is obviously also the centre of gravity of the triangle 
ABC. 

Let the co-ordinates of A referred to any axes be x^, y^, z^ ; 
those of By x^y y^y z^; and^those of C, x^, y^, z^^; then, by 
Art 66, the co-ordinates x, y, z of the centre of gravity of 
three equal particles placed at A, B, G respectively, are 

By what we have just proved, these are also the co-ordinates 
of the centre of gravity of the triangle ABC. 

It may be remarked that in Art. 66 the co-ordinates may 
be rectangular or oblique. 

(4) The centre of gravity of any rectilinear figure might be 
found by cutting it up into triangles, and replacing eagh tri- 
angle by three equal particles at its angular points. If the 
triangles are all equal the particles will be all equal ; but if 
the triangles are not all equal, the particles which are sub- 
stituted for any triangle must be taken proportional to the 
area of that triangle. For example, we will determine the 
position of the centre of gravity of any quadrilateral. 

Let ABCD denote the quadrilateral ; let the diagonals 
A G and BD intersect at E. 

Let BE=r\ and ED = n^ ; then the areas of the triangles 
ABG and ACD will be proportional to n, and n^y and may 
be denoted by fin^ and fjun^ respectively. Let y^, y^, yg, y^ 
be the ordinates oi Ay By C, I) respectively; then replace 
the triangle ABG by three particles at Ay B, C respectively 
each equal to fin^ ; and replace the triangle A GJD by three 
particles at Ay D, C respectively each equal to fin^. Let y 
denote the ordinate of the centre of gravity of the system, 
that is, of the given quadrilateral ; then 

^ M^ fat + ;/, -^ .Vb) + /^^2 (.Vs + ?/4 + .Vi) 

This may be simplified by making use of the ordinate of 
the point ^; denote this by y: then, by Plane Co-ordinate 
Oeometryy Art. 10, we have 
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therefore 
80 that 






Similarly the abscissa of the centre of gravity can be ex- 
pressed in terms of those of Ay B, C, D and E. 

(5) To find the centre of gravity of a pyramid on a tri- 
angular base. 

Let ABC be the base, D the vertex; bisect -4(7 at E; join 
BE, BE; take EF=^EB, then F is the centre of gravity 
of ABC. Join FD\ draw aJ, he, ca parallel to AB, BG, CA 




respectively, and let BF meet the plane abc at f; join If 
and produce it to meet BE at e. Then, by similar triangles, 
ae = eci also 

BF BF EF' 
but EF^\BF, therefore ef=^hf; 
therefore/ is the centre of gravity of the triangle abc; and 
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if vfQ suppose the pyramid to be made tip of an indefinitely 
great number of indefinitely thin triangular slices parallel 
to the base, each of these sfices has its centre of gravity in 
iZ?jR Hence the centre of gravity of the pyramid is in DF^ 

Again, take I:R= ^ED ; join HB cutting DF^i a. Then' 
as before, the centre of gravity of the pyramid must be in 
BHi but it is in DF\ hence 0, the point of intersection of 
these straight lines, is the centre of gravity* 

Join FH] then FH is parallel to DB. Also because 
£F= J-E5, therefore 7^^= Ji>5, and 

m^^' but J:ff:-J2>5, therefore FG-^^DG^IDF. 

Hence the centre of gravity is one-fourth of the way up the 
straight line joining the centre of gravity of the base with the 
vertex, 

" In the same way as the corresponding results were demon- 
strated for the triangle, we may establish the following : 

The centra of gravity of a pyramid coincides with the cen- 
tre of gravity of particles of equal mass placed at the angular 
points of the- pyramid. ^ , 

Let ajj, y^y z^ be the co-ordinates of one angular point ; 
x^y y^, z^ the co-ordinates of another ; and so on ; let x,y,'z be 
the co-ordinates of the centre of gravity of the pyramid: thien, 
by Art. 66, 

y = i(yi+y2+y8.+y4)> 

' • - .- 

(6) To find the centre of gravity of any pyramid having a 
plane base^ 

Divide the base into triangles ; if any part of the base is 
curvilinear then suppose the curve to be divided into an in- 
definitely great number of indefinitely short straight lines. 
Join the vertex of the pyramid with the centres of gravity of 
all the triangles, and also with all their angles. Draw a 
plane parallel to the base at a distance from the basieb equal to 
one-fourth of the distance of the vertex from the base; then 
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this plane cuts every straight line drawn from the vertex to 
the base in parts having the same ratio of 3 to 1 ; and there- 
fore the triangular pyramids have their centres of gravity in 
this plane, and therefore the whole pyramid has its centre 
of gravity in this plane. 

Again, join the vertex with the centre of gravity of the 
base ; then every section parallel to the base will be similar 
to the base, and if we suppose the pyramid divided into an 
indefinitely large number of indefinitely thin slices by planes 
parallel to the base, the centre of gravity of each slice will lie 
on the straight line joining the vertex with the centre of 
gravity of the base. Hence the whole pyramid has its centrie 
of gravity in this straight Una 

Therefore the centre of gravity is one-fourth of the way up 
the straight line joining the centre of gravity of the base 
with the vertex. 

This result will hold also for any cone, right or oblique • 
for the cone may be decomposed into an infinite number of 
infinitesimal pyramids having a common vertex. 

(7) Ta find the centre of gravity of the frustum of a pyra^ 
mid formed by parallel planes. 

Let ABGahc be the frustum; 
Gy g the centres of gravity of 
the pyramids DABG, Dabc; it 
is clear that the centre of sravity 
of the frustum must be in /fl'pr.i 
duced ; suppose it at Q\ 

Let Ff=c, AB-a, ah = K 

Since the whole pyramid DABG 
is made up of the frustum and 
the small pyramid, therefore, 

OG' _ weight of small pyramid 
Gg "" weight of frustum 

vol. of small pyr. 




vol. of large pyr. — voL of small pyr. a' — b 
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since similar solids are as the cubes of their homologous 
edges; 

and Og^DO'-Dg^iiPF-'Dfi^lc^ 

therefore OGF ^-j-.-i — r,. 

4 a'— 6 



Also GF=^ iDF^i {DF-- Df) ^^ by similar figui^s, 

a 



4-a-6' 



therefore Fff ^FQ^ GTG^^l-^ — ^\ 

4la — ft a^ — V) 

^c a' + 2aft4-3y 
4 a" + aft + ft' ' 

This i^ true of a frustum of a pyramid on any base, a and b 
being homologous sides of the two ends. 

(8) We may by the aid of the theory of the centre of gravity 
demonstrate some geometrical propositions. For example: 
the straight lines which join the middle points of the opposite 
edges of a tetrahedron meet at a point which bisects each 
straight line. 

For suppose equal particles placed at the comers of a 
tetrahedron; then to find the centre of gravity of the system 
we may proceed ^thus : The centre of gravity of any pair 
of particles is at the middle point of the edge which joins 
them ; and the centre of gravity of the other pair is at the 
middle point of the opposite edge : then the centre of gravity 
of the system is at the middle point of the straight line which 
joins the middle points of the selected edges. And the 
same point will of course be obtained for the centre of 

fravity of the system, whatever pair of edges be selected, 
[ence the requii:ed result is obtained. 
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(9) Particles are placed at the cOmets of a tetrahedron^ th^ 
Ttmss of each particle being proportional to the area lof the 
opposite fa/ie : shew that the centre of gravity of the system 
coincides with the centre of the sphere inscribed^' in the tetra* 
hedron. 

Let A, By G, D be the angular points of the tetrahedron. 
Let p be the perpendicular from D on the face ABC. 
Then the distance of the centre of gravity of the system from 
the plane -45(7 - 

_ px area of face ABC 

"" sum of the areas of the faces -, 

_ 3 X volume of tetrahedron ^ 
~ sum of the areas of the faces ' 

And this expression is equal to the radius of the sphere 
inscribed in the tetrahedron. 

Hence the required result is obtained. 

(10) A polyhedron is circumscribed about a sphere; at the 
paints of contact mxisses are placed which are proportional to the 
areas of the corresponding faeces of the polyhedron : shew that 
the centre of gravity of these masses coincides with the centre 
of the sphere: 

Take the centre of the sphere for origin, and any plane 
through the origin for the plane of {x, y)> 

Let A^, -4 J, A^ denote the areas of the faces of the 

polyhedron ;_let «„ 2L, z^,... denote the ordinates<of the points 
of contact j z the ordinate of the centre of gravity. Then, by 
Art. 66, 

A^ + A^ + A^+... • 

Now the projection of the area A^ on the plane of (a;, y) 

A. z 
is — ^-^ , where r^ is the radius of the sphere ; and similarly 

for the other prgections. And the sum of such projections 
is zero. Thus «=«0; and since the plane of (a?, y) is any 
plane through the centre of the sphere, the centre of gravity 
must coincide with the centre of the sphere. 
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(11) Fr6vfi any point within an equiangular polygon per" 
peiidiculars are drawn on all ike sides of the polygon, and 
are produced in a constant ratio ; at the extremities of the 
straight lines thus drawn equal particles are placed : deter-* 
mine the centre of gravity of the system. 

Let c be the distance of the point from which the perpen-' 
diculars are drawn from a fixed origin, and a the angle which 
this distance makes with a fixed straight line which coincides' 
with one of the perpendiculars. Let n be the number of 

' ifT 

sides in the polygon, and y3 ?s — , Let p^ denote the per-? 

n 

pendicular from the origin on the m^ side of the polygon; 

then the coriresponding perpendicular from the assumed point 

is ^« — c cos (m)8 — a). Let r denote the constant ratio. 

Then if x^ and y^ are the co-ordinates of the m^ particle we 

have 

x^ = r{p^ — c cos(mi8 — a)} coamfi + c coscr, 
y^j = r {|)„ — c cos {mfi — a)} sin mfi + c sin a. 

Hence proceeding as in Proposition viii. at the end of 
Chapter n. we obtain for the co-ordinates of the centre of 
gravity 

- f. re 

x=^i — -a'OOsa + ccoHa, 

y = iy — — sin a + c sin a, 

r r * 

where f = - 2p„ cos mfi, V==- Spw sin m^S. 

Hence if r s= 2 we have 

80 that in this case the position of the centre of gravity is 
independent of the position of the assumed point. 

W^ proc^ed^ now to the analytical calculations. 

1101 In all the cases in which the Integral Calculus is 
employed to* ascertain the centre of gravity of a body th^ 
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1)rmciple is the same; the body is divided into an indefinitely 
ai^e number of indefinitely small elements; the volume of 
an element is estimated, and this being multiplied by the 
density gives the mass of the element The mass is multi- 
plied by the abscissa of the element, and we find the sum 
pf the values of this product for all the elements ; the result 
corresponds to the XPx of Art. 66. Also we find the sum 
of the masses of all the elements and thus obtain a result 
corresponding to the XP of the same Article. Divide the 
former result by the latter and we have the value of w; 
similarly y and z can be found. In the following examples 
the student must not allow the details of the Integral Cal- 
culus to obscure his recognition of the fundamental formula 
of Art. 66 ; he must consider in every case what corresponds 
to the P, X, y, z of that Article, that is, he must carefully as- 
certain into what elements the body is decomposed 




Plane Area. 

111. Let CBEH be an area bounded by the ordinates 
BO and EH, the curve 
BEy and the portion CH 
of the axis of a? ; it is re- 
quired to find the centre 
of gravity of the area. Or 
instead of the area we 
may ask for the centre of 
gravity of a solid bounded 
by two planes parallel to 
the plane of the paper and equidistant from it, and by a straight 
line which moves round the boundary CBEH remaining al- 
ways perpendicular to the plane of the paper. Divide Cffinto 
w portions, and suppose ordinates drawn at the points of divi-r 
sion. Let LP and MQ represent two consecutive ordinates, 
and draw PA'" parallel to LM. 

Let OL = OS, LP^ y, ZJf = Aa?, OG^ c, OH^ A. 

The area of the rectangle PM is y^x ; suppose u to denote 
the area of PQN^ and Jet a! be the abscissa of the centre of 



Is M 
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gravity of the area PQLM. Then if k denote the thickness 
of the solid and p its density, kp {y^x + u) is the mass of the 
element PQML. Hence, if S be the abscissa of the centre oi 
gravity of the whole figure CBESy by Art. 66, 

- _ Xkpx (yAa? + w) _ 2a?' (yA^ + u) 
" ^^p (yAic + u) "" 2(yAa? + u) ' 

supposing the thickness and density uniform. The summa- 
tion is to include all the figures like PQML^ which are com- 
prised in CBjEff, 

Now suppose n to increase without limit, and each of the 
portions LM to diminish without limit ; then the term %u in 
the denominator of x vanishes ; for it expresses the sum of 
all the figures like PQNy and is therefore less than a rectangle 
having for its breadth Aa; and for its height the greatest 
ordinate comprised between C5and HE. Also the term Xxv» 
in the numerator of x vanishes, for it is less than the product 
KZuf and as we have just shewn, this ultimately vanishes. 
Hence the expression for x becomes, when the number of 
divisions is indefinitely increased and each term indefinitely 
diminished, 

%x'y^ 

2yAa? * 

Moreover, x* must lie between x and a? -f- Aa?: suppose it 
equal to x + v, where v is less than Ax ; then the numerator 
of S may be written 

%xy^x + SvyAa? ; 

and as the latter term cannot be so great as Ax^y^, it 
ultimately vanishes. Hence we have 

- _ 2a?y Aa? ^ 
■" %yAx' 

that is, the above formula will give the correct value of x 
when we increase the number of divisions indefinitely and 
diminish each term indefinitely, and extend the sUmmajtion over 
the space CBEH. This will be expressed according to the 
ordinary notation of the Integral Caldulus thus, 

'"' iiydx ;•: ;•• ^'^- 
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« 

la thd same manner we may shew that 

- _ Jc*y'y<^ • 

where y' is tbe limitiDg value of the ordinate of the centre 
of gravity of the element PQML when its breadth is indefi- 
nitely diminished ; y' is therefore = \y ; hence 

y—jt^- : (2)- 

' We have iiow only to substitute in (1) and (2) for y its 
value in terms of x, and then to effect the integration by the 
ordinary methods. 

112. It will not be necessary for the student in solving 
an example to repeat the whole of the preceding process. 
When he understands how the necessary exactness may be 
given, if required, he may proceed shortly thus. The figure 
^QML = yKx ultimately, and the co-ordinates of its centre 
of gravity are x and \y ultimately. Hence 

^ydx * iydx ' 

. • * * 

the integrations being taken between proper limits. 

Unless the contrary be specified, we shall hereafter supr 
pose the bodies we consider to be of v/aiform density, and 
shall therefore not introduce any factor to represent the 
density, because, as in the preceding Article, the factor will 
disappear. 

113. Ex. 1, Let the curve be a parabola whose equation is 

y « 2 V(aaj). 



TT - _ icV^^^ _ 5c 2 'Jjax) xdx _ SoX^dx 
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, lflc?=;0,^Si=s|A, which determines the abscissa of the 
centre of gravity of a portion of a parabolic area beginning- 
at the vertex. Also 

Whenc = 0,y = JVW- 

■ ■ * ^ 

Ex. 2. Let the (iurve be an ellipse whose equation is 

h 

y=-V(a*-A 



Here » = 



Now /» ;v^(a* - a;^ <&j = - i (a* - ai^*; 

t 

therefore f,^a!^(c^-af) (iB = J(a»-cO*-i (a*-A*)^ 

And }\l{fi?-of)dx^ ^^ ^ ^ + -2 sin*-; 

therefore . 

Hence ^ is known. , , 

Also If _ •'.« -^ ^g 






- — i i-5 i i+-jT am ' — 810!*-). 
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If we require tlie centre of gravity of the quadrant of the 
ellipsei we must put o = and h=^a. Hence 

- 4a - 46 

Ex. 3. Let the curve be a cycloid whose equation is 

y =: V(2aa? — aj*) + a vers"* - J 

and suppose we require the centre of gravity of half the area 
of the curve ; then 



Now /y^^=^-/i'^'^ 



/fy(^)^ 



_y^_r^ / /2a - x^ 



Also, when a? = 0,y s=0, and when a? = 2a, y^ira; 
therefore f^yxdx = J {^ra (2a)*} — i Jo** « V(2cw? -'a?)dx: 
and as J^Xij(2ax — a^dx will be found == ^Tra^ we have 

Again, lydx = yx-' I x-^ dx 

ssyx'-jj^{2ax'^a?)dx; 
therefore Jo'^yt^ = 29ra" - /o'" V(2aaj - a;') da? 

=s 27ra' — jTra' == f Tra* ; 

therefore x = 1^ = la. 

. fTra * 
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Also 

=y^aj-T2J(2aaj — ai^ da? — 2a / V(2aa? — a?) vers"^- cfo? 
s=^a?— 203?"+ -^^2al V(2aa?— a?) vers"*-dic; 
therefore j^^^dx^ 27T^a' — g — 2a j *^{2ax ^ a?) vers"* - dx. 

By assuming vers"^ - =* ^, we may shew that 

Hence Jo' V^^ = K«" - K ; 

therefore y = *^^^^^ = ^(K-f)- 

114. If a curve have a bmneh below the axis of x sjrm- 
metiic^ with one above the axis, and we require the centre 
of gravity of the area bounded by the two branches and or- 
dinates drawn at the distances c and h from the origin, we 
have 



« 2j^ yxdx i ^yxdx 
"^^ 2j:ydx'^ j:ydx' 



and y = 0, 

116. We have hitherto supposed the axes rectangular; 
if they are oblique and inclined at an angle ©, then the figure 
PQML (see fig. to Art, 111) will = sin toy^x ultimiately. 
Hence the formulae (1) and (2) of Art. Ill remain true, for 
sin ft) occurs as a factor in the numerator and denominator, 
and jiiay therefore .bje cancelled. ... .: 
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116. It is sometimes convenient to use polar formulae.' 

Let DE'he the arc of a curve j and suppose vvtre require 
the centre of gravity of the area comprised between the axe 
DE and the radii OD, OE drawn from the pole 0»\ 




Divide the angle DOE into a number of angles, of which 
POQ represents one ; let OP^ r, POx ^0,POQ = A0.. The 
area POQ = ^r^A& ultimately {Differential CalcultLS, Art 
313). Also the centre of gravity of the figure POQ will be 
ultimately, like that of a triangle, on a straight line drawn 
from bisecting the chord PQ, and at a distance of two- 
thirds of this straight line from 0, Hence the abscissa and 
ordinate of the centre of gravity of POQ will be ultimately 



Hence 



§r cos 0, and §r sin respectively. 

- _Hrc oB0 \r^d0 _ § ^r'' cos 0d0 
^ ''^~~i^d0 y3JS~ ' 

^_ f§rsing|r'dg _§fr^singJg 



i^dd 



jr*d0 



r 

In these formulsB we must put for r its value in terms of 
given by the equation to the curve ; we must then integrate 
flrom 0^ a -to tfs= /8, .supposing a and j8 the angles which OD 
and OE respectively make with the fixed straight ling Ox. 
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117. Ex^ Let be the focus of a parabola, and the 
fixed straight line Ox pass through the vertex ; then 

a 

where 4a is the latvs rectvm of the parabola, 

- » Ja cos* 



'^ cosd 
Hence x = "^ * ^"^^ * • 



J a COS* 



=/(l - tan*i^ (1 + tan* J(?) JBec*i(?dd ; 

= J(l-tan*i(?) 8e(^iddd= 2 (tan J^-^tan* ^^ ; 

therefore r^P d^=2 (tan J/3-tania) -|(tan»i/S-tan'ia). 

.Also /^^^ =/(l+tan»i^ sec* J^<f^=2 tan J^ + 1 tad* ^5 ; 
therefore I — i^=2(tanii3-tan Ja) + |(tan'i^-tan'Ja); * 

./ttCOS jv 

therefore x = |a tanj^-tanja-Ktan^g-tan'^) 
mereiore a y»-tani)8-tania + i(ta»4/3-tan»ia)' 



Again, 



therefore I — j^^rf^=sec^|^-sec*Ja ; 

J a COS Jv 

, « _■ 8ed*^/9 — sec*ia 

therefore y « Ja . ^^^^1,^^^+^ (tan*i/3-tan«i.)* 
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Plane Area. Dovile Integration. 

118. There is ODotKer method of dividing a plane taea 
into elements, to which ire now proceed. 
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Let a series of straight hoes be drawn parallel to the axis of 
y, and another Bcries of str^ght lines parallel to the axis of a^ 
Let St represent one of the rectangles formed by these straight 
■ tines ; and suppose as and ^ to he the co-ordinates of s, and 
£c + Aa; and j/ + Ay the co-ordinates of t. Then the area of 
the rectangle st is AxAy, and the co-ordinates of its centre 
of gravity are ultimately x and y. Hence, to find the abscissa 
of the centre of gravity of any plane area, we can take the 
sum of the values of rnhxt^y for the numerator, and the sum 
of the values of AicA^ for the denominator, Ax and Ay being 
indefinitely diminished. This is expressed thus, 

_ ifxdxdy 



Similarly, 



PLANE AEEik ]X)t7BLfe IKTEGRATIOK. 127 

119. Suppose, f6t example, that the area is bounded by 
the two ordinates BbC, EeH^ and the two curves BPQEy 
Ipqe. Let y^<f>{x) be the equation to the upper curve, and 
^ = -^(0;) the equation to. the lower curve; let 00 ^c^ 
OH^ h. The sum of the product xAxAy for all the rect- 
angles similar to st, which are contained in the strip PQqp, is 
equal to xAx multiplied by the sum of the values of Ay, for 
xAx has the same value for each of these rectangles. Since 
the sum of the values of Ay is i^ or ^ (x) — -^ (x), we have 
xAx . {<l> (x) — '^ (x)] as the result obtained by considering all 
the rectangles in the strip PQqp. We have then to sum up 
the values of xAx {<l>{x) — "^(a?)} for all the strips similar to 
PQqp comprised between Bh and Ee ; that is, we must deter- 
mine the value of Jc^{<l>(x) — "^ (a?)} dx. Considerations of a 
similar kind apply to the denominator of x, and we obtain 

* - Jc^ [^ (^) - "^ (a?)} dx 



X 



/»l^(x)-t(a:)}(te 



In the numerator of y we observe that yAyAx representd 
that portion of it which arises from the element st ; hence we 
shall find the result obtained from all the elements in the 
«trip PQqpf if we determine the sum of all the values of yAy, 
and multiply the result by Aa?. Now the sum of the values of 

yAy is ydy, or J[{<^ {x)Y - {1^ (a?)}*]. If we multiply by 

Aa?, and find the sum of the values of the product for all the 
strips between Bb atnd JEfe, we obtain the numerator of y. Hence 

The value of y may be -vmttea thus 

The meaning of the factors in the numerator is now ap* 
parent ; for [<f> [x) — -^ (a:)} Aa? ultimately represents the area 
of the strip PQqp, and i (^ (a?) + -^ (a?)|, which is the ordinate 
of the middle point of Pp, will ultimately be the ordinate 
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of the centre of gravity of PQqp. Hence the above equation 
agrees with that given in Art. 66, . v 

ill ^ ^ 

The process and the figure in the preceding two Articled 
would have been unnecessaiy if our only object had been to 
establish the formulae for x and y, since these formulas can be 
obtained more simply as we have just shewn. But we shall 
require hereafter other formulae involving double integration^ 
and have therefore directed the reader's attention to these 
in order to accustom him to the subject. ^ 

'• . ' ' 

: 120. Ex. Let OPEhe a parabola having for its equatiorl 
^ =» 4aa?, and OE a straight line having for its equation y^Tcx) 
find the centre of gravity of the area OPE between the curve 
and the straight line. 




Here ^ (a?) = 2 ^(ax), '^{x)=hx, c =» ; h is to be found 
from the equation 2 \/[ah) ^hh\ 



therefore 



, 4a 












2A_8a 
5 "6A:"* 



/ A 



r 
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SimilarIy.y = y{2V(ax)--4^ 

I V^ (2a - f g) _ , ,. 2a 

121. Sometimes it will be more convenient to integrate 
the fonnulse in Art. 118, first with respect to x and then with 
respect to y. For example, if the given area is comprised be- 
tween the straight lines y = c, and y = A', and the curves 
a; = '^ (y), and x = ^ (y), we obtain 

J-, _ J*'y {<^Cy)-'^ (y)} <^y 

If we apply these to the example given in Art. 120, we have 
'^(y) = f~> ^(y) = f » c'=0, and h! is to be found from the 

^. A' A'" ^, ^ ,, 4a 
equation t = t- 5 theretore k ^-^ . 



Hence a? = 



11'.$- m¥^ 



y=^ 





The results will of course be the same as before. 

For fuller explanations and illustrations of double integra- 
tions the student is referred to treatises on the Integral Calcu- 
lus. (See especially Integral Calculus, Art. 141 and Art. 152.) 

T.s. 9 
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122. We will now give polar formulae involving double 
integration. 

Let a series of straight lines be drawn from a pole 0, also a 
series of circles be described from as a centre. Let st be one 
oftbe elements formed by this mode of dividing a plane area; 
let r and 6 be the polar co-ordinates of «, r+Ar and 6+ A^ the 
co-ordinates of t j then the area of the element at will be ulti- 




mately rA^ Ar, and the abscissa and ordinate of its centre of 
gravity will be r cos 5 and rsind respectively. Hence we 
obtain 



Similarly y ■■ 



_ SSr cos 0rd0dr Jfr^ cos gdgd 
jjrd0dr " fjr d0 dr 



jSrdOdr 



Suppose the ai-ea bounded by the curves BPQE, hpqe, and 
the radii ObB, OeE. Let r = <j>{0) be the equation to the 
first curve, r = ^ (8) that to the second ; and let a and ff be 
the angles which OB and OE make respectively with Chs. 

The sum of the values of t-'cos^Ar A^ for all the elements 
comprised in the strip PQgp, will be found by multiplying 
the sum of the values of r^Ar by cos 6^6 ; the former sum 
is ultimately 



^wr^i' 
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Hence the numerator of th^ value of x is 

ijfcos(?[{^(^r-{t(d)nd^. 

and thQ denominator, in like manner, is 
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therefore 



Similarly, 



__ §Jgsing[{^(g)}'-{t(g)n^g 



123. Ex. 1. Find the centre of gravity of the area com- 
prised between two semicircles Oph and OPB, 




Let Ob = c, OB = h; (f> (6) = h cos d, ■^(^) = ccos0; a 
/8 = 4w; thus 

- ^ jh' - c') j*' cos* dde 
*~ {hl'-(^J,*'coa'ddd 

_ 2 3 fe'-c' 
~3'4*A'-c* 

_ 1 A* + Ac + c* 
""2 A + c * 

(See Integral Calculus, Art. 35). 



= 0, 



Also 



_ f (A''-c')fo*'sin(9cos"(9(^(9 

^'^ (h" - c") j*' cos" eue 

f (A»-c°)i _ 2(A'+Ac + c') 
"(A*-c')iir 3(A + c)ir 



9—2 
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Ex. 2. The sector of a circle. 

Let B OE be the sector, sub- y 
tending an angle ^, OB = a. 

In this example we may 
with equal facility integrate 
first with respect to and then 
with respect to r, or first with 
respect to r* and then with re- 
spect to 0. 

- _ j;fo^r'jcosg dr d0 _ Brnfijlr^dr __ 2a sin ff 




w = 



y = 



JUIrdrd0 

f;jgr' sin grfrdg 
Jll^,rdrd0 



^f^rdr 3)8 ' 

(1 - cos ff) flr'dr _ 2a (1 -cosff) 
fij^rdr ^ 3fi 



It will be instructive for the student also to notice the 
solution of this example when rectangular formulsB are used. 
The equation to the straight line OE is y =a?tan)3; and the 
equation to the circle EB is a? + y* = a\ 

•. 

If we integrate with respect to w first we must integrate 

from a; = ycot)8 to x = s/{a*^^)\ since when we integrate 
with respect to x we have to collect all the elements in a strip 
which is parallel to the axis of a?, and is bounded by OE at 
one end and by EB at the other. These strips extend from 
the axis of x up to E, and the ordinate of £? is a sin )9. Hence 
we integrate with respect to y from y = to y = asinj8. 
Therefore 






xdydx 



a: = ^ 



dy 



dx 



ydydx 



y = ^ 






dydx 



where -^ (y) =y cot )8, ^ (y) = V(^' -*?*)> ^' = asinjS. 
The integrations may be easily effected. 

If we wish to integrate with respect to y first, we shall 
have to divide the figure into two parts by a straight line 
drawn from E perpendicular to OB, For the part to the 
left of the dividing line the limits of y are and x tan )8, and 
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those of X are and a cos ^. For the part to the right of the 
dividing line the limits of y are and ^{a^ — a^), and those 
of X are a cos fi and a. Hence 



VCo*-*") 



I I xdxdy+j I xdxdy 



aj=:^ 



■Vv«"-^J 



dxdy 



racoafi fxiMip ra ry 

j dxdy+j / 

Similarly y may be expressed* 

We have treated this example as an illustration of integra* 
tion rather than for the purpose of obtaining the result in the 
simplest form. We might proceed thus ; the centre of gravity 
must lie on the straight line which bisects the angle EOB. 
Hence taking this straight line for the initial line and using 
polar co-ordinates, we have y = 0, and 

nhP 
f^cosffdrdO . ^ 

_ , -^g 4sa sm ^p 






rdrdd 



Solid of Revolution, 

124. Let a surface be generated by the revolution of the 
curve BPQE round the 
axis of X, and suppose y 
we require the centre of 
gravity of a portion of the 
solid bounded by this sur- 
face and by planes perpen- 
dicular to the axis of revo- 
lution. 

Let the co-ordinates of 
a point P in the curve be x and y, and a; + Aa? the abscissa 
of an adjacent point Q. As the curve revolves round the 
axis. of X, the area PQML will generate a volume which is 
ultimately equal to iry^/lx. Also the abscissa of its centre 
of gravity will be x ultimately. Hence 

- _ J'Try'xdx fjj^xdx 
"" jtn^dx "" jy^dx ' 
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The centre of gravity of the solid is obviously in the straight 
line Ox, so that we only require the value of x in order to 
determine its position. 

125. Ex. 1, Let it be required to find the centre of 
gravity of a portion of a paraboloid. Suppose y* = 4aa; 
the equation to the generating parabola^ and that the solid 
is bounded by planes distant o and h respectively from the 
vertex; then 

K we put c = we find for the centre of gravity of a seg- 
ment of a paraboloid commencing at the vertex 

- 2^ 

Ex. 2. Eequired the centre of gravity of a portion of a 
sphere intercepted between two parallel planes. 

Let y^ = a* — a?* be the equation to the generating circle ; 

If we put c = and A = a, we find for the centre of gravity 
of a hemisphere 

Ex. 3. Find the centre of gravity of the solid generated 

by the revolution of the cycloid 2^s=V(2««— aO + ^^®^"*"~ 
round the axis of x. 

' Here ^JJV^ 

Mere x ^^^^^ . 

Now ^" = 205; — a? + 2ai^(2aaj — a^ vers"^- + a*(vers"*-J . 

Thus the numerator of x consists of three integrals of 
which we will give the values ; these values may be obtained 

without difficulty by transforming the integrals where vers"* - 
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-, a? 



L 



occurs by tlie assumption vers"* - = ^, so that a? = a (1 — cos 0), 
and then integrating by parts* We shall find 

{2ax^a^adx = ^, 

o 

2a I ajV(2aaj— a?)vers"*-<Za? = 2a[-Q-H — j- ) , 
a* I a?fvers"*-j dx=s(—^4ija\ 

Hence the numerator of x is f -j q") ^*- 

Also the denominator of x consists of three integrals which 
have the following values, 

1 (2aaj — a?)(fo?=s -^, 







2a I i\/(2«i» — ^vers"*-(ic = 2a— y- 

a* I fvers"^ -j (ia?= (tt* - 4) a'. 

Hence the denominator of 5 is f —- — ^1 a'. 

\ 2i 3/ 

nj^ 16\ , 

-_^ V4 '^ 9/^ _ (637r'-64)g 

/37r' 8\ , "■ 6 (97r^ -16) ' 

V"2""3r 



Therefore x = 



126. If a solid of revolution be formed by revolving a 
curve round the axis of y, we find for the position of the 
centre of gravity 

^ JTTo^dj/ ja?dy ' 
For example, let the cycloid y = sH^ax '■-of)'\-a vers"* -, 
revolve round the axis of y, and suppose that we require the 
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centre of gravity of the volume generated by that half of the 
curve for which y is positive. Here 

Now fofydy — ja^ff -r- dx ; thus in the present case, 



j^(L*ydy^j i^y£.dx. 

[" f*' dv 

Similarly I a?dy =1 s^-rdx. 



r''^/ 2a-x \i^ J^^'x^iUx-a^dx * 



The numerator of y consists of two integrals which have 
the following values, 

/•to 4^* 

I X {2aa: — a^dx=^-^, 
a I a?V(2<w? — ^) vers"^-(ic = af— + -x"). 

__. — IT 

The value of the denominator of y is ^ a*. 

Thereforer y = = ( -tt + V ) — • 

127, We may also find it convenient in some cases to use 
formulas involving double integration. 

Suppose the figure in Art. 118 to revolve round the axis 
of X ; let X, y be the^ co-ordinates of 8 ; and x + Aa?, y + Ay 
those of t. The area st generates by revolution an elementary 
ring, the volume of which is tt (y + Ay)* Aa? — try' Ax ; this 
may be put ultimately equal to 27ryAyAa;. The centre of 
gravity of this ring is on the axis of x, and its abscissa is 
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ultimately x. Hence by proceeding as before we shall have 
ultimately 

nyxdxdy 






where y == "^ (a?) is the equation to the lower bounding curve 
and y = j>{x) to the upper, and c and h are the abscissae of 
the planes which bound the solid of revolution perpendicu- 
larly to its axis; • 

Similarly, if the solid is formed by revolving the area in- 
cluded between two curves round the axis of y, we shall 
have 

\ \ xydydx 

r- Jt/JMy) 



I I xdydx 



Or we may Use polar formulsB. Suppose the figure in Art. 
122 to revolve round the axis of x ; let r, 6 be the polar co- 
ordinates of 8 ; and r + Ar, + dkd those of t The volume 
of the ring generated by the revolution of the area at is ulti- 
mately 27rrsin^rArA^; and the abscissa of the centre of 
gravity of the ring is ultimately r cos 6. Hence 

- _ iJ^ sin g cos 6d0dr 
^^ fJr'Bmedddr " 

Similarly, if the figure revolve round the axigf of y 

-_ jycos0sm0dedr 
^ jycosddOdr ' 

We have hitherto assumed the solid of revolution to be 
of uniforni density ; if this be not the case the formulae must 
be modified. For example, take the first formula in the 
present Article; suppose that p denotes the density at the 
point {Xf y). Then the mass of the ring considered will be 
ultimately 27rpy Ay Aa?. Hence 
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.j j pyxdxdy 



IT 



And p being supposed a known function of x and y, the 
integrations present no theoretical difficulty. 

Similarly the polar formulae may be modified. For example, 
instead of the formula given above for x we now obtain 
- _ jjpt' sin ff CO S d dff dr 
'"" JSpr^BmedBdr ' 

In this case p must be expressible as a function of r and 
$, in order that the integrations may be practicabla The 
most common cases are two ; in one the density depends only 
on the distance from a fixed point in the axis of revolution, 
BO that by taking this point as origin p is a function of »• ; in 
the other case the density depends only on the distance &om 
the axis of revolution, so that p is a function of r sin ^. 

Any Solid. 




128. To find the centre of gravity of a solid we divide it 
into elements as follows; draw a series of plai 
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dicular to the axis of x, then two consecutive planes will 
include between them a slice such as LplmqM in the figure ; 
draw a second series of planes perpendicular to the axis of y, 
then each slice is divided into strips such as JPpqQ in the 
figure ; lastly, dmW planes perpenaicular to the axis of «, 
then each strip is divided into parallelepipeds such as ^ in 
the figure. Let os, y, z be the co-ordinates of s, and x + Ax, 
y + Ay, z + Az those 5f t ; then AxAyAz is the volume of st, 
and as the co-ordinates of its centre of gravity are ultimately 
x, y, and z, we have 

-_JJ Jxdxdydz ~ _ ffjydxdydz - ^ JJJzdxdydz 
fjjdxdydz ' ^ JJJdxdydz ' ^ JJJdxdydz 

129. In applying the above formulae to examples, great 
care ia necessary in assigning proper limits to the integra- 
tions ; this we shall illustrate by Examples. 

Ex. 1. Find the centre of gravity of the eighth part of 
an ellipsoid cut ofif by three principal planes. 

Let the equation to the surface be 

• ^ + 2^ + ^-1 

Then the equation to the curve in which the surface meets 
the plane of (x, y) is 

^ + 3^-1 
or 0* 

Integrate first with respect to z, and take for the limits « = 
and « = c A /( 1 — « - p) ; we thus include all the elements 
like 8t which form the strip I)pqQ. Next integrate with re- 
spect to y, and take for the limits y=0 and y = ^ \/ (^ ^^) » 

we thus include all the strips like PpqQ which form the slice 
LplmqM. Lastly integrate with respect to x, and take for 
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the limits aj = and * = a; we thus include all the slices 
like LplmqM -which form the solid we are considering. Hence 

where we put z^ for c a /(^ — « — ^) • 
and y, for 6 ^^1 - Q . 

Now /;'^ = ^»= V(^~^"^' 

therefore " /T V(' " ^'"^'^^^ 
therefore x=- y ^ ^ , . 

therefore a; =-^;;^ i^ ^- ^ . 

Similaxly y = -g-> ^^~^' 

We may in this example effect the integrations with equal 
simplicity in any order we please ; if we integrate first for ar, 
then for y, and lastly for z^ we shall have 

I xdzdydx 



J aJ J A 
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where a?^ stands for a /[I — 5 "" w) > 

and y^ stands for 5 /(^ "*;?)• 

This will be easily seen by drawing a figure so as to make 
the planes bounding the slice parallel to that of {x, y), and 
the edges of the strip parallel to the axis of x. 

Ex. 2. Let it be required to find the centre of gravity of 
the solid bounded by the planes z = l3x, z = 70:, and the cylin- 
der ^ == 2aa: — ar*. We shall have 

— ^ Jq J -p J fix 

I I I dxdydz 

where y^ is put for is/{2ax — a*). 
Now I dz=^{y-fi)x, 

Jfix 

I I a?dxdy 
I / xdxdy 

Jo J "Vi 



» = 



therefore 



0? = 



Also 



therefore 



J -Vi 

/2a 
0?' V(2aa? - a?) 

x^-^. 






I o; V(2aa; — a?) dx 
Jo 

(See Integral Calculus, Ex. 5 to Chap, in.) 



Similarly we may find 

y = 0, «« — ^^1 — ^. 



1 Z — ^ » jam TTtn ^usr 

IT— r^ 3e ^aa •:£ :: ie 






\ 
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- _ ///P^' sin' COS <^ d^ dQ dr 
^^ JJJfy^^med4>dedr ' 

- _ jjfpr^ sin' sin <^ d(l> dO dr 
^"^ JJIpr^ sin ed(f>dddr ' 

" _ Ilfp^^^^^ ^ cos0d(f>dddr 



z = 



jjjpt^smdd<f>dddr 



131. Ex. 1. Apply the preceding formube to find the 
centre of gravity of a hemisphere whose density varies as the 
n^ power of the distance from the centre. 

Take the axis of z perpendicular to the plane base of the 
hemisphere. Let a be the radius of the hemisphere, and 
p r= yLtr*, where /a is a constant. First integrate with respect to 
r from to a; we thus include all the elements like pqst com- 
prised in the pyramid 0PQ8. Next integrate with respect to 
from to ^TT, we thus include all the pyramids in the slice ' 
GOML. Finally, integrate from ^ = to ^ = 27r; we thus 
include all the slices. Thus 

- _ Oo^fQ"^*^°si^ cos ^ d<f> ^0 <^^ 
^ Jrio'^j:r'^^n0d<f>d0dr ' 

_ w + 3 f^^f ^^ sin cos 0d(l>d0 ^ n 4- S a 
"n-hii^ i%*^Bm0d<f>d0 "w + 4*2* 

X and y each = 0. 

Ex. 2. A right cone has its vertex on the surface of a 
sphere and its axis coincident with a diameter of the sphere, 
find the centre of gravity of the solid included between the 
cone and sphere. Take the axis of z coincident with that 
of the cone ; suppose a the radius of the sphere, jS the semi- 
vertical angle of the cone. The polar equation to the sphere, 
is r == 2a cos 0, and to the cone ^ = /8. Hence we have 

r2ir rp r2acoa0 

J / / r"" COS. 0sijx0d^d0dr 

1 7^sm0d<f>d0dr 

Jo J oJ a 



« = 



"^ O-'O 

X and y each = 0. 
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Curve. 

132. Suppose a circle of variable radius to move so that 
its centre describes a given curve and its plane is always 
perpendicular to the tangent line of the curve, we may require 
the centre of gra,vity of the solid generated. The simplest 
case is that in which the radius is constant and the solid of 
uniform density ; the result depends solely on the nature of 
the curve described by the centre of the circle, and for short- 
ness the process is called finding the centre of gravity of cL 
curve. 

Let BPQE be a plane curve ; BP the length measured 
from some fixed point 5, 
J5P=5, PQ = A5; a?, y the ^ 
co-ordinates of P. Let A de- 
note the area of a transverse 
section ; then the volume of 
the element PQ is AA^, and 
the co-ordinates of its centre 
of gravity are ultimately co 
and y. Hence 




X 



- _ ffcwds _ fxds 



x = 



I/ = 



Jkds 
jkyds 



ids 

Jycis 



... (1) if i be constant, 



Jkds jds 



... (2). 



Since -^ = . /] 1 + i-r-j \ , we may also write 



From the equation to the curve y and -^ are known in 
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terms of a?; their values must be substituted in the preceding 
expressions and the integrations then effected. 

If we use polar co-ordinates we have a? = r cos ^, y = r sin 0^ 
Hence 

dv 
for r and -^^ we must substitute their values in terms of 6 
au 

given by the equation to the curve, 

133. Ex, 1, A straight rod of uniform thickness and 
density. 

Taking the origin on the line we have y = )8a?, where fi is 
constant ; hence, by equations (3) of Art. 132, supposing the 
origin to be at one end of the rod and h the abscissa of the 
other end, 

That is, the centre of gravity is the middle point of the rod. 

Ex. 2. Suppose the transverse section of the rod to vary 
as the n^ power of the distance from one end. Take the 
origin at this end, and suppose the axis of x to coincide 
with the axis of the rod ; then y = 0, and in equation (1) of 
Art. 132 we put fw?* for k, where fj, is constant. Hence, if h 
be the length of the rod, 

. _ /, V^ _ J^V^ n + l , 
* 7,V(& ~ /.Vdic- n+2 ■ 

T. 8. 10 
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: Ex. 3. An arc of a circle. 

Take the origin at 
the centre of the circle, 
and the axis of x bi- 
secting the arc. Then 
y=0; and supposing 
2a to be the angle sub- 
tended at by the given 
arc, and a the radius of 
the circle, we have, by- 
Art. 132, equation (4), 

- _ g' j^g cos OdO _ asina 

Ex. 4. The arc of a semicycloid. 

Take the origin at the^vertex, and the axis of y a tangent 
there J th^n ^^j = ^""^ ; hence 






"rvd)-^"! 



dx 



= 2y v'«-2M2o-a!) dx = 2y»/x + ^(2a-x)i; 
therefore \ 'ji^'^ "^"^^ (^"^)* " f (2«)* J 

therefore y = — i^^^-^Xi_i = (^ _ |) „. . 
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Ex. 5. The curve y==^c(e* + e"*)*. . . 

If s' denote the length of an arc of the curve measured from 
the point whose co-ordinates are 0, c, to the point {x, y), we 
have for the co-ordinates of its centre of gravity 

Now i = l(^- -«■■'). 

therefore. ^ i + gj = ^ (^% e"')'. 



c/! -?. \ , c '' '^ 



thus « = 2(«'-^')> and«' = |(e*'-e"*). 

( ds If--? 

Also \^1~^'^^ \x{e'' + e *) die 

/»'*• * * /» r * * 



c»,! -!v e* ' 



= _(e«_e')-^(e«+e"); 



therefore J a?^t?a;== -^^ (e'-e *)-2(^*' + ^ *^'*"^ 

^x$ —cy +c, 

_ , c{y'"C) 
and a; = a? ^^-7 . 

8 

Also Jy ^'^=iJc^+«"°) («•"+«'") '^ 



10—2 



148 CENTBE OF ORAVITY. 



-i/( 






therefore j y^^ = -g(«'-^ '^'*"Y 

_yV ex' 
- 2 "** 2 ' 



and y=2"^2?- 



134. If the curve be of double curvature, the formulae 
(1) and (2) of Art. 132 still hold ; in order to effect the inte- 
grations we may use the formula 



=yw(g)'Hi)]> 



dz 

dx 
and from the two equations to the curve we must find — 

dti 
and -r- in terms of z. (See Integral Calculus, Art. 120.) For 

example, in the helix 

x = acoBm, y=^a sin nz ; 

ds 

therefore -7- = V(l + w'a'), 

_ _ /V(l + ^'^*) ^^^ _ /^ cos nz dz 

If we take for the limits z = and « = A, we have 

_ _ a sin nfe 

CI. .1 1 — a(l — cosnA) - -T 
Similarly ^ = — ^^ j ^ , z==^h. 
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Surface of Revolution. 

135. Let BPQE be a curve which by revolving round 
the axis of x generates a surface. Suppose a shell of 
which this surface is the 
exterior boundary, and of : 
which the interior boundary 
is another surface of revolu- 
tion round the axis of x in- 
definitely near to the former. 
Required the centre of gravity 
of a portion of this shell cut 
offbyplanesperpendicularto ' 
the axis of a?. 

Let P, Qy be adjacent points in the exterior generating 
curve ; suppose B a fixed point in the curve, let BP=:8, and 
PQ= As\ let X, y be the co-ordinates of P; A the thickness of 
the shell at P. The volume of the element contained between 
two planes perpendicular to the axis of x through P and Q 
respectively Is ultimately '^Tryh^s, and the abscissa of the 
centre of gravity of this element is ultimately x\ hence 



d& 



_ J2'rrykxds _ fyrds 
jtirykds jyds 



if k be constant. 



«■— 2=yK(S)]. 



we have 




a? = — 



M 



i+(^£}idx 



where c and h are the distances from the origin of the bound- 
ing planes. 

Since the centre of gravity required is on the axis of x, we 
need only the value of x in ord^r to determine its position. 
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Similarly, if the curve BPQE generates a surface by re- 
volving round the axis of y, we have 









where c and h denote as before the abscissae of the extremities 
of the curve. 

If we use polar co-ordinates, we have oj ??= r cos 0, y = r sin 6, 
and 

thus if the curve revolves round the axis of a?, we have 



X 



h^^7¥^m^' 



and if the curve revolves round the axis of y, we have 
_ /r'cos^siny{,^+(|)]dg 



y 



The limits of the integrations are the values of which 
correspond to the extremities of the curve. 

Ex. 1. A cylindrical surface. 

Take the axis of the cylinder as the axis of x ; then y = the 
radius of the cylinder, and is constant ; hence 

Ex. 2. A spherical surface. 
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Here y = V(«* — ^)> 

ds a a 



therefore 



dx V{^'""^) y' 



Hence in both these examples the centre of gravity is equi- 
distant from the two bounding planes. 

Ex. 3. The surface of a cone. 

Here y^x tan a, where a is the semivertical angle, 

ds 

di = '''^' 

^_ f*a;tanga?secgda; _ 2(A^-c') _ 2(h^ + hc + (f) , 
"" j^x tan a sec a cb "" 3 (A* — c*) "" 3(h + c) 

Ex. 4. Suppose the cycloid 

y = js/{2ax — 0?*) + a vers"* - 
to revolve round the axis of x. 



thus 



Now J ya;*<&! = -^^ — ijx*^dx 
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therefore I yx^dx^ ^ — ^""1/ a? V(2a —«)&?; 

and /irV(2a-^)di = -?^^^^^^^+}J(2a-x)«cir 

3 15 ^ ^ ' 

a? V(2a — a?) da? = yk (2^)' > 

Also t^yx^dx = 27ra (2a) ^ - ^ (2a)* (see page 1 46) , 



therefore 



3 45 

2ira(2o)*-|(2a)* 

4^_32 2a/ 8\ 

3 45 3 V 15>/ 
7 8" 5~ 



= a 



X 



Ex. 5, Suppose the cycloid. 

y = V(2aa? — ic^ + a vers"^ - 

to revolve round the axis of y, and that- we require the centre 
of gravity of the surface generated by that half of the curve 
for which y is positive. 

• - 12'* V (t) ^ fy^^dx 

Here y=-^ I_LE^___£«_ 



py©'^ ly^ 



The value of the numerator was found in the preceding 
example; and 

x^dx = ^ (2a)* 



r- 



therefore 
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-3-(2a)*-45(2a)^ 



I (2a)l 



Ex. 6. Find the centre of gravity of the surface formed 
by revolving the curve r = a (1 + cos 6) round the initial line. 
Here 

Hius S= iA 



sin cos ^ 2a cos tz dO 



I r sin ^ 2a cos ^ cf5 
2a|'c6s«| (2 cos'l - l) sin ^d0 



— '' ^ 



I. 



cos^sm.gaa 



Now j'cos»|(2cos!|-l) sm|rfd Icos'l + lcos'l? 

/"'^ & f 6 \ 6 42 
therefore / cos® ^ ( 2 cos' 7; — 1 ) sin 7; e?^ === 7: - = » 
7o 2v 2 / 2 9 7 

Similarly / cos* ^ sin ^ (?5 = ^ j 




2a 



(l-D 



therefore S'== — ^" " = -^ « , 

-4iiy Surface^ 

136. Let there be a shell having any given surface for 
one of its boundaries, and suppose its thickness indefinitely 
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smalL Let a;, y^ z be the co-ordinates of any point of the 
given surface, k the thickness at that point, A>S the area of 
an element of the surface there, then k^8 is ultimately the 
volume of this element, and x, y, z the co-ordinates of its 
centre of gravity ; hence 

^ jJcxdS 

""^ jkdS' _ 

and similar expressions for y and i. 

It may be shewn (see Integral Calctdus, Art. 170) that if 
we take AS such that its projection on the plane of (cc, y) is 
the rectangle Ax Ay, 



Hence x = 



Ax Ay 

Ex. The surface of the eighth part of a sphere. 
Here x* + y* + «' = a\ 

1 



vt 



^(dz\\rdzV) 



\dxj \dy) j V(^' "" ^ ■" y*) ' 
Ct X dx dy 

Hence -JM^^. 

fC dxdy 

First integrate with respect to y from y = to y=ns/{a^—a?); 
we thus include all the elements that form the strip of sur- 
face of which LlmM is the projection on the plane of (a?, y) ; 
see fig. to Art. 128. 

Now r""'v(a*-^-y«)==*"' 

,, ^ - {Wxdx {xdx 

therefore x = ^. — j— = ^ ■, . 

J^TTcte ]dx 

The limits of the integration for x are and a ; 

therefore x = \a. 

Similarly y = i^t, z^\a* 
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^ 137. In the preceding Articles we have given the usual 
formulae for finding the centres of gravity of bodies, but par- 
ticular cases may occur which may be most conveniently 
treated by special methods. We add some examples. 

(1) A circle revolves round a tangent line through an 




angle of 180° ; find the centre of gravity of the solid generated. 

Let Oy be the tangent line about which the circle revolves, 

and let the plane of the paper bisect the solid; the centre of 

gravity will therefore lie in the axis of x. Let OM^Xy 

MP^y^ y(2aa? - a^), JlfiV= Aa?. The figure PQqp will by 

its revolution generate a semi-cylindrical shell, whose volume 

is ultimately 2,yirxLx\ the centre of gravity of this shell will 

2x 
be in the axis of a? at a distance — from (see Art. 133, 

Ex. 3) ; 



TT 



therefore 



[^2x^ 



TTXdx 



X^'^ 



— I ya?dx 



I J' 



TTXdx 






/•Sa 

I yxdx 



'"•' 



TT 



Jo 

I x*/{2ax'^a?)dx 

Jo 



It will be found that a? = ^p- . 

ztt 
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(2) The density of a right cone varies as the n*** power of 
the distance from the axis ; find the centre of gravity of the 
cone. 

Let OAB be the right-angled triangle which by revolving 




round Ox generates the cone. Let P8 and QR be drawn 
parallel to the axis of x at distances y arid y-\- Ay respec- 
tively. Let 

OA = hy angle BOA = a. 

Then 0M== y cot a, P8 = A — y cot a. 

The volume of the cylindrical shell generated by the revolu- 
tion of PQRS round Ox is ultimately 

2iry Ay {h—y cot a). 

Its density is /i-y", where fi is constant; therefore, its mass is 

^TTfiy^^^Ay (Ji — y cot a). 

The distance of its centre of gravity from is ultimately (see 
Art. 135, Ex. 1) 

4 (OJf + OA), that IS 4 (A +y cot a) ; 

/a tan a 

I 27r/ty*'"^^(^— ycota)^(A + ycoto)dy 

therefore x = -« ^.j^,— ^ 

I 2irfi'if^^ (h — y cot a) dy 

1 rhiXBia 



I. 



htaxia ) 

y"*' (A -y cot a) <?y 



and the. integrations can be easily performed. 
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(3) A shell has for its outer and inner boundaries two 
similar and similarly situated ellipsoids; required the centre 
of gravity of the eighth part of it included between three 
principal planes. Let a, b, c be the semi-axes of the exterior 
ellipsoid, ra, rb, re those of the inner ellipsoid, r being a 
quantity less than unity. 

If a, b, c be the semi-axes of an ellipsoid ; the volume of 
the eighth part is ^irabc, and the co-ordinates of its centre of 
gravity are |a, |6, and |c (see Art. 129). Hence 

-|a . iirabc = fra . ^irr^abe + x {^irabc — ^irr^abc) ; 

therefore n = ^^^ — .— ^ = -ga. — = =— , 

1-r' ® 1 + r + r" 

If we suppose the shell indefinitely thin, we must put r = 1, 
and then x=^a» Similar results may be found for y and z. 

(4) An ellipsoid is composed of an infinite number of in- 
definitely thin shells ; each shell has for its outer and inner 
boundaries two similar and similarly situated ellipsoids ; the 
density of each shell is constant, but the density varies from 
shell to shell according to a given law ; determine the centre 
of gravity of the eighth part of the ellipsoid included between 
three principal planes. 

Let Xj y,,z represent the three semi-axes of an ellipsoid ; 

then the volume of the ellipsoid is -^xyz. Suppose that 

y=^mx and z = nx, where m and n are constants, then the 

volume becomes — ^ — ^'> ^^^ if there be a similar ellipsoid 

o 

having x + Ax for the semi-axis corresponding to the semi- 
axis X of the first ellipsoid, the volume of the second ellipsoid 

will be — ^ — {x + Aa?)^ Hence the volume of a shell bounded 

by two similar and similarly situated ellipsoids may be de- 

47777171 

noted by — : — - {(a?.+ Axf — x^], and therefore by iirmnx^Ax 

when the thickness is indefinitely diminished. Let <f>{x) de- 
note the density of the shell, then its mass is 4!7rmn(f>{x)x*AXf 
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Thus the mass of the eighth part of the shell is ^^ ^(a?)a?'Aa?. 
And the abscissa of the centre of gravity of the shell measured 

OS 

along the semi-axis a? is ^ , by the preceding example. Thus 
for the abscissa x of the centre of gravity we have 



/ Q 9 W x^dx 

1 /** 

2/ ^^{^)dx 

I x*(f> (jx) dx 

Jo 

where a is the semi-axis of the external surface corresponding 
to the semi-axis x. When (a?) is given the integrations 
may be completed ; and when x is known, the other co-ordi- 
nates of the centre of gravity may be inferred from symmetry. 

(5) A chord of an ellipse cuts off a segment of constant 
area; determine the locus of the centre of gravity of the 
segment. 

If a chord cuts off a segment of constant area from a circle, 
it is evident from the symmetry of the figure that the locus of 
the centre of gravity of the segment is a concentric circle. 
Now if the circle be projected orthogonally up(jn a plane in- 
clined to the plane of the circle the circle projects into an 
ellipse ; and the segments of the circle of constant area project 
into segments of the ellipse of constant area ; also the con- 
centric circle projects into a second ellipse similar to the first 
ellipse and similarly situated. 

Thus the required locus is an ellipse similar to the given 
ellipse and similarly situated. 

This problem might have been solved without making use 
of projections, in the manner shewn in the next example, 

(6) A plane cuts off from an ellipsoid a segment of con- 
stant volume ; determine the locus of the centre of gravity of 
the segment. 
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Let the cutting plane have any position; and refer the 
ellipsoid to conjugate semi-diameters as axes ; let the plane 
of (y, z) be parallel to the position of the cutting plane, and 
suppose the equation to the ellipsoid to be 

a c 

Now suppose the segment cut off by the plane to be divided 
into an indefinitely large number of indefinitely thin slices by 
planes parallel to the plane of (y, si). By the properties of 
the ellipsoid these slices will be bounded by ellipses which 
have their centres on the axis of a?; and thus we see that the 
centre of gravity of the segment cut off will be on the axis of 
X. Consider one of the slices bounded by planes which have 
for their abscissae x and x + Aa? respectively ; then it will be 
found that the volume of the slice is ultimately 

a? 



irVc* (1 75 j sin 6) sin aAa?, 



where © is the angle between the axes of y and «, and a is 
the angle which the axis of x makes with the plane of (y, z). 
Suppose V to denote the constant volume, and W the ab- 
scissa of the plane cutting off the segment ; then 

F= ttJV sin 6) sin a I (1 «, ) dx 

1 

= Tra'JV sin © sin a {1 — \ — 5 (1 — \')}. 

o 

Now by the properties of the ellipsoid 

irdVd sin ct) sin a =s irabc, 
where a, 5, c are the semi-axes of the ellipsoid ; thus 

r=7ra6c(l-\-|(l-\»)} (1). 

And, if X be the abscissa of the centre of gravity of the 
segment cut off, 
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X = 



irVd sin o> sin a / x\\ tA dx 

Jxa' \ a J 

V 
'7ra'*6Vsinft>sina fl 



{|(l-V)-i(l-V)} 

= ^{i(l-XV^(l-X')}a.... (2). 

Now (1) gives a constant value for X, and then (2) shews 
that X hears a constant ratio to a\ 

Thus the locus of the centre of gravity of segments of an 
ellipsoid of constant volume is an ellipsoid similar to the 
original ellipsoid and similarly situated. 

(7) Find the centre of gravity of a portion of an ellipsoid 
comprised between two cones whose common vertex is at the 
centre of the ellipsoid and whose bases are parallel. 

The volume between the two cones may be divided into an 
indefinitely large number of shells which have the centre of 
the ellipsoid as their common vertex, and their bases in planes 
parallel to the bases of the two cones. We shall first shew 
that if the planes which contain the bases of the shells are 
equidistant the shells are all equal. Take conjugate semi- 
diameters as axes, and let the plane of (y, z) b^ parallel to 
the bases of the two cones. The volume of the cone which 
has the centre of the ellipsoid as vertex, and for its base the 
plane curve formed by the intersection 6f the ellipsoid with 
the plane which has x for its abscissa, is 

J Tri'c' sin © sin a f 1 — -Ta) i»> 

where the notation is the same as in the preceding example. 
The volume of the cone which has the centre of the ellipsoid 
as vertex, and for its base the plane curve formed by the 
intersection of the ellipsoid with the plane which has x + Ao? 
for its abscissa, is 

J7r6'c sin © sin a ] 1 — tt-^ ■ \x + Aa?). 
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The volume of the slice between the planes whose abscissae 
are x and x + Aa? respectively is ultimately 

irVc sin to sin a (1 75 ) Aa?. 



i^-i) 



Hence we obtain for the volume of one of the shells ulti- 
mately the product of ttVc sin o> sin a into 

[j(l-|.)a.4.(l-|.)A.-i|l-i^](., + A.)]; 

this product is ultimately 

SttJc' sin 6) sin aAo? ^ 

^~3 • 

The centre of gravity of each shell is on the axis of ^ at a 
distance from the vertex of the cone, which is equal to three 
fourths of the abscissa of the plane in which the base of the 
cone is situated (see Ex. (6) of Art. 109). Let x denote the 
abscissa of the centre of gravity of the proposed solid ; then if 
h and k be the abscissae of the plane bases of the two cones. 



'*27r6V sin ft) sin a 



J I """^^ "T"^"'"^ a?fi?a? 



r^ 27ryc^sin6)^mr : 8(A-A) S^'^^^^" 

(8) is the centre of a regular polyhedron, /Sis any point 
within it ; from 8 perpendiculars are drawn on the faces, and 
equal particles are placed at the feet of those perpendiculars : 
shew that the centre of gravity of the system of particles is 

2 

on the straight line 08, at the distance ^ 08 from 0. 

Take 8 for the origin of three rectangular axes, and let 08 
produced through 8 be the direction of the axis of x. Let 
08= c. 

Let p denote the length of the perpendicular from on 
one of the faces of the polyhedron ; let d, <f>, -^ be the angles 
which it makes with the axes of x, y, z respectively. Then 
the length of the perpendicular from 8 on the face isp—ccosd; 
and therefore the co-ordinates of the foot of the perpendicular 
from 8 on the face will be respectively, 

{p — ccos0) cos 0, (j) — c cos ff) cos ^, (jp — c cos 0) cos '^, 

T. S. 11 
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Hence if n be the number of faces of the polyhedron we 
have for the co-ordinates of the required centre of gravity 

2 (» — c cos ff) cos 

'X= — , 

n 

r- ^ (p — C COS 0) COS 4> 

2 ( « — c cos ^ cos -^ 

Z= : 9 

n 

where the summation is to be taken with respect to the 
perpendiculars on all -the faces. 

Now it is obvious that 

Spcos^=0, 2pcos<^ = 0, 2pcos'^ = 0, 

because the centre of gravity of a system of equal particles 
placed at the feet of perpendiculars from on the faces 
would by symmetry coincide with 0. 

Moreover it follows from the principles explained in Sphe- 
rical Trigonometry, Arts. 177 and 183, that 

2 cos'd = ^ , 2 cos ^ cos ^ = 0, 2 cos ^ cos -i^ = 0. 

o 

Therefore x = — ^, y = 0, « = 0. 

Thus the required result is established. 

(9) Water is gently poured into a vessel of any form : 
shew that, when so much water has been poured in that 
the centre of gravity of the vessel and water is in the lowest 
possible position, it will be in the surface of the water. 

Suppose that when any quantity of water has been poured 
in the centre of gravity of the vessel and the water is above 
the surface of the water. Let a small additional quanjtity of 
water be poured in ; then the centre of gravity of the whole 
system is at some point between its former position and the 
centre of gravity* of the additional water : that is, the centre 
of gravity of the system has descended slightly. In this 
manner we shew that the centre of ^avity of the system 
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continually descends until it reaches the ascending surface 
of the water ; and after that it continually ascends. 

Although the problem may be solved in this simple manner, 
yet the formal application of the Integral Calculus is very 
instructive. 

Take the origin at the bottom of the vessel ; let M denote 
the mass of the vessel, A the height of its centre of gravity 
above the origin. Let ^ {x) denote the area of the horizontal 
section of the vessel at a height x from the bottom ; then 
when the water is at the height f the height of the centre of 
gravity of the fluid is 

I ^ (a?) xdx 

7? • 

I <^ (ic) dx 

Suppose the density of the water to be denoted by unity ; 
then the height, x^ of the centre of gravity of the system 
is determined by 

Mh-\- 1 ^ {x) xdx 



M+ f <f> (x) 

J 



dx 



dx 
Now to find the minimum value of x we must put jp = 0. 

By the Integral Calculus, Chapter ix. we find that 



lif+j <^(^) 



dx 
Thus to make -t^t vanish we must have 

d^ 

Mh +1 <f>{x) xdx 

#:__ l_o 

(T- /-f > 

Jif+I j>{x)dx 

so that then a? = f . 

11—2 
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In order to establish the existence of a minimum it must 
be shewn that -^^ is then positive. The corresponding value 

of -T^ is easily seen to be 

\M+J (f>{x)dxy M+ I <f>{x)dx 

and this is obviously positive. 

We shall conclude this Chapter with a few general pro- 
positions involving properties of the centre of gravity. 

138, If the 70088 of each of a system of particles he mul- 
tiplied into the square of its distance from a given point, the 
sum of the products is least when the given point is the centre 
of gravity cf the system. 

Let the centre of gravity of the system be made the 
origin ; let a, )3, 7, be the co-ordinates of the given point ; 
x^y y^y z^, the co-ordinates of the first particle; a?,, y^, z^, 
those of the second ; and so on ; m^, m^, ... the masses of the 
particles; p^, Pj,... the distances of the particles from their 
centre of gravity; r^, r^, ... the distances of the particles from 
the fixed point ; then 

r,'=^a' + ^ + rf^2{ax^ + fiy^ + ryz,) + p^\ 



Multiply these equations by m^, m^, m,,,.. respectively, and 
add; then 

Xmr^ = (a* + iS* + 7*) Sm — 2 (aSm^ + /3Xmy + r/Zmz) + Xmp^. 

But, since the origin is the centre of gravity of the system, 

2ma? = 0, Xmy = 0, %mz = 0, 

therefore 2mr' = (a^ + /8' + 7') 2m + ^mp\ 

Now ^mp* is independent of the position of the given 
point ; hence the least value of Xmir is that which it has 
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when 0? + ^^ + 7' vanishes, that is, when the given point is 
at the centre of gravity of the system. 

139. Let a^, ^j, 7^, be the angles which p^ makes with the 
axes ; a^, /S^, 7^, the angles which p^ makes with the axes; 
and so on ; then we have, supposing the origin the centre of 
gravity of the system, 

Smp cos a = 0, Sm/> cos yS = 0, 2m/> cos 7=0. 

Square each of these equations and add the results ; then if 
m, m represent any two masses, and (p, p) the angle between 
the straight lines which join them with the centre of gravity, 

2m*/)* + ^ilmwlpp cos {p, p') = 0. 

But 2pp' cos (/>, /)') =p'f />:* - u\ 

where u denotes the distance of m and m\ Hence 

If we select the coefficient of p^, we find it to be 

m^+m^ (^j, + m3 + ...), or m^Sm, 

and the other coefficients are similar. Hence the above 
equation may be written 

140. If a particle be acted on by a number of forces each 
passing through a fixed point and proportional to the distance 
from that point, the resultant force will pass through a fijxed 
point and be proportional to the distance from that point. 

Take any position of the particle as the origin; let 
^i> l/i> ^i> ^^ ^^^ co-ordinates of a fixed point ; r^ the distance 
of this point from the origin ; fi^r^ the force which acts on 
the particle from this fixed point. Similarly let x^, y^, z^, 
be the co-ordinates of a second fixed point ; r its distance 
from the origin, and fju,^^ the corresponding force on the 
paiiiicle, and so on. Let X, Y", Z denote the whole force 
acting on the particle along the axes of x, y, z; then, by 
Art. 26, 
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Similarly Y= [i^^ + /^^t + f^^s+ > 

and Z= /i,z^ + fM^z^ + fi^z^ + 

Let w, y, z be the co-ordinates of the centre of gravity 
of a system of particles, whose masses are proportional to 
H'lf f^2> f^s*'" pls-ced at the respective fixed points ; then 

"^"^T' y-'pL' ''"2;r^ 

therefore X^xZfi, Y=y%fi^ Z = zXfi. 

These equations ehew that the resultant force is equal to 
rXfjiy where r is the distance of the centre of gravity from 
the origin, and that, its direction passes through the centre of 
gravity. Hence when the particle is situated at the centre of 
gravity the re^ltant force vanishes and the particle is in 
equilibrium. 

141. A body is placed on a horizontal pla/ne, to find when 
it will he supported. 

The only force acting on it besides the resistance of the 
plane is its own weight, and this acts in a vertical direction 
through the centre of gravity of the body. Hence, by 
Art. 91, the body will not be in equilibrium unless the 
vertical through the centre of gravity of the body falls 
within a polygon formed by so joining the points of contact 
of the body and the plane as to include them all and have 
no re-entering angle. 

When a body is suspended from a point round which it can 
move freely, it will not rest unless its centre of gravity be in 
the vertical line passing through the point of suspension. 

For the body is acted on by two forces, its own weight 
which acts vertically through its centre of gravity and the 
force arising from the fixed point ; for equilibrium these forces 
must act in the same straight line and in opposite directions ; 
thus the centre of gi-avity must be in the vertical line passing 
through the point of suspension. 
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Hence if a body be suspended successively from two points 
the vertical lines drawn through the points of suspension will 
both pass through the centre of gravity ; therefore the point 
at which they intersect is the centre of gravity. 

If a body be capable of revolving round an axis which is 
not vertical it will not rest unless the centre of gravity be in 
the vertical plane passing through the axis. For the body is 
acted on by its own weight and the forces arising from the 
fixed axis ; by Art. 87, the moment of the weight round the 
fixed axis must vanish, and this requires the centre of 
gravity to be in the vertical plane through the fixed axis. 

The student will readily perceive as an experimental fact 
that there is an important difterence between the position of 
equilibrium in which the centre of gravity is vertically above 
the fixed point or fixed axis, and that in which it is vertically 
below it. In the former case, if the body be slightly disturbed 
from its equilibrium position and then left to itself, it will 
begin to recede from its original position. In the latter case, 
if the body be slightly disturbed from its equilibrium position 
and then left to itself, it will begin to return to its original 
position. The former position of equilibrium is called unstable, 
and the latter stable. We shall return to this point in 
Chap. XIV. 

142. The volume (F) of a portion of a cylinder inter- 
cepted between two planes, one of which is perpendicular to 
the axis of the cylinder, is given by the equation 

F= JJzdxdy, 

where the plane of (d?, y) is supposed perpendicular to the 
axis, and z is the ordinate of a point in the other plane. 
The limits of the integrations depend on the curve in which 
the plane of (a?, y) cuts the surface. This follows from the 
Integral Calculus. 

Let (f) denote the angle between the two planes ; the 
area of an element of the other section of which Ax Ay is 
the projection on the plane of (x, y) is Ax Ay sec <}}. Let A 
denote the area of the section of the cylinder by the plane of 
(a?, y), and consequently A sec (f) the area of the other section ; 



168 CENTBE OF GRAVITY. 

let z denote the ordinate of the centre of gravity of the plane 
area formed by the intersection of the cylinder with the 
second plane ; then 

ABec(f>,z=JJz sec <^ dx dy, 

or Az = ffzdxdy, 

therefore V= Az, 

The volume is therefore equal to the area of the base multi- 
plied by the perpendicular upon it from the centre of gravity 
of the other section. 

The centres. of gravity of the two plane sections are on 
the same straight line parallel to the generating lines. For 
the co-ordinates of the centre of gravity of the section by 
the plane of (a?, y) are 

A A ' 

and those of the upper section are 

jjxsec(j)dxdi/ , J/y sec ^ dir rfy 
-4 sec ^ A sec ^ * 

which agree with the former values. 

Thus the centres of gravity of all plane sections of a 
cylinder are situated on a straight line parallel to the gene- 
rating lines of the cylinder. 

If a portion of a cylinder be cut ofif by two planes, 
neither of which is perpendicular to the axis, we may sup- 
pose it to be the difference of two portions which have for 
their common base a section perpendicular to the axis. The 
difference of the straight lines drawn from the centres of 
gravity of the oblique sections perpendicular to the ortho- 
gonal section will be the straight line joining those centres 
of gravity. Hence the volume of a portion of a cylinder 
contained between any two planes is equal to the product 
of the area of an orthogonal section into the straight line 
joining the centres of gravity of the oblique sections. 

143. Through the centre of gravity of each face of a 
tetrahedron a force acts at right angles to the face, and pro- 
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portional to the area of the face : if the forces all act inwards 
or all act outwards they will be in equilibrium. 

Let A, B, G, D denote the angular points of the tetrahe- 
dron. The force acting on the face ABG, at its centre of 
gravity, may be replaced by three equal forces acting at right 
angles to the face at the points A, B^ G respectively. Simi- 
lar substitutions may be made for the other forces. Thus we 
have, acting at the point A, three forces respectively at right 
angles to the three faces which meet at A and proportional to 
the areas of those faces ; and, by what has been shewn in the 
Propositions at the end of Chapter V. these three forces are 
equivalent to a single force acting at A in the direction per- 
pendicular to the face BCD, and proportional to the area of 
that face. Hence, by Proposition i. at the end of Chapter V, 
the proposed system of forces will be in equilibrium. 

The preceding result may now be extended to the following 
proposition: Through the centre of gravity of each face of a 
polyhedron a force acts at right angles to the face^ and pro- 
portional to the area of the face : if the forces ail act inwards 
or all act outwards they will be in equilibrium. 

For each face of the polyhedron may be divided into 
triangles ; and the force acting at the centre of gravity of 
the face may be replaced by forces acting respectively at 
the centres of gravity of the triangles, and proportional to 
the areas of the triangles. Then the polyhedron may be 
supposed to be made up of tetrahedrons which have a com- 
mon vertex, and two equal and opposite forces may be 
supposed applied at every common face, acting through the 
centre of gravity of the face at right angles to the face and 
propoiiiional to the area of the face. Hence the required 
result follows from the former part of this Article in the 
manner already exemplified in Proposition i. at the end of 
Chapter iv. 

The preceding general result was first brought under the 
notice of the present writer by the late Bishop Mackenzie ; 
it was given in an examination paper in Gonville and Caius 
College in 1849, probably by himself. The method by which 
he demonstrated it will be found interesting and instruc- 
tive by the student who is acquainted with Hydrostatics. 
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Imagine a fluid in equilibrium acted on by no forces; then 
the pressure will be constant throughout the mass. Sup- 
pose a portion of the fluid in the form of a polyhedron to 
become solid ; then the equilibrium will not be disturbed. 
The forces acting on the faces of the polyhedron will be 
respectively at right angles to the faces and proportional to 
the areas of the faces, and will act through the centres of 
gravity of the faces. Hence the required result follows. 

The proposition may have been enunciated previously; 
however a very eminent mathematician stated at the meeting 
of the British Association at Cheltenham in 1856, that he 
had been unable to find it in print. 

By means of Art. 50 we can deduce the following proposi- 
tion respecting couples : A system of couples represented in 
position and magnitude hy the faces of a polyhedron will he 
in equilibrium, supposing the axes of the couples all to he 
directed inwards or all outwards. This is given by Mobius ; 
Lehrhuch der Statik, Vol. i. page 87. 



Guldinus's Properties. 

144. If any plane figure revolve about an axis lying in its 
plane, the content of the solid generated by this figure in re- 
volving through any angle is equal to a prism, of which the 
base is the revolving figure and height the length of the path 
described by the centre of gravity of the area of the plane 
figure. 

The axis of revolution In this and the following proposition 
is supposed not to cut the generating curve. 

Let the axis of revolution be the axis of x, and the 
plane of the revolving figure in its initial position the plane 
of {x, y) ; let /3 be the angle through which the figure 
revolves. 

The elementary area Aa; Ay of the plane figure in revolving 
through an angle A^ generates the elementary solid whose 
volume is y^6 Ax Ay ; therefore the whole solid 

= JJJo^y ^^ dy dd = /SJJy dx dy. 
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The limits of x and y depend on the nature of the curve. 
But if y be the ordinate to the centre of gravity of the plane 
figure, then, by Art. 118, 

- SJydxdi 
2^" jjdxdy ' 

the limits being the same as before. 

Therefore the whole solid= fifjydxdy = y^jjdwdy = the 
arc described by the centre of gravity multiplied by the area 
of the figure. 

If any plane figure revolve about an aods lying in its plane, 
the surface of the solid generated is equal in area to the rect- 
angle, of which the sides are the length of the perimeter of the 
generating figure and the length of the path of the centre of 
gravity of the perimeter. 

The surface generated by the arc As of the figure revolving 
through an angle A^ is yA0 As ; therefore the whole surface 

^jj^ydsde = l3fyds. 

The limits depend on the nature of the curve. But if y be 
the ordinate to the centre of gravity of the perimeter, 

~_fyds 
^" Ids' 

the limits being the same as before. 

Therefore the whole surface =^y8/d5= the arc described 
by the centre of gravity, multiplied by the length of the 
perimeter. 

Ex. 1. To find the solid content and the surface of the ring 
formed by the revolution of a circle round a straight line in its 
own plane which it does not meet 

Let the distance of the centre of the circle from the axis of 
revolution be a ; let b be the radius of the circle ; then the 
length of the path of the centre of gravity of the area of the 
figure is 27ra, and the area of the figure is irV; 

therefore the content of the solid = 27r'a6*. 
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Also the length of the path of the centre of gravity of the 
perimeter is 27ra, and the length of the perimeter is 27r6 ; 

therefore the surface of the solid = 4i'n^ab. 

Ex. 2. To find the centre of gravity of the area and also of 
the arc of a semicircle, 

A semicircle by revolving about its diameter generates 

4 

a sphere ; the content of the sphere is « 7ra', and the surface 

47ra", the radius being a ; the area of the semicircle is ^ 7ra*, 

Ml 

and the perimeter ira ; therefore, the distance of the centre 
of gravity of the area from the diameter 

_ content of sphere _ 4a ^ 
27r . area of semicircle "~ Stt ' 

the distance of the centreof gravity of the arc from the diameter 

surface of sphere _2a 
2'7r . arc of semicircle tt 

Ex. 3. To find the surface and the solid content of the solid 
formed by the revolution of a cycloid round the tangent at its 
vertex. 

2a 
In Art. 133 we have found -^ for the distance of the centre 

o 

of gravity of the arc of a cycloid from its vertex ; and the 
whole length of the arc is 8a. Therefore the surface of the 
solid generated is 

27r X -^ X 8a ; that is -^ ircf. 

o o 

And in Art. 113 we have found that the distance of the centre 
of gravity of the area included between the cycloid and its 

7 
base from the vertex is 7; a: and the area so included is 



37ra'. Hence th^ area of the portion which in the present 
case revolves round the tangent is 47ra* — 37ra', that is Tra*. 
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And the centre of gravity of this area may be shewn to be at a 
distance ^ from the vertex. (See Ex. (2) of Art. 109.) There- 
fore the solid content of the figure generated is 27r ^ 7ra', that 
is ttV. 

EXAMPLES. 

1. Find the centre of gravity of five equal heavy par- 
ticles placed at five of the angular points of a regular 
hexagon. 

2. Five pieces of a uniform chain are hung at equidistant 
points along a rigid rod without weight, and their lower ends 
are in a straight line passing through one end of the rod ; 
find the centre of gravity of the system. 

3. A plane quadrilateral -45 GO is bisected by 'the dia- 
gonal AG, and the other diagonal divides AG into two parts 
in the ratio of p to g ; shew that the centre of gravity of the 
quadrilateral lies va AG and divides it into two parts in the 
ratio of 22) + g to jp + 2g. 

4. From the fact that any system of heavy particles has 
one centre of gravity and only one, deduce the property that 
the straight lines joining the middle points of the opposite 
sides of any quadrilateral figure bisect each other. 

5. A pyramid stands on a square base : given the co-or- 
dinates of the vertex, and the co-ordinates of two opposite 
comers of the base, determine the co-ordinates of the centre 
of gravity of the pyramid. 

6. ABG is a triangle \ D, E^ F are the middle points of 
its sides ; shew that the centre of gravity of the aides of ABG 
coincides with the centre of the circle inscribed in DEF. 

7. A piece of wire is formed into a triangle; find the 
distance of the centre of gravity from each of the sides, and 
shew that if x, y, z be the three distances, and r the radius 
of the inscribed circle, then' 

4a?y« — r* (a; +y + «) — r' = 0. 
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8. If the centre of gravity of a four-sided figure coincide 
with one of its angular points, shew that the distances of 
this point and the opposite angular point from the straight 
line joining the other two angular points are as 1 to 2. 

9. Shew that the common centre of gravity of a right- 
angled isosceles triangle, and the squares described on the 

\/2 
two equal sides, is at a distance = -=-ir a from the point in 

which those sides meet, a being the length of one of them. 

10. Prove the following construction for the centre of 
gravity of any quadrilateral. Let E be the intersection of 
the diagonals, and F the middle point of the straight line 
which joins their middle points ; draw the straight line EF 
and produce it to (?, making FO = ^EF; then Q shall be 
the centre of gravity required. 

11. A triangle ABG is successively suspended from the 
angles A and B, and the two positions of any side are at 
right angles to each other ; shew that 

5c' = a» + J^ 

12. A right-angled triangular lamina ABC is suspended 
from a point D in its hypothenuse AB ; prove that in the 
position of equilibrium AB will be horizontal if 

AB : DB :: AB^-^-AC" : AB' + BC\ 

13. A given isosceles triangle is inscribed in a circle ; find 
the centre of gravity of the remaining area of the circle. 

14. If three uniform rods be rigidly united so as to form 
half of a regular hexagon, prove that if suspended from one 
of the angles, one of the rods will be horizontal. 

15. If ABG be an isosceles triangle having a right angle 
at C, and B, E be the middle points oi AC^ AB respectively, 
prove that a perpendicular from E upon BD will pass through 
the centre of gravity of the triangle BDC. 

16. ABCD is any plane quadrilateral figure, and a, 6, c, d 
are respectively the centres of gravity of the triangles BCD, 
CD A, DAB, ABG; shew that the quadrilateral abed is 
similar to ABCD. 



EXAMPLES OF CENTRE OF GRAVITY, 175 

17. A, B, (7, D, E, Fbxq six equal particles at the angles 
of any plane hexagon, and a, b, c, d, e, f are the centres of 
gravity respectively of ABG, BCD, CDS, DBF, EFA, and 
FAB. Shew that the opposite sides and angles of the 
hexagon abcdefsiTe equal, and that the straight lines joining 
opposite angles pass through one point, which is the centre of 
gravity of the particles A, B, (7, D, E, F. 

1 

18. A straight line ED cuts off - th part of the right- 
angled triangle AB G of which A is the right angle. AB = a, 
AG^h. Shew that the centre of gravity of GEDB describes 
the curve whose equation is 

— = {3.(71-1) y-n6} {3 (n-l)a?-wa}. 

19. The distance of the centre of gravity of any number 

of sides AB, BG, CD KL of a regular polygon from the 

centre of the inscribed circle 

AL X radius 



AB + BU+GD+ +KL' 



20. A frustum is cut from a right cone by a plane bisect- 
ing the axis and parallel to the base ; shew that it will rest 
with its slant side on a horizontal table if the height of the 
cone bear to the diameter of its base a greater ratio than 
V7 to V17. 

21. If particles of unequal weights be placed at the an- 
gular points of a triangular pyramid, and G^ be their common 
centre of gravity; (?,, Gj,.-- their cominon centres of gravity 
for every possible arrangement of the particles ; shew that the 
centre of gravity of equal particles placed at G^, G^^, ... is the 
centre of gravity of the pyramid. 

22. If a cone have its base united concentrically to the 
base of a hemisphere of equal radius, find the height of the 
cone that the solid may rest on a horizontal table on any 
point of its spherical surface, Result r^3. 

V 

23. If any polygon circumscribe a circle, the centre of 
gravity of the area of the polygon, the centre of gravity of 
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the perimeter of the polygon, and the centre of the circle, are 
in the same straight line ; also the distance of the first point 
from the third is two-thirds of the distance of the second 
point from the third. 

24. If any polyhedron circumscribe a sphere, the centre 
of gravity of the volume of the polyhedron, the centre of 
gi'avity of the surface of the polyhedron, and the centre of 
the sphere, are in the same straight line ; also the distance 
of the first point from the third is three-fourths of the distance 
of the second point from the third. 

25. From a right cone the diameter of whose base is equal 
to its altitude is cut a right cylinder the diameter of whose 
base is equal to its altitude, their axes being in the same 
straight line and the base of the cylinder lying in the base of 
the cone ; from the remaining cone a similar cylinder is cut, 
and so on, indefinitely ; shew that the distance of the centre of 
gravity of all the cylinders from the base of the cone is -^jj of 
the height of the cone, and that the distance of the centre of 
gravity of the remaining portion from the base of the cone 
is ^ of the altitude of the cone. 

26. A square is cut from an equilateral triangle, a side 
of the square coinciding with a side of the triangle; from 
the equilateral triangle which remains another square is cut, 
and so on, ad infinitum : find the centre of gravity of the sum 
of the squares. 

27. Find the centre of gravity of the area contained be- 
tween the curves y^ = ax and y^ = 2ax — x^, which is above 

the axis of a?. r> i^ - IStt — 44 - a 

Hesults. x = a. ^-^ j^ : y = j: ^ • 

157r-40' ^ 37r-8 

28. Find the centre of gravity of the area enclosed by 
the curve r = a (1 + cos 6), Result, x = fa. 

29. Find the centre of gravity of the area included by a 
loop of the curve r = a cos 2^. „ , _ _ 128a V2 

lOOTT 

30. Find the centre of gravity of the area included by a 

loop of the curve r == a cos 30. p ,. - _ 81 V3a 

icesuit. x^ gQ^ . 
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31. The locus of the centre of gravity of all equal seg- 
ments cut off from a parabola is an equal parabola. 

32. Find the centre of gravity of a segment of a circle. 

33. Find the centre of gravity of the area included by 
the curves y' = oa? and o? = hy. 

Sestdts. X = ^a*6', y = ^o*6*. 

34. Find the centre of gravity of a portion of an equi- 
lateral hyperbola bounded by the curve, the transverse axis, 
and a radius vector drawn from the centre. 

Results. ~ = -i^ — = ^-i — —, — ;r — ~. ; 

y X -a 3 log (a? +y) - 3 log a ' 

where Xy y are the co-ordinates of the point of intersection of 
the curve and the bounding radius vector. 

35. Two equal circles of radius a are drawn, each passing 
through the centre of the other, and a third circle touches 
both, having one of their points of intersection for its centre ; 
the distance of the centre of gravity of the smaller area in- 
cluded between the outer and inner circles from the common 
radius of the first two is 

12~27rV3 

27r-3V3^* 

36. The density of a triangle varies as the n^ power of 
the distance from the base ; determine n when the centre of 
gravity of the triangle divides the straight line joining the 
vertex with the middle point of the base in the ratio of 3 to 1. 

Result w = — ^. 

37. Find the centre of gravity of the volume formed by 
the revolution round the axis of x of the area of the curve 

38. Find the centre of gravity of the volume generated by 
the revolution of the area in Ex. 27 round the axis of y. 

■^^'*- y= 2(lo,r-44) ; 
T, s. 12 
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39. Find the centre of gravity of a hemisphere when the 
density varies as the square of the distance from the centre. 

Result X = - g^ . 

40. Find the centre of gravity of the solid generated by 
a semiparabola bounded by the latus rectum revolving round 
the latus rectum. 

BesvlL Distance from focus = ^ of latus rectum. 

41. The solid included between the surfaces of a con- 
tinuous hyperboloid and its conical asymptote is cut by two 
planes perpendicular to their common axis ; find the position 
of the centre of gravity of that portion which lies between 
the planes. 

Result, Midway between the planes. 

42. A solid sector of a sphere hangs from a point in its 
circular rim with its axis horizontal, find its vertical angle. 

Result The cosine of the semi-vertical angle is f . 

43. A solid is generated by the revolution of a semicircle 
about a straight line perpendicular to the diameter, and 
which does not meet the semicircle : find the distance of the 
centre of gravity from the plane generated by the diameter. 

4?* 
Result ^r- . 

44. -4 is a point in the generating line of a right cylinder 
on a circular base, and jB, are two others in the generating 
line diametrically opposite. The cylinder is bisected by a 
plane ABG, and one of the semicylinders is cut by two planes 
at right angles to ABC, passing through AB and A G, Shew 
that if the solid ABG be placed with its convex side on a 
horizontal plane, the plane ABGvrWl be inclined to the hori- 
zon at an angle tan""* (^'^)> when there is equilibrium. 

45. A solid cone is cut by two planes perpendicular to 
the same principal section, one through its axis, and the 
other parallel to a slant side; find the limiting value of the 



EXAMPLES OF CENTRE OF GRAVnT. 179 

cosine of the vertica,! angle of the cone, that the piece cut 
out may rest on its curved surface on a horizontal plane. 

Besult. ^. 

46. A quadrant of a circle revolves round one of its 
extreme radii through an angle of 30*; find the centre of 
gravity of the solid traced out, the density being supposed 
to vary as the distance from the centre. 

Results. 5 = -^; y = -]k-(2 — V3); « = -^. Theaxisofa? 

is supposed to coincide with the initial position of the revolv- 
ing radius. 

47. A solid is formed by the revolution of the area of the 
cJurviB y*^ = aa^ round the axis of x ; shew that the dis- 
tance of the centre of gravity of any segment of this solid 
from the vertex bears to the height of the segment the ratio 
of 1 to w. The segment is supposed cut off by a plane per- 
pendicular to the axis. 

48. iFind the centre of gravity of the surface of the solid 
«*+y* = 2ax, cut off by the plane a? = c. 

6 {(a + 2c)* - a'} 

49. Apply Guldinus's theorem to find the volume of the 
frustum of a right cone in terms of its altitude and the radii 

^^^^^""^ BmM, ^{m + Br + r'), 

50. Find the surface and the volume of the solid formed 
by the revolution of a cycloid round its base. 

Results. — Q — ; 5w^a'. 

51. A segment of a circle revolves round its chord, which 
subtends an angle of 90^ at the centre ; find the surface and 
volume of the solid generated. 

Mesutta. ^2 , ^-j^ 

12—2 
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.4 

62. An ellipse whose excentricity is ^- revolves about 

any tangent line. Prove that the volume generated by one 
portion into which the ellipse is divided by its minor axis 
varies inversely as the volume generated by the other portion. 

53. A plane area moves in such a manner as to be always 
normal to the curve along which its centre of gravity moves; 
prove that the volume generated is equal to the given area 
multiplied by the length of the path of the centre of gravity. 

Hence find the volume of a cycloidal tube whose normal 
section is of constant area. 

64. Extend Guldinus's theorem for finding the volume of 
a ring to the case in which the ring is* formea by the revolu- 
tion of a plane area about a straight line paraMel to its plane. 

A ring is formed by the revolution of the lemniscate 

(whose'equation is r^ = a* cos 20) about a straight line parallel 

to its plane situated in a plane drawn through its double 

point and perpendicular to its axis : shew that the volume of 

.1 . . . ltd 
tlusnngis;^-^. 
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CHAPTER IX. 



MACHINES. 



145. A Machine Is an instrument, or a system of solid 
bodies, for the purpose of transmitting force from one part to 
another of the system. 

It would be endless to describe all the machines that have 
been invented; we shall consequently confine ourselves to 
those of simple construction. The most simple machines are 
denominated the Mechanical Powers. These we shall ex- 
plain, and also a few combinations of them. 

146. A Lever is an inflexible rod moveable only about a 
fixed axis, which is called the falcrum. The portions of the 
lever into which the fulcrum divides it are called the arms of 
the lever : when the arms are in the same straight line, it is 
called a straight lever, and in other cases a bent lever. 

Two forces act on the lever about the fulcrum, called 
the power and the weight : the power is the force applied by 
the hand, or other means, to sustain or overcome the other 
force, or the weight. There are three species of levers : in the 
first the fulcrum is between the power and the weight ; in the 
second the weight acts between the fulcrum and the power ; 
and in the third the power acts between the fulcrum and the 
weight. 

147. To find the conditions of equilibrium of two forces 
acting in the same plane qn a lever. 
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Let the plane of the paper be the plane in which the 
forces act, and also be 
perpendicular to the axis, 
of which G is the pro- 
jection, and about which 

the lever can move ; A, B / l^ \e 

the points of application '^/C /L 

of the forces P, W\ a, /3 a Zl--XA^^ h 

the angles which the direc- --•y^^^^^^^^^'-'-'r^ .^inrrr^^..... 

tions of the forces make 
with any straight line aOb 
drawn through G on the >^ 
paper. Let R be the pres- ^^ 

sure on the fulcrum, and the angle which it mak^s 
with the straight line aGb\ then if we apply a force JS 
in the direction Gfi, we may suppose the fulcrum re- 
moved, and the body to be held in equilibrium by the 
forces P, Tf , JJ. 

We shall resolve these forces in directions parallel and 
perpendicular to aC6 ; and also take their moments about G\ 
then by Art. 57 we have the following equations : 

Pcosa- Trcos;S-5cos^ = (1), 

Psina+ Trsin/3-jBsin^ = (2), 

and P.Ci>-Tf.C7Z=0 (3), 

GD and GE being drawn perpendiculax to the directions of 
Pand W. 

These three equations determine the ratio of P to "FT when 
there is equilibrium ; and the magnitude and direction of the 
pressure on the fulcrum. 

For equation (3) gives 

•_P _ GE __ perpendicular on direction of W . . v 
W GD perpendicular on direction of P 

Also by transposing the last terms of (1) and (2), we have 

5 cos ^ = Pcos a — TTcos/S, 
jBsin^=:Psina+ TTsinA 
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Add their squares ; therefore 

E' = P'+W^- 2PWC08 (a + ^), 
which gives the magnitude of JS. 

From (1) and (2) by transposition and division 

^ _ P sin a + Wsin yS 
~ Pcos a — Wcosfi' 

which gives the direction of the pressure. 

If we suppose S to be the fulcrum and take the moments 
about B instead of C, we have instead of equation (4) the 
following : 

P__ pei-pendicular on direction of i? .j,. 

R perpendicular on direction of P ^ '* 

This is not a new equation of condition ; but is a conse- 
quence of the three already given, (1), (2), (3). To shew this, 
imagine AD and BE produced to meet CR : they will meet 
this straight line at the same point, since the distances by these 
two constructions are CB cosec {O — a) and CB cosec (& + ^) ; 
and these are made equal, by equations (1), (2), (3), if we 
eliminate Pand W. Suppose, then, Pto be the point at which 
^ these straight lines meet. By multiplying (1), (2), respec- 
tively by sin ^ and cos ^, and adding, we have 

P^ sin(g + /3) ^ PPsin(g + /3) 
R sin (a + i8) FBsmla + fi) 

_ perpendicular on direction of R ^ 
perpendicular on direction of P ' 

therefore this equation is a consequence of the equations 
(1), (2), (3), as might have been anticipated. 

It follows, then, that the condition of equilibrium in a lever 
of any species is that the two forces must he inversely as the 
perpendiculars drawn on- their directions from the fulcrum and 
the forces must act so as to tend to turn the lever in opposite 
directions round the fulcrum. 

148. This property of the lever renders it a useful in- 
strument in multiplying the efficacy of a force. For any two 
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forces, however unequal in magnitude, may be made to balance 
each other simply by fixing the fulcrum so that the ratio of its 
distances from the directions of the forces shall be equal to the 
inverse ratio of the forces. If the fulcnjm be moved from this 
position, then that force will preponderate from which the ful- 
crum is moved and the equilibrium will be destroyed. We are 
thus led to understand how mechanical advantage is gained 
by using a crow-bar to move heavy bodies, as large blocks of 
stone : a poker to raise the coals in a grate : scissors, shears, 
nippers, and pincers ; these last consisting of two levers of 
the first kind. The brake of a pump is a lever of the first 
kind. In the Stanhope printing-press we have a remarkable 
illustration of the mechanical advantage that can be gained 
by levers. The frame-work in which the paper to be printed 
is fixed, is acted on by the shorter arm of a lever, the other 
arm being connected with a second lever, the longer arm of 
which is worked by the pressman. These levers are so ad- 
justed that at the instant the paper comes in contact with the 
types, the perpendiculars from the fulcra on the directions 
of the forces acting at the shorter arms are exceedingly short, 
and consequently the levers multiply the force exerted by the 
pressman to an enormous extent 

As examples of levers of the second kind, we may mention 
a wheelbarrow, an oar, a chipping-knife, a pair of nutcrackers. 

It must be observed, however, that as the lever moves 
about the fulcrum the space through which the weight is 
moved is, in the first and second species of lever, smaller 
than the space passed through by the power : and therefore 
what is gained in power is lost in despatch. For example 
in the case of the crow-bar : to raise a block of stone through 
a given space by applying the hand at the further extremity 
of the lever, we must move the hand through a greater space 
than that which the weight describes. 

But in the third species of lever the reverse is the case. 
The power is nearer the fulcrum than the weight, and is con- 
sequently greater ; but the motion of the weight is greater 
than that of the power. In this kind of lever despatch is 
gained at the expense of power. An excellent example is 
the treddle of- a turning lathe. But the most striking ex- 
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ample of levers of the third kind is found in the animal frame, 
in the construction of which it seems to be a prevailing prin- 
ciple to sacrifice power to readiness and quickness of action. 
The limbs of animals are generally levers of this description. 
The condyle of the bone rests in its socket as the fulcrum ; a 
strong muscle attached to the bone near the condyle is the 
power, and the weight of the limb together with any re- 
sistance opposed to its motion is the weight. ^ A slight con- 
traction of the muscle gives a considerable motion to the limb. 

149. The lever is applied to determine the weight of 
substances. Under this character it is called a Balance. The 
Common Balance has its two arms equal, with a scale sus- 
pended from each extremity; the fulcrum being above the 
centre of gravity of the beam and therefore above the centre 
of gravity of the system formed by the beam, the scales, and 
the weights in the scales. The substance to be weighed is 
placed in one scale, and weights placed in the other till the 
beam remains in equilibrium in a perfectly horizontal posi- 
tion ; in which case the weight of the substance is indicated 
by the weights by which it is balanced. If the weights differ 
ever so slightly the horizontality of the beam will be dis- 
turbed, and after osciUating for some time, in consequence of 
the fulcrum being placed above the centre of gravity of the 
system, it will, on attaining a state of rest, form an angle 
with the horizon, the extent of which is a measure of the 
sensibility of the balance. 

When we take the weight in the other scale as a measure of 
the weight of the substance we are weighing, we assume that 
the arms of the lever are of equal length and that the beam 
would be itself in equilibrium if the scales were empty. We 
can ascertain if these conditions are satisfied by observing 
whether equilibrium still subsists when the substance is trans- 
ferred to the scale which the weight originally occupied and 
the weight to that which the substance originally occupied. 

150. In the construction of a balance the following re- 
quisitesi should be attended to. 

p.) When loaded with equal weights the beam should be 
perfectly horizontal. 

(2) When the weights differ, even by a slight quantity, 
the sensibility should be such as to detect this difference. 
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(3) When the balance is disturbed it should readily'retum 
to its state of rest, or it should have stability. 

We shall now consider how these requisites may be satisfied. 

To find how the requisites of a good balance may be satisfied. 
Let P and Q be the weights in the scales ; let AB = 2a. 




Let C be the fulcrum, h its distance from the straight line 
which joins A and B. Let W be the weight of the beam, 
k the distance of the centre of gravity of the beam from C; 
this centre of gravity being supposed to lie on the perpen- 
dicular from C on the straight line which joins A and B. 
Let S be the weight of each scale ; so that F and 8 act 
vertically through A, and Q and 8 vertically through B. 
Let be the angle which the beam makes with the horizon 
when there is equilibrium. 

The sum of the moments of the weights round G will be 
zero whjen there is equilibrium, by Art. 57. Now the length 
of the perpendicular from C on the line of action of P and 8 
is acos^ — Asin6'; the length of the perpendicular from G 
on the line of action of Q and 8 is a cos O + hsinO ; and the 
length of the perpendicular from C on the line of action of W 
is k sin 0. Therefore 

(^+iff)(acos^+Asin^)-(P+i&)(acos^-Asin^)+TF/csin^=0; 

(P- Q)a 



therefore 



tan^ = 



(P+(2 + 2/8)A+TK^' 
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This determines the position of equilibrium. The first 
requisite — ^the horizontality when P and Q are equal — ^is 
satisfied by making the arms equal. 

For the second we observe that for a given difference of P 
and Q the sensibility is greater the greater tan 6 is ; and for 
a given value of tan the sensibility is greater the smaller 

the difference of P and Q is : hence -^ — r\ is a correct measure 

of the sensibility : and therefore the second requisite is ful- 

h h 
filled by making (P+ Q + 2S) - + W- as small as possible. 

The stability is greater the greater the moment of the 
forces which tend to restore the equilibrium when it is de- 
stroyed. Now this moment is 

{(P+ (2 + 2/Sf)A+ FA;}sin^- (P- (2)acos^, 

or supposing P and Q equal it is 

{(P+(2 + 2/»)A+TrA}sin^. 

Hence to satisfy the third requisite, this must be made as 
large as possible. This is, in part, at variance with the 
second requisite. They may, however, both be satisfied by 
making {P-\- Q + 2/S) h + Wh large, and a large also : that is, 
by increasing the distances of the fulcrum from the beam 
and from the centre of gravity of the beam, and by lengthen- 
ing the arms. 

It must be remarked that the sensibility of a balance is of 
more importance than the stability, since the eye can judge 
pretty accurately whether the beam makes equal oscilla- 
tions on each side of the horizontal line ; that is, whether 
the position of rest would be horizontal ; if this be not the 
case, then the weights must be altered till the oscillations are 
nearly equal. 

151. Another kind of balance is that in which the arms 
are unequal, and the same weight is used to weigh different 
substances by varying its point of support, and observing its 
distance from the fulcrum by means of a graduated scale. 
The common steelyard is of this description. 
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152. To shew how to graduate the common steelyard. 
Let AB be the beam of the steelyard. A the fixed point 



aji 




as 



^ 



a4' 



as 



B 



6p 



from which the substance to be weighed is suspended, Q 
being its weight ; C the fulcrum ; W the weight of the beam 
together with the hook or scale-pan suspended from A ; G 
the centre of gravity of these. 

Suppose that P suspended at N balances Q suspended from 
A ; then, taking the moments of P, Q, and W about G, we 
have 

Q.AC- W. Ca-P. CN^O; 



therefore 



W 

CN-\- ^ . ca 

(2= ^ P. 



JJ) 



w 



Take the point i), so that CD = -^CO; therefore 

Q_ CN+CD p_DNp 



AC 



AC 



Now let the arm DB be graduated by taking Da,, Da^> 

Da^y equal respectively to AC, 2AC, SAC ; let the 

figures 1, 2, 3, 4, be placed over the points of gradua- 
tion, and let subdivisions be made between these. Then by 
observing the graduation at N we know the ratio of Q to P; 
and P being a given weight we know the weight of Q. In 
this way any substance may be weighed. 

153. The second of the Mechanical Powers is the Wheel 
and Axle. This machine consists of two cylinders fixed 
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189 



together, with their axes in the same straight line : the larger 
cylinder is called the wheel, and the smaller the axle. The 
cord by which the weight is suspended is fastened to the 
axle, and then coiled round it, while the power which sup- 
ports the weight acts by a chord coiled round the circumference 
of the wheel, by spokes acted on by the hand, as in the cap-^ 
stariy or by the hand acting on a handle, as in the windlass, 

154. To find the ratio of the power and weight in the 
Wheel a/nd Axle when in equilibrium. 

Let AD be the wheel and GG'B the axle ; P the power 
represented by a weight suspended 
from the circumference of the wheel 
Sit A; W the weight hanging from 
the axle at B. 

Then since the axis of the machine 
is fixed, the condition of equilibrium 
is that the sum of the moments of 
the forces about this axis vanishes, 
(Art. 87) ; therefore 

P X rad. of wheel = TT x rad. of axle ; 




O 



therefore -^^ = 



W__ rad. of wheel 
P " rad. of axle 



It will be seen that this machine is only a modification of 
the lever. In short it is an assemblage of levers all having 
the same axis : and as soon as one lever has been in action the 
next comes into play ; and in this way an endless leverage is 
obtained. In this respect, then, the wheel and axle surpasses 
the common lever in mechanical advantage. It is much used 
in docks and in shipping. 

155. The third Mechanical Power is the Toothed Wheel. 
It is extensively applied in all machinery ; in cranes, steam- 
engines, and particularly in clock and watch work. If two 
circular hoops of metal or wood having their outer circum- 
ferences indented, or cut into equal teeth all the way round, 
be so placed that their edges touch, one tooth of one circum- 



190 



TOOTHED WHEELS. 



ference lying between two of the other (as represented in the 
figure) ; then if one of them be turned round by any means, 
the other will be turned round also. This is the simple con- 
struction of a pair of toothed wheels. 

156. To find the relation of the power and weight in 
Toothed Wheels, 

Let A and B be the fixed centres of the toothed wheels 

Q 




on the circumferences of which the teeth are arranged; C^the 
point of contact of two teeth ; QOQ a normal to the surfaces 
in contact at C. Suppose an axle is fixed on the wheel B, 
and the weight W suspended from it at ^ by a cord ; also 
suppose the power P acts by an arm AD ; draw Aa, Bb per- 
pendicular to QCQ. Let the mutual pressure at C be Q, 
Then, since the wheel A is in equilibrium about the fixed 
axis A, the sum of the moments about J. equals zero; there- 
fore 

P.AJD-'Q.Ad^^O. 

Also since the wheel B is in equilibrium about B, the sum of 
the moments about B equals zero; therefore 

Q.Bb- W.BE=0. 

Then by eliminating Q from these two equations, 

P ^P Q Aa BE 
W 



or 



Q' iV AD' Bb' 

moment of P Aa 

__^__^___^^.^^.^ _ ^— » • 

moment oi W Bb' 
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when the teeth are small this ratio very nearly 

_ rad. of wheel A 
rad. of wheel B* 

157. Wheels are in some cases turned by means of straps 
passing over their circumferencies. In such cases the minute 
protuberances of the surfaces prevent the sliding of the straps, 
and a mutual action takes place such as to render the calcu- 
lation exactly analogous to that in the Proposition. 

For the calculation of the best forms for the teeth, the 
reader is referred to works which discuss the subject of 
machinery. 

158. The fourth Mechanical Power is the Pully. There 
are several species of puUies: we shall mention them in order. 
The simple pully is a small wheel moveable about its axis : 
a string passes over part of its circumference. If the axis is 
fixed the effect of the pully is only to change the direction of 
the string passing over it : if however the axis be moveable, 
then, as will be presently seen, a mechanical advantage may 
be gained. 

It is sometimes assumed as axiomatic that if a perfectly 
flexible string passes over a smooth surface the tension of the 
string will be the same throughout; we shall see, however, in 
the Chapter on Flexible Strings that this result admits of 
demonstration. In the present Chapter we shall only require 
a part of the general proposition. We shall suppose the pul- 
lies to be circular, and assume that the tensions of the two 
portions of any string which are separated by a portion in 
contact with a pully are equal. And this may be shewn to 
be necessarily true if we merely admit that the string is 
a tangent to the circle at the point where it ceases to be in 
contact with the pully. For since the pully is smooth the 
directions of all the forces which it exerts on the string must 
pass through the centre of the pully ; hence if we take the 
moments with respect to this point of the forces which act on 
the string we see that the string cannot be in equilibrium 
unless the tensions of the two portions are equal 
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SINGLE PULLY. 



159. To find the ratio of the power and weight in the 
single moveable Fully. 

I. Suppose the parts of the string divided by the pully 
are paralleL 



^.v.^S^ 



a 




Op 



Let the string ABP have one extremity fixed at Ay and 
after passing under the pully at B suppose it held by the 
hand exerting a force P, or it may be passed over a fixed 
pully. The weight W is suspended by a string from the 
centre G of the pully. 

Now the tension of the string ABPi^ the same throughout. 

Hence the pully is acted on by three parallel forces, P, P^ 

and W\ hence 

W 
2P-F=0; therefore -p- = 2, 



JT 

II. Suppose the portions of the string are not parallel. 




SYSTEM OP PULLIES. 



193 



Let a and a be the angles which Aa and Pb make with 
the vertical.. 

Now the pully is held in equilibrium by W in CW, P in 
a A, and P in bP. Hence, resolving the forces horizontally 
and vertically, 

Psina-Psina' = (1), 

Pcosa + Pcosa -Tr=0 (2); 

the equation of moments round C is an identical equation,- 
By (1), sin a = sin a' and a = a' ; 



therefore, by (2), 

which is the relation required. 



-^ = 2 COS a, 



160. To find the ratio of the power and weight in a system 
of pvMieSy in which each puUy hangs from a fixed point by a 
separate stringy one end being fastened in the pully above it and 
the other end on a fixed beam, and all the strings being parallel. 

Let n be the number of moveable puUies. 

I. Let us neglect the weight of the 
puUies themselves. Then 

tension of J^TTss W\ 
tension of app^ = i^; 

tension of aJ)J)^ = 55 ^; 

tension of a,5,c = ^j ^5 

and so on ; and the tension of the string 
passing under the n*** jniUy = — TT, and 
this is equal to P ; therefore 

T. S. 13 
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II. Let us suppose the weights of the pullies to be con- 
sidered; and let cd^, od^, w^...a>^ be these weights. 

Then if jPjjft, p^f^Pn be the weights which they would 
sustain at P, and P^ the weight which W would sustain at 
F, we have 



_^i 



_ ®« 



Pi~2** •^' ii**"*' 






therefore ^"^Pi +A+ +Pi. + Pi> 

or P= ^ {Tr+6),+ 2(»,+ 2X + + 2*"' «J 

If 0>j = 6)j = 6), =s ~®nl 

i'=i{^+(2'*-l)«J, thatisP-o,, = i(TF 



- 6>i)- 



161. To find the ratio of the power and weight when the 
system is the same as in the last Proposition, but the strings 
are not parallel. 

We shall neglect the weights of the blocks. The pullies 
will evidently so adjust themselves that the string at the 
centre of any pully will bisect the angle between the strings 
touching its circumference. 

Let 2aj, iot^, 2a„...2a^ be the angles included between 




the strings touching the first, second, third, n*^ pullies 

respectively. 






} 
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Then, by Art. 159, 

W 

tension of aJ}J}^ = ^ 



cos ttj ' 



W 
tension of ajbjb^ = q, ^ , 



tension of aj>x = 



cos a^ cos 0, 
W 



• • 2* cosBj cos a, cos a,' 

W 



tension of the last string = -^ , 

° 2 cos ttj cos a, cos a, ... cos a» 

and this is equal to P ; therefore 

-p = 2" cos a, cos a, cos a,. . .cos a.. 

162. To find the relation of the power and weight in a 
system of puUies where the same string passes round all the 
pullies. 

This system consists of two blocks, each containing a 
number of the puUies with their axes coincident. The weight 
is suspended from the lower block, which is moveable, and 
the power acts at the loose extremity of the string, which 
passes round the respective pullies of the upper and lower 
block alternately. 

Since the same string passes round all the pullies, its 
tension will be everywhere the same, and equal to the power 
P. Let n be the number of portions of string at the lower 
block ; then n.P will be the sum of tteir tensions ; therefore 

W=n.P. 

If we take into account the weight of the lower block, and 
call it B, then 

W^-B^n.P. 

If the strings at the lower block are not vertical, we must 
take the sum of the parts resolved vertically, and equate it to 
W. But in general this deviation from the vertical is so 
slight that it is neglected. 

13—2 
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163. As the weight is rising or falling, it will be observed 
that in general the pullies move with difiFerent angular mo- 
tions. The degree of angular motion of each pully depends 
upon the magnitude of its radius. Mr James White took 
advantage of this, to choose the radii of the pullies in such a 
manner as to give those in the same block the same angular 
motion, and so to prevent the wear and resistance caused by 
the friction of the pullies against each other. This being the 
case, the pullies in each block might be fastened together, or, 
instead of this, cut out of one mass. 

It will be seen without much difficulty, that if the weight 
W be raised through a space a, each of the portions of string 
between the two blocks will be shortened by the length a ; 
and therefore, that the portions of string which move over 
the pullies in the two blocks, taken alternately, will have 
their lengths equal to a, 2a, 3a, 4a... Suppose the end of 
the string fastened to the lower block ; then if the radii of 
the pullies of the upper block be proportional to the odd 

numbers 1, 3, 5, these pullies will move with the same 

angular velocity, and might be made all in one piece, as 
mentioned above. And if the radii of the lower pullies be 
proportional to the even integers 2, 4, 6,... these also will 
move with a common angular velocity, and might therefore 
be cut out of one piece. 

164. To find the ratio of the power to the weight when all 
the strings are attached to ihe weight 

If we neglect the weights of the pullies, 
the tension of the string hfl^ = P; the ten- 
sion of ap^ = 2P ; and so on : if there be 
n pullies, then the sum of the tensions of 
the strings attached to the weight 

^P + 2P+ 2'P+ ... + 2*-^P= (2*-l)P; 

W 
therefore -5 = 2* — 1. 
Jr 

If we suppose the weights of the pullies are 
®i> ft>2» ^8> • • • reckoning frcfm the lowest, and 
(o y <o\ a)'",.»« the portions of TF' which they 
respectively support, since they evidently 
assist P, and W the portion of W sup- 
ported by P; then 
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ir = (2"-i)p, 

c' = (2"-* - 1) o) 
to" = (2»-* - 1) «„ 



1» 



O) 



(«-0 = 



= (2-1) 



0) 



11-1 ? 



therefore 17= F' + w' + = (2"- 1) P+ (2"-' - 1) 

+ (2-» - 1) «,+ ...... + (2 -1)«..,. 

If 0)^ = ft)j = «i>g = 

TF= (2*'- 1) Ph- {2**-' + 2'*-* + + 2 - (n- 1)} 



CO, 



CO 



If 



= (2*-l)PH-(2''-n-l) 



(O 



1* 



165. The fifth Mechanical Power is the Inclined Plane. 

By an inclined plane we mean a plane inclined to the 
horizon. A weight W may be supported on an inclined 
plane by a power P less than W. 

166. 2b find the ratio of the power and weight in the 
inclined plane. 

Let AB be the inclined plane ; 
a the angle which it makes with the 
horizon. Let the power P act on 
the weight in the direction GP, 
making an angle e with the plane. 
Now the weight at C is held at 
rest by P in 6P, W in the vertical 
GW, and a pressure R in CR, at 
right angles to the plane. 

Hence, by Art. 27, if we resolve 
these forces perpendicular and par- 
allel to the plane, we have 




iJ + Psine- TFcosa^O 
P cos e — FT sin a = 



(1). 

(2). 
sin a 
cos € 



The second equation gives the required relation ^= 

and the first equation gives the magnitude of the pressure R. 
If P act horizontally, ^^ = — «, and P = IT tan a. 
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WEDGE. 



If P act parallel to the plane, 6 = 0, and P = TFsIn a. 
If P act vertically, € = ^t — a, and P= W. 

167. The sixth Mechanical Power is the Wedge. This 
is a triangular prism, and is used to separate obstacles by 
introducing its edge between them and then thrusting the 
wedge forward. This is efiFected by the blow of a hammer or 
other such means, which produces a violent pressure for a 
short time, sufficient to overcome the greatest forces. 

168. An isosceles wedge is kept in equilibrium by pressures 
on its three faces; to find the relation between them. 




The above three figures represent the wedge and obstacles 
together and separately. 

Let 2P denote the force acting perpendicularly to the thick 
end of the wedge ; B and i? the forces which act on the other 
faces of the wedge : these forces are perpendicular to the faces 
since the wedge is supposed smooth. 

Let 2a be the vertical angle of the wedge. 

Resolve the forces which act on the wedge in directions 
perpendicular and parallel to the thick end; then for the 
equilibrium of the wedge we have 

2P=(5 + jB')sina, 

-B cos a = ^ cos a ; 

therefox'e B==^E, 

P = JR sin a. 



SCEEW. 



199 



We do not write down the equations of equilibrium of the 
obstacle, because we do not know the forces exerted on it at 
diflFerent points of its base by the ground on which it rests. 

It is usual to resolve the force B which acts on the wedge 

and obstacle into two components; one along the straight line in 

which A, the point of the obstacle in contact with the wedge, 

would begin to move if the wedge were pushed further into the 

obstacle, and the other at right angles to this direction. Let 

AB be the first direction, making an angle i with the direction 

of B ; then the resolved part of -B in this direction is B cos i, 

which we will call S; 

xT_ i? ^ sin Of 
therefore -^ = r . 

b COSi 

As however nothing is known about the value of the angle i, 
the result is of no practical value. 

169. The last Mechanical Power is the Screw. This 
machine in its simple construction 
consists of a cylinder AB with a 
uniform projecting thread abed.,, 
traced round its surface, and making 
a constant angle with straight lines 
parallel to the axis of the cylinder. 
This cylinder fits into a block D 
pierced with an equal cylindrical X 
aperture, on the inner surface of 
which is cut a groove the exact 
counterpart of the projecting thread 
abed 

It is easUy seen from this de- 
scription, that when the cylinder is introduced into the block, 
the only manner in which it can move is backwards or for- 
wards by revolving about its axis, the thread sliding in the 
groove. Suppose W to be the weight acting on the cylinder, 
including the weight of the cylinder itself, and P to be the 
power acting at the end of an arm -4 (7 at right angles to the 
axis of the cylinder ; the block D is supposed to be firmly 
fixed, and the axis of the cylinder to be vertical. 

170. To find the ratio of the power and weight in the Screw 
when they are in equilibrium. 




1 
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Let the distance of G from the axis of the cylinder =s a ; 
and the radius of the cylinder = b. 

Now the forces which hold the cylinder in equilibrium are 
Wy Py and the reactions of the pressures of the various por- 
tions of the thread on the corresponding portions of the lower 
surface of the groove in which the thread rests ; these re- 
actions are indeterminate in their number but they all act in 
directions at right angles to the surface of the groove, and 
therefore their directions make a constant angle with the axis 

of the cylinder. Let -^ — a be the angle which the thread of 

the screw makes with the axis of the cylinder, then a is the 
angle which the direction of each reaction makes with the 
axis of the cylinder. If, then, R be one of these reactions, 
R cos a, R sin a are the resolved parts vertically and horizon- 
tally ; the horizontal portions of the reactions act each at 
right angles to a radius of the cylinder. Hence, resolving 
the forces vertically, and also taking the moments of the 
forces in horizontal planes, we have 

TF-S.i?cosa = (1), 

Pa- S.iZi sin a=:0 (2): 

we might write down the other four equations of equilibrium, 
but they introduce unknown quantities with which we are 
unconcerned in our question. 

_r W acoBoSi.R , 7 1 ^ . 

Hence -77 = 1— ; — v^ — ^ , because o and a are constant, 

a cos a 27ra 



isina 27r6tana 

circumference of circle of which the radius is a 
"" vertical dist. between two successive winds of the thread * 

The Screw is used to gain mechanical power in many ways. 
In excavating the Thames Tunnel, the heavy iron frame- work 
which supported the workmen was gradually advanced by 
means of large screws. 
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MISCELLANEOUS EXAMPLES. 

1. If one arm of a common balance be longer than the 
other, shew that the real weight of any body is the geometri- 
cal mean between its apparent weights as weighed first in one 
scale and then in the other. 

2. The arms of a false balance are unequal, and one of 
the scales is loaded ; a body whose true weight is P lbs. ap- 
pears to weigh PTlbs. when placed in one scale, and W lbs. 
when placed in the other scale : find the ratio of the arms 
and the weight with which the scale is loaded. 

p 7/ W'^-P WW'^P" 

ICeSUttS. p _ yy\ jj_ y^r • 

3. A triangular lamina ABC, whose weight is TT, is sus-» 
pended by a string fastened at (7: find the weight which 
must be attached at B that the vertical through G may bisect 
the angle A CB. 

Result -Ti • 

o a 

4. Two equal weights are suspended by a string passing 
freely over three tacks, which form an isosceles triangle whose 
base is horizontal : find the vertical angle when the pressure 
on each tack is equal to one of the weights. Besvlt 120^ 

6. A uniform heavy rod, at a given point of which a 
given weight is attached, is sustained at one end ; determine 
its length when the force which applied at the other end will 
keep it horizontal is least 

6. ABO G, DJSlFskte two horizontal levers without weight ; 
B, F their fulcrums : the end D of one lever rests on the 
end G of the other ; HK is a rod without weight suspended by 
two equal parallel strings from the points E, G. Prove that 
a weight P at -4 will balance a weight W placed anywhere 
on the rod HK^ provided 

EF BG , P^M 
UF^BG W^AB' 
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7. If the axis about T^hich a wheel and axle turns coin- 
cide with that of the axle, but not with the axis of the wheel, 
find the greatest and least ratios of the power and weight 
necessary for equilibrium, neglecting the weight of the ma- 
chine. 

8. In the system of puUies where each string is attached 
to the weight, let one of the strings be nailed to the block 
through which it passes, then shew that the power may be 
increased up to a certain limit without producing motion. 
If there be three puUies, and the action of the middle one 
be checked in the manner described, find the tension of each 
string for given values of P and W. 

9. A weight w is supported on an inclined plane by two 
forces, each equal to — , one of which acts parallel to the 
base. Shew that equilibrium may be possible when the in- 
clination of the plane is not greater than 2 tan"^ (~) > ^ being 
a positive integer. 

10. A weight is suspended from the two ends of a straight 
lever without weight whose length is 5 feet, by strings whose 
lengths are 3 and 4 feet. Find the position of the fulcrum 
that the lever may rest in a horizontcJ position. 

Result At a distance 3^ feet from that end of the lever to 
which the longer string is fastened. 

11. A uniform steelyard AB, having a constant weight P, 
and a scale-pan of weight kP, suspended at B and A respec- 
tively, is used as a balance by moving the rod backwards and 
forwards upon the fulcrum (7, on which the whole rests. 
Shew that the beam must be graduated by the formula 

w + A; + A; +1 

the weight of the rod being A'P, and n being each of the 
natural numbers 1, 2, 3, ..; taken in succession. 
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12. AB is a rod without weight capable of turning freely 
about its extremity A, which is fixed ; CD is another rod 
equal to 2AB, and attached at its middle point to the ex- 
tremity B of the former, so as to turn freely about this point: 
a given force acts at C in the direction CA, find the force 
which must be applied at Z) in order to produce equilibrium. 

13. A lever without weight in the form of the arc of a 
circle, having two weights P and Q suspended from its ex- 
tremities, rests with its convexity downwards on a horizon- 
tal plane : determine the position of equilibrium. 

Result Let a be the angle which the arc subtends at the 
centre of the circle, the inclination to the vertical of the 
radius at the extremity of which P is suspended ; then 

tan = n-T-Ts • 

jT + ycosa 

14. The sides of a rhombus ABOD are hinged together 
at the angles ; at A and G are two pulling forces (P, P) 
acting in the diagonal AG\ and at B and D there are two 
other pulling forces (§, Q) acting in BD: shew that 

P^-iy 

cosBAD^-^-^. 

15. ABy BO are two equal and uniform beams connected 
by a hinge at B\ there is a fixed hinge at -4 ; a string fast- 
ened at G passes over a puUy at D and is attached to a 
weight P; AD is horizontal and equal to twice the length of 
either beam : shew that if P be such as to keep PC horizontal 
P= Tr.\/f> 3Jid tan ^ = 2 tan <^ = 2 V2, where and (j) are 
the angles which AB, GD make with the horizon, and 2 W 
the weight of each beam. 

16. A string ABGDEP is attached to the centre -4 of a 
puUy whose radius is r ; it then passes over a fixed point B 
and under the puUy which it touches at the points G and D ; 
it afterwards passes over a fixed point E and has a weight P 
attached to its extremity ; BE is horizontal and = f r, and 
DE is vertical : shew that if the system be in equilibrium the 
weight of the pully is |P, and find the distance AB. 

Result AB = -^—^ . 



204 MISCELLANEOUS EXABIFLES, 

17. Three uniform rods rigidly connected in the form of a 
triangle rest on a smooth sphere of radius r ; shew that the 
tangent of the inclination of the plane of the triangle to the 

horizon is -rr-^ ^r , where a is the distance of the centres of 

. . y (^ 7 p ) . 

the circles inscribed in the triangle itself and in the triangle 
formed by joining the middle points of the rods, and p is the 
radius of the circle inscribed in the triangle. 

18. If a steelyard be constructed with a given rod whose 
weight is inconsiderable compared with that of the sliding 
weight, the sensibility varies inversely as the sum of the 
sliding weight and the greatest weight which can be weighed. 

19. A heavy equilateral triangle hung up on a smooth 
peg by a string, the e;ids of which are attached to two of its 
angular points, rests with one of its sides vertical : shew that 
the length of the string is double the height of the triangle. 

20. Three equal heavy spheres lying in contact on a hori- 
i:ontal plane are held together by a string which passes round 
them. A cube, whose weight is W, is placed with one of its 
diagonals vertical so that its lower faces touch the spheres ; 

shew that the tension of the string is not less than ^ , 

o Y o 

21. A roof of given span is to be constructed of two beams, 
which are to be connected at the vertex by a single pin, and 
the weight of the roof would increase in proportion to the 
length of the beams: find the angl6 of inclination to the 
horizon, when the whole pressure on the wall is the least 
possible. 

Shew that the direction of the line of pressure will then 
make the same angle with the vertical line which the beam 
makes with the horizontal line. 

22. An endless string supports a system of equal heavy 
puUies, the highest of which is fixed, the string passing round 
every pully and crossing itself between each. If a, ^, 7, &c 
be the inclinations to the vertical of the successive portions of 
string, prove that cos a, cos ^, cos 7, &c. ai*e in arithmetical 
progression. 



r ^ 
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23. Three equal heavy cylinders, each of which touches 

the other two, are bound together by a string and laid on a 

horizontal table so that their axes are horizontal : the tension 

of the string being given, find the pressures between the 

cylinders. 

W 
Besults. The horizontal pressure = T— ^r~7^ > *t® other 

W ^^^ 

= T+ -j^ ; where T is the tension of the string, and W the 

weight of each cylinder. 

24. A string of equal spherical beads is placed upon a 
smooth cone having its axis vertical, the beads being just in 
contact with each other, so that there is no mutual pressure 
between them. Find the tension of the string; and deduce tha 
limiting value when the number of beads is indefinitely great. 

25. A smooth cylinder is supported on an inclined plane 
with its axis horizontal, by means of a string which, passing 
over the upper surface of the cylinder, has one end attached 
to a fixed point and the other to a weight W which hangs 
freely : if a be the inclination of the plane to the horizon, 
and the inclination to the vertical of that part of the string 
which is fastened to the fixed point, the weight of the 
cylinder is 

g„ 8in^gco8(g+|g) 
sin a 

26. An inextensible string binds tightly together two 
smooth cylinders whose radii are given : find the ratio of the 
pressure between the cylinders to the tension by which it is 
produced. 

Result ^ ^ ^' : where r, and r, are the given radii, 
r, + r, 1 1 o 

27. A ring whose weight ii^ P is moveable alopg a smooth 
rod inclined to the horizon at an angle a ; another ring of 
weight P' is moveable along a rod in the same vertical plane 
as the former and inclined at an angle a! to the horizon ; a 
string which connects these rings passes through a third ring 
of weight 2 Wi shew that the system cannot be in equilibrium 
unless 

Ptana-P'tana + Tr(tana-tana)=0. 



1 
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28. A ball of given weight and radius is hung by a string 
of given length from a fixed point, to which is also attached 
another given weight by a string so long that the weight 
hangs below the ball : find the angle which the string to 
which the ball is attached makes with the vertical. 

Result. Let Q be the weight of the ball, P the weight 
which hangs below the ball, a the radius of the ball, I the 
length of the string; then the inclination of the string to the 



vertical is sin"^ ( -73 — -pz. — — , ) . 



29. A right cone whose axis is a and vertical angle is 

2 sin'* a/ (7) is placed with its base in contact with a smooth 

vertical wall, and its curved surface on a smooth horizontal 
rod parallel to the wall : shew that it will remain at rest if 
the distance of the rod from the wall be not greater than a 

nor less than = . 

30. A paraboloid is placed with its vertex downwards and 
axis vertical between two planes each inclined to the horizon 
at an angle of 45® : find the greatest ratio which the height of 
the paraboloid may have to its latus rectum, so that, if it be 
divided by a plane through its axis and the line of intersec- 
tion of the inclined planes, the two parts may remain iii 
equilibrium ; also find the least ratio. 

Result, Let K be the height and 4a the latus rectum ; then 
the greatest and least ratios are determined respectively by 

32 32 

31. Three bars of given length are maintained in a hori- 
zontal position, and tied together at their extremities so as 
to f6rm a horizontal triangle ; and a smooth sphere of given 
weight and size rests upon them. Find the pressure of the 
sphere ou each bar. 
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32. Ou6 end of a string is fastened to a point in a smooth 
vertical wall, the other to a point in the circumference of the 
base of a cylinder ; the cylinder is in equilibrium, having a 
point of its upper end in contact with the wall : find the 
distance of this point below the point in the wall to which 
the string is fastened. 

Besvlt Suppose x the required distance, I the length of 
the string, h the height of the cylinder, b the diameter of its 
base; then 

3a?' = ?-A«-5". 

33. The ends of a string are fastened to two fixed points, 
and from knots at given points in the string given weights 
are hung ; shew that the horizontal component of the tension 
is the same for all the portions into which the string is 
divided by the knots. Shew also that if the weights are all 
equal the tangents of the angles which the successive portions 
of the string make with the horizon are in Arithmetical Pro- 
gression. (Such a system is called a Funicular Polygon,) 

34. Two uniform beams loosely jointed at one extremity 
are placed upon the smooth arc of a parabola, whose axis is 
vertical and vertex upwards. If I be the semi-latus rectum 
of the parabola, and a, b the lengths of the beams, shew that 
they will rest in equilibrium at right angles to each other, if 

l{a + b)(a' + b')^ = a*b'i 

and find the position of equilibrium. 

35. A quadrilateral is formed by four rigid rods jointed at 
the ends ; shew that two of its sides must be parallel in order 
that it may preserve its form when the middle points of either 
pair of opposite sides are joined together by a string in a state 
of tension. 

36. Four rods, jointed at their extremities, form a quadri- 
lateral, which may be inscribed in a circle : if they be kept 
in. equilibrium by two strings joining the opposite angular 
points, shew that the tension of each string is inversely pro- 
portional to its length, 

37* Four equal and Uniform heavy rods being jointed by 
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hinges so as to form a square, two opposite angles are con- 
nected by a string ; this frame-work stands on a fixed point, 
the string being horijzontal : find the tension of the string. 

Result. Twice the weight of a rod, 

38. Four equal and uniform heavy rods are connected by 
hinges ; the system is suspended by a string attached to one 
hinge, and the lowest hinge is in contact with a horizontal 
plane : find the tension of the string and the pressure on the 
plane. 

BesulL Each is twice the weight of a rod. 

39. A regular hexagon, composed of six equal heavy rods 
moveable about their angular points, is suspended from one 
angle which is connected by threads with each of the opposite 
angles. Shew that the tensions of the threads are as V^ • ^ 
Find also the strain along each rod. 

40. A regular hexagon is composed of six equal heavy 
rods moveable about their angular points ; one rod is fixed in 
a horizontal position, and the ends of this rod are connected 
by vertical strings with the ends of the lowest rod : find the 
tension of each string. 

Result f W\ where TFis the weight of a rod. 

41. Suppose that in the preceding Example each end of 
the fixed rod is connected with the more remote end of the 
lowest rod, so that the strings instead of being parallel are in- 
clined at an angle of 60° : find the tension of each string. 

Result. TFVS^ 

42. A regular hexagon is composed of six equal heavy 
rods moveable about their angular points, and two opposite 
angles are connected by a horizontal string ; one rod is placed 
on a horizontal plane, and a weight is placed at the middle 
point of the highest rod : find the tension of the string. 

Result, Let W be the weight of each rod, and W the 
"weight placed on the highest rod ; then the tension is 

, V3 * ^ 
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CHAPTER X. 

FRICTION. 

171. In the investigations of the preceding Chapter, we 
have supposed that the surfaces of the bodies in contact are 
perfectly smooth. By a smooth surface Is meant a surface 
which opposes no resistance whatever to the motion of a body 
upon it. A surface which does oppose a resistance to the 
motion of a body upon it is said to be rough. In practice it is 
found that all bodies are more or less rough. 

The friction of a body on a surface is measured by the 
least force which will put .the body in motion along the 
surface. Friction acts in the direction opposite to that in 
which motion is about to take place. 

172. Coulomb made a series of experiments upon the fric- 
tion of bodies against each other and deduced the following 
laws. M^moires dea Savans Etrcmgers, Tom. x. 

(1) The friction varies as the normal pressure when ihe 
materials of the surfaces in contact remain the same. When 
the pressures are very great indeed, it is found that the fric- 
tion is somewhat less than this law would give. 

(2) The friction is independent of the extent of the surfaces 
in ccmtact so Icmg as the normal pressure remains the same. 
When the surfaces in- contact are extremely small, as for in- 
stance a cylinder resting on a surface, this law gives the 
friction much too great. 

These two laws are true when the body is on the point of 
moving and also when it is actually in motion ; but in the 
case of motion the magnitude of the friction is not always the 
same as when the body is in a state bordering on motion : 
when there is a difference the friction is greater in the state 
bordering on motion than in actual motion^ ,, 

T. S. 14i 
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(3) The friction is independent of thie velocity when the body 
isinTnotion, 

It follows from these laws that if Pbe the normal pressure 
between two surfaces, then the friction is fiP, where /t is a 
constant quantity for the same materials and is called the co- 
ejfffcient of friction. 

The following results, selected from a table given by Pro- 
fessor Bankine, will afford an idea of the amount of friction as 
determined by experiment ; these results apply to the friction 
of motion. 

For iron on stone fi, varies between '3 and -7. 

For timber on timber '2 and '5. 

For timber on metals '2 and '6. 

For metals on metals *15 and *25. 

For full particulars on this subject we refer the reader to 
Coulomb's papers, and to the Memoirs published in the Mi- 
moires de I Institute by M. Morin ; see also Rankine's Manual 
of Applied Mechanics, and Mosele/s Mechanical Principles 
of Engineering and Architecture. 

173. Angle of Friction. Suppose a body acted on only by 
its weight to be placed on a horizontal plane and the plane 
to be turned round a horizontal line until the body begins to 
slide. Let W be the weight of the body And a the angle the 
plane makes with the horizon. The pressure of the body on 
the plane will be equal to the resolved part of its weight 
perpendicular to the plane, that is to W cos a. The friction 
is equal to the resolved part of the weight parallel to the 
plane, that is to TF sin a. If fju be the coefficient of friction, 
we have 

TTsin a = f^TFcos a ; 

therefore tan a = /*• 

This experiment will enable us to determine the value of the 
coefficient of friction for different substances. The inclination 
of the plane when the body is just about to slide is called 
the angle of friction. 

174. In Art. 32 we have found the condition of equilibrium 
of a particle constrained to rest on a smooth curve ; we proceed 



,«* 
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to the case of a particle on a rough curve. Suppose the curve 
a plane curve ; let X, Y be the forces which act on the par- 
ticle parallel to the axes of x and y exclusive of the action 
of the curve. The sum of the resolved parts of X and Y 
along the tangent to the curve is 

ds da* 

The sum of the resolved parts along the normal is 

K/tbe the coefficient of friction the greatest friction capable 
of being called into action is 



iK^I-^D- 



Hence, the condition of equilibrium will be that the numerical 

die du 

value of X-T- + Y ^ must be less than the numerical value 
ds da 

o( f/k (X -^-^ Y-T-j, without regard to sign in either case. 

This may be conveniently expressed thus, 

(xg+ r ^Jmust be less than /** (^ J- Y^J- 

We may exhibit this condition in a diflFerent form, as will be 
seen in the following Article. 

175. Next let the curve be of double curvature. Let P 
denote the resultant force acting on the particle exclusive 
of the action of the curve ; X, Y, Z the components of P" 
parallel to the axes ; l,m,n the direction cosines of the tan- 
gent to the curve at the point where the particle is placed; 
the angle between this tangent and the direction of P. The 
resolved part of P along the tangent is P cos 0, and that at 
right angles to the tangent is P sin 0. Hence, if /it be the co^ 
efficient of friction, we must have for equilibrium 

Pcoa0<fiPwi0i 

14—2 
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therefore coe* 0<fi*{l — coe* ff) ; 

therefore cob* < 



therefore ( /" /"^ ) < i^. • 

It is easy to shew that this result includes that of the former 
Article by putting w = 0, m = -^, Z= -7- • 

176. A particle is constrained to remain on a rough sur- 
face : determine the condition of equilibrium. 

Let P be the resultant force on the particle exclusive of 
the action of the surface ; <^ the angle between the direction of 
Pand the normal to the surface at the point where the particle 
is placed ; i^ = the equation to the surface ; x, y, z the co- 
ordinates of the particle. The resolved part of P along the 
normal is P cos ^, and that at right angles to the normal is 
Psin ^. Hence, for equilibrium we must have 

P sin ^ < /iP cos <^ ; 

therefore sin* ^ < /*" cos* ^ ; . 

therefore cos* ^ > 



therefore 



1 + /*'' 
\ dx dy dz) 1 

i©'-(i)'+.(£)]'^" 



177. In the following Articles of this Chapter we shall 
investigate certain equations which hold when the equilibrium 
of diCFerent machines is on the point of being disturbed. The 
equations in such cases will involve the forces acting on the 
machine and /a the coefficient of friction. When we have 
found one of these limiting equations, we can draw the follow* 
ing inferences : 

(1) If in order to satisfy the equation for a given set of 
forces it is necessary to ascribe to /it a value greater than its 
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extreme value for the substances in question, which is known 
by experiment, equilibrium is impossible. 

(2) If the limiting equation can be satisfied by ascribing 
to fi values less than its extreme value, equilibrium may be 
possible. We say may be possible, because the limiting equa- 
tion may not be the ordy equation of equilibrium, and of 
course for equilibrium it is necessary that all the appropriate 
equations be satisfied. 

We may illustrate the subject of friction by the solution of 
the following problem : 

A weight W\& placed on a rough horizontal plane ; a string 
is attached to W and passes over a fixed smooth puUy, and 
to the other end of the string a weight P is attached. Deter- 
mine the limiting inclinations to the vertical of the string 
which passes from Wto the fixed puUy, when there is equi- 
librium. 

Let 6 be the inclination of this string to the vertical. The 
tension of the string is equal to P. The body on the rough 
horizontal plane is acted on by the tension of the string, by 
its own weight, by the resistance of the plane, which is at 
right angles to the plane, and by the friction along the plane : 
denote the resistance by iZ, and the friction by [iR, 

Then resolving the forces horizontally and vertically we 
have 

}iR = P sin &, 

R + Pcosd=W. 

Hence, eliminating JR, we have 

/i(Tr-Pcos(9) = Psin^; 
Psm0 



therefore fi 



Tr-Pcos(9 
sin 



k—cosd' 



W 
where k is put for -p . 

We may, without any real loss of generality, suppose that 
^ ijs a positive angle not exceeding a right angle. 
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It may be shewn that the differential coefficient of t ^ 

ic """ cos u 

K COS ~~ 1 

with respect to 5 is 77 j^r^ ; this result will be useful as 

^ (*-cos6//' 

we proceed, 

I. Suppose W less than P, so that k is less than unity. 

Now fi may have any value from zero up to a certain limit, 

known by experiment, which we shall denote by tan e. Thus 

at the limit 

. sin ^ 
tan 6 s= -J ^ , 

h 
therefore cot 6 + cot ^ = - 



sine;' 

therefore sin (^ + e) = A; sin e. 

Let a be the least angle which has A; sin e for its sine, so 
that 

sin(^ + e)=sina. 

And as a is less than e the only solution admissible here is 

The expression ^j— ^ is not positive unless is greater 

than the value which makes cos 0=^k\ and for greater values 
of the expression decreases as increases, and has its least 

value with which we are concerned when ^ == « 5 its value 

1 . P 

then being t , that is, -™. 

Hence we have the following results : 

P 

If the coefficient of friction is less than -™ there is no posi- 
tion of equilibrium^ 
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P . . . 

If the coefficient of friction is greater than ^ equilibrium 
will subsist for all values of between tt — a — 6 and ^ . 

II. Suppose W greater than P, so that h is greater than 
unity. 

In this case a is greater than 6^ and the equation 

sin (^ + e) = sin a 
has two solutions which may be admissible, namely, 

0'\'€=^ay and 5 + € = 7r — a. 

The expression 773 2 ^^ always positive, and as ^ in- 



TT 



creases from to -x the expression increases up to a maximum 

value and then decreases. The maximum value is when 

1.1 . P 

cos ^ = 7 , and is -77T5 — tt, that is, 



Hence we shall obtain the following results : 
If the coefficient of friction is not less than 



IT 



equilibrium will subsist for all values of between and ^ . 

2 

P 

If the coefficient of friction is less than ^, equilibrium 

will subsist for all values of between alid a — 6. 

P P 

If the coefficient of friction lies between ^?Fvand 



equilibrium will subsist for all values of between and 



a — €, and between tt — a — e and ^ . 



III. Suppose Tr=P. In this case there is equilibrium 
when ^ = 0, no friction being then exerted ; and besides this 
we have results which may be deduced from those in the 
first case. Here a » € ; if the coefficient of friction is less 
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than unity there is no other position of equilibrium; if the 
coefficient of friction is greater than unity equilibrium will 




also subsist for all values of between ir-^ie and -z^ . 

2 

Or the results for the third case may be deduced from those 
given in the second case, observing that a = €• 

Equilibrium of Machines with Friction. 
178. Inclined Plane, 

Let a be the inclination of the plane to the horizon. Sup- 
pose a force P^ acting at an in- 
clination to the plane and the 
body on the point of moving dovm 
the plane. Let R be the normal 
action of the plane, fiR the friction 
which acts up the plane, TF the 
weight of the body. Resolve the 
forces along and perpendicular to* 
the plane; then, for equilibrium 
we have 

PjCos^ + ^JK- Trsina = (1), 

5 + P,sin^-Trcosa = (2). 

Substitute in (1) the value of -B from (2); thus 

p TFsing — ^TTcosa 
* cos ^ — /A sin ^ 

Next, suppose P^ a force acting at an inclination 9 to the 
plane, such that the body is on the point of moving up the 
plane. Friction now acts down the plane, and we shall find 

p TFsin a + ^ TFcos a 
• ' cos d + A^ sin ^ 

This result may be deduced from the former by changing the 
sign of ^. 

There will be equilibrium if the body be acted on by a 
force P, the magnitude of which lies between Pj and P^. 



s. 
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Suppose 6 to be the angle of friction, so that tan € = ^, 

^, T, TFsina — taneTFcosa TTsinCa — e) 

then jP = 5 — 7 . a = TS' — sr- • 

* cos^ — tanesin^ cos (^ + 6) 

Similarly P,=Z!iE>±^. 

•^ . * cos (^ — 6) 

Suppose we require to know the least force which will 
suffice to prevent the body from moving down the plane. 
The expression for P^ will be least when cos [6 + e) is 
greatest, that is when d + e = 0, that is when ^ = — e ; and 
thenPj=:Trsin(a-€). 

Again, suppose we require to know the least force which 
will suffice to move the body up the plane. The expression 
for Pg will be least when cos {0 — e) is greatest, that is when 
6=e', and then Pj= W^sin(a + €); a force which is just 
greater than this would move the body up the plane. 

The following problem will illustrate the subject of the 
inclined plane with friction. A weight W is placed on a 
rough inclined plane, and is attached by a string to a point 
above the plane : determine the limiting positions of equi- 
librium. 

Let a be the inclination of the plane to the horizon, /8 the 
inclination of the string to the plane, T the tension of the 
string, R the resistance of the plane. Since the body is con- 
strained to remain at a constant distance from the fixed point, 
it must be situated on the circumference of a certain circle 
described on the plane; suppose the angular distance of the 
position of the body from the lowest point of the circum- 
ference. The forces which act on the body at right angles 
to the plane are TFcos a, Tsin/S, and B, Thus 

5+rsin^- TToosa-O (1). 

The forces which act on the body in the pilane are TFsin a, 
Tcos P, and the friction p^R. Resolve these forces along the 
radius and tangent at the point of the circumference at which 
the body rests. Thus 

Tcos/S- Trsinacos^ = (2), 

/i5-Fsiuasin^ = (3). 
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From (1) and (3) we obtain 

/irsin/8 = /iTFcosa— TTsinasind; 
hence by (2) 

. n f^ <^os a — sin a sin 
8in a cos 



Therefore 



sin a sin 



cos a — sin a tan ff cos 

cot 13 sin 
coiacoi 13 "0080* 



This result may then be developed in the manner already 
exemplified in Art. 177. 

179. Lever with Friction. 

Suppose a solid body pierced with a cylindrical hole through 




which passes a solid fixed cylindrical axis. Let the outer 
circle in the figure represent a section of the cylindrical hole 
made by a plane perpendicular to its axis, and the inner circle 
the corresponding section of the solid axis. In the plane of 
this section, we suppose two forces P and Q to act on the 
solid body at the points A and B, Also at the point of con- 
tact G there is a normal force B and a tangential force F. 
These four forces keep the body in equilibrium. 

Since B and F have a resultant passing through C, it fol- 
lows, by Art. 58, that the resultant of Pand Q must also pass 
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through G. . Let 7 be the angle between the directions of 
P and Q, and S the resultant of P and Q ; then 

^ = P«+^ + 2PQcosy. 

Let the direction of 8 be represented by the dotted line 
making an angle with JB. Then since F^ B, and 8 are in 
equilibrium^ 

It^8(ios0 (1), 

.F=-8Bin0.. (2). 

For the limiting position of equilibrium F=^ fiB ; therefore 

tan^ = /* (3). 

We may now find the relation between P and Q, by taking 
moments round the centre of the exterior circle ; let r be the 
radius of this circle ; a and b the distances of A and JB from 
its centre ; a and j3 the angles which the directions of P and 
Q make with these distances ; then 

Pasina + jFV=:Q6sin)8; 

or by (2) and (3),' 

Til 

Pa sina+Ti— -r| (P*+Q»+2PQcos7)* = Q6 Bvafi...(i). 

If we suppose the friction to act in the opposite direction to 
that in the figure^ we shall obtain 

Pa sin a ^^^ (P* + Q' + 2P QC0S7)* = Qb^mp. .. (5). 

Equilibrium will not subsist unless P, Q, a, b, a, 13, 7 are so 
adjusted that (4) or (5) can be satisfied without giving to fi 
a value greater than its limit known by experiment. 

The following form may be given to the limiting equation. 
Let s be the length of the perpendicular from the centre of the 
outer circle on the dotted fine. Since F, B, and 8 are in equi- 
librium, we have by taking moments 

Fr^8s; 
therefore — ^-r-i=** 
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180. Wedge with Friction. (See Art 168.) . 

Suppose the wedge to be on the point of moving in the 
direction ^in which 2P urges it, and 
assume for simplicity that each face 
is similarly acted on by the obstacle. 
The forces which maintain the wedge 
in equilibrium are 2P perpendicular 
to the IKick end, B perpendicular to 
each face, and fiR along each face 
towards the thick end. Hence, re- 
solving the forces parallel to the direc- 
tion of 2P^ ' 

P= B siaa + fiR cosa (1). 

Forces equal and opposite to B and /iB act on the obstacle 
at each point of contact. If Bf be the resultant of B and fiB, 
we have 

i2' = iZV(l+A*') ' (2). 

Let 8 be the resolved part of iJ' along a direction making 
an angle i with that of B and i with that of M (see Art. 168} ; 
then 

S^B^cosi' 

^Bcosi +/i-Bsini. (3). 

(1), (2), and (3) will give the ratio of Pto B' and of P to 8. 

181. Screw with Friction. (See Arts. 169, 170.) 

If the surfaces of the screw are rough it is kept in equi- 
librium by W, P, a system of forces perpendicular to the 
surface of the groove, and a system of forces arising from 
friction. Let B^ denote one of the forces perpendicular to the 
surface of the groove, fiB^ the corresponding friction ; then B^ 
makes an angle a with the axis of the cylinder on which the 
screw is raised, and fiB an angle Jtt — a with the axis of the 
cylinder. Suppose W about to prevail over P; then resolving 
the forces parallel to the axis of the cylinder, and taking 
moments round it, we have 

W — XB (cos a + A* sin a) = 0, 

Fa — XB (sin a — /a cos a) 6 = 0, 
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Therefore P ^ 6 (sin a - ^t cos a) 

W a (cos a + A^ sin (z) 

_ J tana — /* 
" a \-\-fi tan a 

= - tan fa — e), 

if /i = tan6. 

If we supj^ose P about to prevail over W, we shall find 
similarly 
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1. A rectangular prism, whose breadth is. 2.85 feet and 
thickness less than 2 inches, is laid with its axis horizontal, 
and with its smaller face on an inclined plane where the 
coeflScient of friction is -j^. Shew that if the inclination of 
the plane is gradually increased, the prism will roll before it 
l^ill slide, 

2. If the roughness of a plane which is inclined to the 
horizon at a known . angle be such that a body will just 
rest supported on it, find the least force requisite to draw 
the body up. 

Results. Let a be the inclination of the plane, W the weight 
of the body ; then the force must be just greater than TFsin 2a, 
and act at an inclination a to the plane, 

3. Two rough bodies rest on an inclined plane, and are 
connected by a string which is parallel to the plane ; if the 
coeflScient of friction be not the same for both, find the 

Seatest inclination of the plane which is consistent with equi- 
)rium. 



Re^t. tand.£i^,p 
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4. A rectan^lar table stands on a rough inclined plane» 
and has two sides horizontal : if the coefficient of friction of 
the lowest feet be /a and that of the others be ii\ find the 
inclination of the plane when the table is on the point of 
sliding. 

5. Two unequal weights on a rough inclined plane are 
connected by a string wnich passes through a fixed pully in 
the plane : find the greatest inclination of the plane consistent 
with the equilibrium of the weights. 

Beemt tana = '--W* — nr^. 

6. A heavy uniform rod whose length is 2a is supported 
by resting on a rough p^, a string of length I being attached 
to one end of the rod and fastened to a given point in the 
same horizontal plane with the peg. If when the rod is on the 
point of sliding the string is perpendicular to it the coefficient 

6f friction is - • 

a 

7. Two weights P, Q of similar material rest on a rough 
double inclined plane, and are connected by a fine string 
passing over the common vertex : Q is on the point of motion 
down the plane> shew that the weight which may be .added to 
P without producing motion is 

P8in2<^sin(a + /8) 
sin (/8 — ^) sin (a — ^) 

a, )3 being the' angles of inclination of the planes and tan 0. 
the coefficient of friction. - 

« 

8. A weight Pis attached to a point in the circumference 
of a rough circular ring whose weight is Wi shew that the^ 
ring will hang on a horizontal rod in a plane perpendicular to 
it with any point of the ring in contact with the rod, if the 
coefficient of friction be not less than 

•" , W 

where n = -T7. 



V(n" + 2n)' 



9. Two equal heavy rings are moveable on a horizontal 
rough rod ; a string, of given length which passes through 
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them has both ends attached to a given weight: find the 
greatest possible distance between the rings. 

10. Three equal hemispheres, having their bases down- 
wards, are placed in contact with each other upon a horizontal 
table ; if a smooth sphere of the same substance and equal 
radius be placed upon them, shew that there will be equilibrium 
or not, according as the coefficient of friction between the 
hemispheres and the table is greater or less than ^V^- 

11. A uniform rod rests wholly within a rough hemi- 
spherical bowl in a vertical plane through its centre, prove 
that the limiting position of equilibrium will be given by the 
equation 

. ^ sin 26 

^'^^""2cos(/S + €)cos03-€)' 

being the inclination of the rod to the horizon, 2^ the 
angle it subtends at the centre, and tan € the coefficient of 
friction. 

,12. A thin rod rests in a horizontal position between two 
rough planes equally inclined to the horizon, .and whose 
inclination to each other is 2a: if fi be the coefficient of 
friction, then the greatest possible inclination of the line of 

intersection of the planes to the horizon is tan"* . > 

^ sma 

13. A surface is formed by the revolution of an equi- 
lateral hyperbola about one of its asymptotes which is ver- 
tical; shew that a particle will rest upon it, supposing it 
rough, anywhere beyond the intersection of the surface with 
a certain circular cylinder. 

14, A heavy particle under the action of gravity will rest 

on a rough paraboloiTl — h^ = 2i?, if it be placed on the 

surface at any point above the curve of intersection of the 

surface with' the cylinder t + ^ = /** 5 the axis of the para- 

bolpid being vertical, its vertejt upwards, and fi the coefficient 
offriction« 
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15. A rough elliptic puUy of weight W can turn- freely 
about one extremity of it« major axis, and two weights, P, Q, 
are suspended by a string which passes over the pully ; when 
in equilibrium its plane is vertical, and its axis inclined at 
60* to the horizon, prove that the excentricity of the ellipse 
is equal to 

V{(3Q+Tr-P)(Q-Tr-3P)} 
((2-P)V3 

"16. A heavy hemisphere rests with its convex surface on 
a rough inclined plane. Find the greatest possible inclina- 
tion of the plane. 

17. One end ^ of a heavy rod ABO rests against a rough 
vertical plane ; and a point B of the rod is connected with a 
point in the plane by a string, the length of which is equal 
to AB : determine the position of equilibrium of the rod, and 
shew how the direction in which the friction acts depends 
upon the position of B. 

18. Three equal balls, placed in contact on a horizontal 
plane, support a fourth ball. Determine the least values of 
the coefficients of friction of the balls with each other and 
with the plane, that the equilibrium may be possible. 

Eesults. Let W be the weight of each of the three lower 
balls, W the weight of the upper, d> the angle which the 
straight line joining the centre of the upper ball with the 
centre of one of the lower balls makes with the vertical ; then 

the coefficient of the friction between the balls is tan •- , and 

the coefficient of the friction between the balls and the plane 

is -Txr? — sTFfrtan ^. If all four balls are equal we have 
W +3 vv z 

sin^ = -T^, so that tan^«V3 — V2. 

19. Determine the curve on the rough surface of an 
ellipsoid, at every point of which a particle acted on by three 
equal forces whose directions are parallel to the axes of the 
ellipsoid, will rest in a limiting position of equilibrium. 
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20. BCDE is a square board ; a string is fixed to a point 
-4 in a rough wall and to the corner B of the board. Shew 
that the board will rest with its plane perpendicular to the 
wall, and its side CD resting against it, if ^4(7 be not greater 
than fiBG» 

21. A rectangular parallelepiped of given dimensions is 
placed with one face in contact with a rough inclined plane ; 
determine the limits of its position in order that equilibrium 
may exist, 

22. A board, moveable about a horizontal straight line in 
its own plane, is supported by resting on a rough sphere 
which lies on a horizontal table : find the greatest inclination 
at which the board can rest. 

Result, Let be the inclination of the board to the hori- 
zon ; then tan ^ = A*, where /^ is the coefficient of the friction 
between the board and the sphere. 

23. A string PCB passes over a smooth pully (7, and 
has a given weight P attached to one extremity, while the 
other extremity B is attached to one end of a heavy uniform 
beam AB at B The other end A of the beam rests upon 
a rough horizontal plane ; determine the position of the beam 
when in equilibrium. 

24. A hemisphere is supported by friction with its curved 
surface in contact with a horizontal and vertical plane : find 
the limiting position of equilibrium. 

Eemlt. If 6 be the inclination of the plane base to the 

horizon, sin ^=^#±^. 

' 3(1+/^*) 

25. When a person tries to pull out a two-handled drawer 
by pulling one of its handles in a direction perpendicular 
to its front, find the condition under which the drawer will 
stick fast. 

26. Determine the condition under which a given weight 
may be supported on a rough vertical screw without the 

T.s. 15 
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action of any force ; for example, if the coeflScient of friction 
be J, find the least number of turns which may be given to 
a thread on a cylinder 2 feet long and 6 inches in circum- 
ference. Beault Eight. 

27. Two uniform beams of the same length .and material 
placed in a vertical plane, are in a st^te of rest bordering 
on motion under the following circumstances: their upper 
ends are connected by a smooth hinge, about which they 
can move freely ; their other ends rest on a rough horizontal 
plane, and the beams are perpendicular to each other : find 
the coeflScient of friction between the beams and the hori- 
zontal plane, * Result /a = i- 

28. A straight uniform beam is placed upon two rough 
planes whose inclinations to the horizon are a and a', and 
the coeflficients of friction tan X and tan X' : shew that if be 
the limiting value of the angle of inclination of the beam to 
the horizon at which it will rest, W its weight, and E, E the 
pressures upon the planes 

2 tan d = cot (a + X') -cot (a- X), 

R _ K ^ W 

cos X sin (a' + X') cos X' sin (a — X) sin (a — X + a + X') ' 

29. A heavy right cylinder is placed with its base on a 
rough horizontal plane, and is capable of motion round its 
axis : find the least couple in a horizontal plane which will 
move it. 

30. Two weights of diflferent material are laid on an in- 
clined plane connected by a string extended to its full length, 
inclined at an angle 6 to the line of intersection of the inclined 
plane with the horizon ; if the lower weight be on the point 
of motion find the magnitude and direction of the force of 
friction on the upper weight. 

31. A carriage iltands upon four equal wheels ; given the 
coeflBcient of friction between the axles and the wheels find 
the greatest slope on which it can remain at rest neglecting 
the weight of the wheels. 
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CHAPTER XL 

FLEXIBLE INEXTENSIBLE STRINGS. 

182. A STRING is said to be perfectly flexible when any 
force, however small, which is applied otherwise than along 
the direction of the string, will change its form. For short- 
ness, we use the word fleaMe as equivalent to perfectly 
fleocible. Sometimes the word chain is used as synonymous 
with string. 

If a flexible string be kept in equilibrium by two forces, 
one at each end, we assume as self-evident that those forces 
must be equal and act in opposite directions, so that the 
string assumes the form of a straight line in the direction of 
the forces. In this case the tension of the string is measured 
by the force applied at one end. 

Let ABG represent a string kept in equilibrium by a 

force T at one end A and an equal force T 

at the other end C acting in opposite direc- b ^ 

tions along the line A G. Since any portion AB of the string 
is in equilibrium it follows that a force T must act on -4^ 
at B from B towards G in order to balance the force acting 
at A ; and similarly, a force T must act on BG from B to- 
wards A in order that BG may be in equilibrium. This result 
is expressed by saying that the tension of the string is the same 
throrighovt. 

Unless the contrary be expressed, a string is supposed 
inextensihle and the boundary of a transverse section of it is 
supposed to be a curve, eveiy chord of which is indefinitely 
small* 

183. When a flexible string is acted on by other forces 
besides one at each end it may in equilibrium assume a 
cwrvilinear form. If at any point of the curve we suppose 

15—2 
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a section made by a plane perpendicular to the tangent, the 
mutual action of the portions on opposite sides of this plane 
must be in the direction of the tangent, or else equilibrium 
would not hold, since the string is perfectly flexible. 

184. A heavy string of uniform density and thickness is 
suspended from two given points ; required to find the eqvu^ 
tion to the curve in which the string hangs when it is in equi- . 
librium. 

Let A, B be the fixed points to which the ends are 
attached ; the string will rest in a 
vertical plane passing through A 
and jB, because there is no reason 
why it should deviate to one side 
rather than the other of this ver- 
tical plane. Let AGB be the form 
it assumes, C being the lowest 
point ; take this as the origin of 
co-ordinates ; let P be any point in 
the curve; CM, which is vertical, 
= y ; MPy which is horizontal, = x ; 
CP=s. 

The equilibrium of any portion CP will not be disturbed 
if we suppose it to become rigid. Let c and t be the lengths 
of portions of the string of which the weights equal the 
tensions at G and P. Then CP is a rigid body acted on 
by three forces which are proportional to c, 5, and t, and act 
Respectively, horizontally, vertically, and along the tangent 
at P. Draw PT the tangent at P meeting the axis of y 
in T] then the forces holding CP in equilibrium have their 
directions parallel to the sides of the triangle PMT, and 
therefore bear the same proportion one to another that these 
sides do (see Art. 19) ; therefore 

PM tension at lowest point dx c 

^ : -^ or := — 

MT weight of the portion CP' dy s' 




therefore 
therefore 



dy _s , t?y _ s 

y + c = V(c' + ; 



(»); 
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the constant add^d being such that ^ = when 5 = 0; there- 
fore 

d' = y'+2yc (2). 

., dos c c 

Also 



therefore 0.^0106 ^-^^-^^^-^'"^^'^^^ (3), 

c 

the constant being chosen so that x and y vanish together. 
The last equation gives 

X 

ce" = y + c + V(y* + 2yc). 
Transpose and square ; thus 

fix « 

cV -2(y + c)ce^ + c' = 0; 

therefore y + o = Jc(e'' + e *)..... (4). 

Also « = V{(2^ + cY - (f) by (2) 

= ic(e^-e"') (5). 

Any one of these five equations may be taken as the equation 
to the curve. If in equation (4) we write y' for y + c, which 
amounts to moving the origin to a point vertically below the 
lowest point of the curve at a distance c from it, we have 

When the string is uniform in density and thickness, as in 
the present instance, the curve is called the common catenary. 

185. To find the tension of the string at any point. 

Let the tension at P be equal to the weight of a length t of 
the string; then, as shewn in the last Article, 

tension at P _ PT , - t ^ds 
weight of OP" 5W' *^®^^*^_^^ l-dy' 
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But a' = y' + 2yc by equation (2) of Art. 184, therefore 

« • > 

This shews that the tension at any point is the weight of 
a portion of string whose length is the ordinate at that point, 
the origin being at a distance c below the lowest point. 

Hence, if a uniform string bang freely over any two points, 
the extremities of the string will lie in the same horizontal 
line when the string is in equilibrium. 

186. To determine the constant c, the position of the points 
of suspension and the length of the string being given. 

Let A and B be the fixed 
extremities, (7 thelowest point ^ 

of the curve. 




0(7= c, OM^a, 

ON^a\ MA^b, 

NB^V, GA^l, CB^V. 

Also let a-i-a' =h' 

b-V^k 
l + l'^\] 

then h, k,'X are known quantities, since the length of the string 
and the positions of its ends are given. From Art. 184 



(1); 



a 



6' = ic(e°+e"'") 
Z=ic(^'-e"') 



(2). 



Equations (1) and (2) are theoretically suflScient to enable 
us to eliminate a, a\ b, b\ I, and I' and to determine c. Wc 
may deduce from them 

, x^^{er-e~' + e'-e~'), 

, a _a o^ of 

k^ic{e^ + e''^^e'-f')l 
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a a^ 

therefore X + i = c (e'' — e" '' ), 

therefore X' - A;' = c' (e • +0" ' - 2) 

= c*(e" + e"^-2); 

therefore V(^' - A') = c (e^- O (3). 

• 

This is the equation from which c is to be found, but on 
account of its transcendental form it can only be solved 
by approximation. If the exponents of e are small, we may 
expand by the exponential theorem and thus obtain the ap- 
proximate value of c. In order that the exponents may be 

small, c must be large compared with h ; since -p = . ^ .,v 

by Art. 184 it follows that when c is large, compared with 

the length of the string, -^ is small, and therefore the curve 

does not deviate much from a horizontal straight line. Hence, 
when the two points of support are nearly in a horizontal line 
and the distance between them nearly equal to the given 

length of the string, we may conclude that - will be small. 

c 

In this case, we have from (3) 

V(X--F) = 2o{A + |Q^)V^(*)V...| (4); 

A' . 

therefore V(^' — A:*) = A + ^j-^ approximately. 

The right-hand member of (4) continually decreases as c" 
increases ; so that there cannot be more than one value of c^ 
which satisfies the equation. 

187. To find the equations of equilibrium when a flexible 
string is acted on by any forces. 

Let Xy y, z be the co-ordinates of a point P of the string ; 
let s denote the length of the curve BP measured from some 
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fixed point B up to P, and & the length of the arc PQ 
between P and an adjacent point Q. Let k be the area of a 
section of the string at P, and p the density at P; let T be the 

tension of the string atP; then T-^y ^7/ > *^^ ^T" ^® 

the resolved parts of T parallel to the co-ordinate axes ; and 
the resolved parts of the tension at Q parallel to the axes will 
be, by Taylor's Theorem, 

T^ + ^(t^ S» +tenns in («»)', &c. 
dy d 



as as \ dsJ 
ds ds\ ds) 



Let XpKSSf YpK^dy ZpK^s Jbe the external forces which act 
on the element PQ parallel to the axes. The equilibrium 
of the element will not be disturbed by supposing it to 
become rigid; hence, by Art. 27, the sum of the forces 
parallel to the axis of x must vanish ; thus 

or Tf [-^ t) ■*■ ^^'^ ~ ^ ultimately. 

Similarly ^{t^^^ Tp.^O, and | [T§)+Zp.^O. 

The product xp may be conveniently replaced by m, so 
that if m be constant ml represents the mass of a length I 
of the string, and therefore m the mass of a unit of length 
of the string. If m be not constant, conceive a string having 
its length equal to the unit of length and its section and 
density throughout the same as those of the given string at 
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the point (a?, y, z), and then m will be the mass of such sup- 
posed string. 

The element Ss of the string, the equilibrium of which 
we have considered, becomes more neariy a particle the more 
we diminish Ss ; hence it is sufficient to consider the three 
equations of Art. 27 instead of the six equations of Art. 73. 

The three equations which we have found are theoretically 
sufficient for deterpaining T,t/, and ;s as functions of x, remem- 

bering that g = y/{l + (^% (J) }; and when we know 

the values of y and z in terms of x, we know the equations 
to the curve which the string forms. 

. 188, The equations for the equilibrium of a flexible string 
may be written thus : 



^cPx dTdx ^ ^ ^ 
T-r^ + '-j- -T-+mX=0 
as as as 

as as as 
d*z dTdz, 



)■ (1). 



dx dv dz 

Multiply these equations by -^ , -^ , and -r respectively and 

add ; then, since 

^ dx d^x dy d^y dz d^z ^ ^ 

ds ds^ " ds ds* ds ^?"" ' 

wehave f +^ (x J + 7| + zg) = (2); 

therefore 2'+Jm(x^+ r^ + Z^)tfe = constant...(3), 
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If the forces are such that m {Xdx + Ydy + Zdz) is the im- 
mediate diflferential of some function of a?, y, z^ saf{x, y, z), 
theu 

T+f{Xf y, z) = constant. 

If the forces are such that their resultant at every point 
of the curve is perpendicular to the tangent at that point, 
we have 

da as da 

therefore, by (3), Tis constant. 

In the equations (1) transpose the terms mX, mY^ mZ to 
the right-hand side, then square and add ; thus 

Hence if p be the radius of absolute curvature of the curve 
formed by the string, and FmSs the resultant external force 
on the element Bs, so that i^ = Z" + F* + if*, 



(f)'-©'-^ (*)• 



p 

If rbe constant -j- = ; hence in this case wF varies as -. 

as p 

From the equations of equilibrium in Art 187, we deduce by 
integration, 

T^^-fmZds. 

Square and add ; then 

r = {JmXdsY + IJmTds}* + {JmZda}' (5). 

The constants that enter when we integrate the differential 
equations of equilibrium must be determined from the special 
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circumstances of each particular problem. Thus the co- 
ordinates of fixed points to which the ends of the string 
are attached may be given^ and the length of the string. 
Or, besides the forces represented by mXSsy mYBs, and mZSs 
acting on each element, given forces F^ and F^ may act at 
the extremities of the string ; in this case if T, and T^ denote 
the values of T at the two extremities of the string, we must 
have T^ equal in magnitude to F^ and opposite to it in 
direction, and similarly for T^ and F^ 

dT 
189. From equations (1) of Art. 188, eliminate T and -7- ; 

then we have 

y fcPy dz^cPz dy\ y (d^z dx dPx^ dz\ 
\d^ ds cfo' d^J \d8* ds ds* da) 



.^f^dy^d'i/dxX^ 
'^^[ds'ds ds^ ds)"^' 



this shews that the resultant external force which acts on an 
element hs of the string lies in the osculating plane at the 
point {x, y, z). 

190. The general equations of equilibrium become, when 
all the forces are in one plane, namely, that of {x, y), 

Suppose X=0, so that the external force is parallel to the 
axis of y ; the first equation gives 

dx 
T'-r-^SL constant, C say, 

therefore ^=^ (^)- 

Hence the second equation becomes 



"sCD^-^-o- 



■" « SS + '"5'- ■: » 
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For example ;. required the form of the curve when its 
weight is the only force acting on it, and the area of the 
section at any point is proportional to the tension at that 
point. Here Fis constant and may be denoted by —^r, the 
axis of y being, vertically upwards. And T varies as w, so 
that T— \m where \ is a constant. Thus from (2) and (3) 
we obtain 

A fdxy _ ff 



[dsj ""X* 

Put a lor - ; thus -y^ l-j-] = - , 
g ax \dsj a 



therefore 



da? 



<i) "' 



CuU OR 

therefore tan"* -/ = - + constant. 

ax a 

The constant vanishes if we suppose the origin at the lowest 
point of the curve ; therefore 

dy , X 
■— = tan - ; 
ax a 

therefore -== — logcos- (A\ 

a ^ a ^ \ 

Since in this case the area of the section at any point is pro- 
portional to the tension at that point, the curve determined by 
(4) is called the Catenary of equal strength. 

Since r=\w?=magr, we have the following result: the 
tension at any point is equal to the weight of a length a of 
a uniform string of the same area and density as the string 
actually has at the point considered. 

191. The equations (1) of the preceding Article may be 
written 

^$+fS+"^-« w- 

^S-fS--^-» (^>- 
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Multiply (1) by -^ and (2) by -^ and subtract ; thus 

from Vbichy since -y- --tt + -^ -A = 0, we find 

dx 

da* 
Agaiu, multiply (1) by -j- and (2) by ^ and add ; then 



dT 

ds 



^"■(^5+^S) = » W 



From (3) and (4) by eliminating T, we deduce 



dx 



m 



i^^^^'iHi-^i^'i-^ih"' 



which is the general equation to the curve when given forces 
act in one plane. 

192. In Art. 188 we have found the equations 



. ©■ 



p/+(f)"="'*^ ■■■••(2)- 



Let <}> be the angle which the resultant force mFSa makes 
with the tangent at the point (a?, y, z) ; then 
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therefore by (1), 



^=-»»2^co8^ (3). 

and therefore, by (2), . 

/^'=m^i^'sin'^ (4). 

If the force be such that its direction always passes through 
a fixed point, the whole string will lie in a plane passing 
through its ^nds and through the fixed point, for there is 
no reason why it should lie on one side rather than the 
other of this plane. Let r be the distance of the point 
(a?, y, z) of the curve from the fixed point, p the perpendicular 
from the fixed point on the tangent at (a?,y, z) ; then (3) and 
(4) may be written 

dT T~,dr /(jv 

d7=-"^^dJ • (^^' 



Hence 



-^-mFl (6). 

p r 

T ds" ppds'^ pds* 



therefore log T = constant - log p, 

or , Tp^G. 

Also, from (5), r= - jmFdr. 

Q 

Therefore - = - SmFdr. 

p 

Put ^ (r) for -JmFdr ; then 



*«=|-«{^^^.(l)T 



and from this differential equation the relation between r and 
must be found. 

The equation Tp-G may also be obtained simply thus : 
suppose a finite portion of the spring to become rigid; this 
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portion is acted on by the tensions at its two ends and by 
other forces which all pass through a fixed point; take moments 
round this fixed point ; hence the product of the tension into 
the perpendicular from the fixed point on the tangent must 
have the same value at the two ends of the finite portion of 
the string. Thus Tp = constant. 

193. The results of the last Article give us the form of a 
string when acted on by any central force; these results may 
also be obtained directly in the following manner. 

Let be the centre of force, P a point in the curve, Q an 




adjacent point ; r, 6 the polar co-ordinates of P; let s be the 
length of the curve measured from some fixed point up to P, 
and FQ==Ss. Draw PL the tangent at P; and PN, Q^ nor- 
mals at P and Q respectively, then PN is ultimately the radius 
of curvature at P. Let T denote the tension at P, T+hT the 
tension at Q, FmSs the force acting on the element PQ, which 
will ultimately be in the direction OP produced. 

Let PNQ = yfr, and ^ be the angle between PL and OP 
produced. Resolve the forces acting on the element along PL 
and PN; then 

{T+8T) cos yjr + FmSs cos ^ - r= 0, 

{T+ST) sin 'f - FmSs sin ^ = 0. 



Now 



sin -^ = — ultimately, and cos -^ =1. 



240' STRING ON SMOOTH CURVE, 

Hence the equations become 

BT-{-FmBs cos 4> = 0, 

jrp 

or -1— + jp>Aicos^ = 0, 

T . 

and Fm sin <t = 0, 

P ^ 

and the solution may be continued as in the last Article. 

We have supposed the force repulsive, that is, tending 
from ; if it act towards the figure will be convex towards 
and we shall have the results 

-3 mFcos6 — 0, mFsin<f> = 0. 

ds ^ p ^' 

194}. A string is stretched over a smooth plane curve; to 
jmd the teiision at any point and the pressure on the curve. 

First suppose the weight of the string neglected. 

Let APQB be the string, A and B being the points where 




it leaves the curve. Let P, Q be adjacent points in the string ; 
let the normals to the curve at P and Q meet at ; let tf be 
the angle which PO makes with some fixed straight line, and 
0+hd the angle which QO makes with the same line. The 
element PQ is acted on by a tension at P along the tangent 
at P, a tension at Q along the tangent at ft and the resistance 
of the smooth curve which will be ultimately along PO. 
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, Let 9 be the length of the curve meastired from some fixed 
point up to P, and PQ = & ; let Bis denote the resistance of 
the curve on PQy T the tension at P, T+ hT the tension 
at Q. Suppose the element PQ to become rigid, and resolve 
the forces acting on it along the tangent and normal at P ; 
then 

r-(r+sr) cos 8^=0 (i), 

JBSf-(r-fSr) sin 8^ = (2). 

Now cosS^==l-Y^+ 14 -••• 

hence (1) gives by division by hO 

g_(r.en{f-M.,.,.}.o; 



therefore ultimately 



dJB "' 



therefore T= constant (3). 

Also Ss^pSO ultimately, p being the radius of curvature at P, 
therefore, from (2), we have 

T 

-B=- (4). 

p ^ ^ 

Since T is constant, the string will not be in equilibrium 
unless the forces pulling at its two ends are equal ; this is 
usually assumed as self-evident in the theory of the pully. 

The whole pressure on the curve will be JBds ; therefore by 
(4), the whole pressure 

Since T is constant, JTdd ^ T0+ constant ; 

therefore the whole pressure = T{0^'-$^, supposing 0^ the 
value of ai A, and 0^ the value of at £. 

T. S. 1& 
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Next snppose the weight of the string taken into account, 
|md the plane of the string yertical. 

. o „ 




Take the axis of y horizontal and that of x vertically ' 
downwards. The element PQ is acted on by a tension at P 
along the tangent at P, a tension at Q along the tangent at 
Q, the weight of the element vertically downwards, and the 
resistance of the smooth curve which will be ultimately along 
the normal at P. Let be the acute angle which the normal 
PN makes with the axis of a?, 5 + B0 the angle which the 
normal QN makes with the axis of x. Let 8 be the length 
of the curve measured from some fixed point up to P, and 
PQ^B8; let T be the tension at P, and T+ 8T the tension 
at Q ; let mgSs be the weight of the element, and BSs the 
resistance of the smooth curve on the element. Suppose the 
element PQ to become rigid, and resolve the forces acting on 
it along the tangent and normal at P; then 



T-(T+SI^ cos 80^ mgS8 sin 

JB&- (r+ 8T) sin S^ - 7Wflr& cos ^ 

From (6) we obtain ultimately 

dT a 
-^^-mgsin0 








(5), 
.(6). 
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and from (6) 

T 
JB= — + w5rcos^ (8), 

where p is the radius of curvature of the curve at P^ 

Since the curve is supposed to be a known curve, 8 and /> 
may be supposed known functions oid\ thus (7) and (8) will 
enable us to find T and R in terms of 6^ Or we may express 
T and R in terms of the rectangular co-ordinates of the point 
P; for if we denote these co-ordinates by x and y, we hav^ 

thus (7) may be written 

dT dx 

therefore, if m be constant, 

r= - TWflra? + (7, 

where C is some constant ; the value of this constant will be 
known if the tension of the string be known at some given 
point, for example at A or at B. 

Also from (8) 

and /} and -^ will be known in terms of x and y since the 
curve is known* 

In the above investigations we stated that the resistance 
of the curve on £he element PQ acts ultimately along the 
normal at P ; and in forming the equations of equilibrium 
of the element of the string we supposed the resistance to act 
strictly along the normal at P. It is easy to shew that no 
error is thus introduced. For at P the resistance is along 
the normal at P, and at Q the resistance is along the normal 

16—8 
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at Q, hence the resistance on the element PQ may be takeni' 
to be a force which acts in some diirfection intennediate be- 
tween the directions of the^e two normals; suppose -^/r the 
angle which its direction makes with that of the normal at P. 
We should then write ^S^cos-^ instead of i?& in the equa-^ 
tions (2) and (6), where -^ is an angle less than 8^;. hence in 
the limit cos'>^=l and equations (4) and (8) remain un- 
changed. Also the term RBs sin '^ mtist be introduced itito 
equations (1) and (5) ; thus equation (1) becomes 

r-.(r+ST)co8S5--B&aiu^ = 0; ; _ 

therefore ^- (^+810 If ^-^V.. j+.Bg^sin^ = 0; 

and ultimately ^ = /> and sin-^sO; hence as before ., : > 

Similarly we may shew that equation (7) remains true after 
the introduction of the term Bos sin '^ into equation (5). 

, 195. A string w stretched over a rough plane curve ; to find 
{he tension at any point and the pressv/re on the curve in the 
limiting position oj equilibrium. 

First suppose the weight of the string neglected. See the 
first figure of Article 194. 

The element PQ is acted: on by a tension at P along the 
tangent at P, a tension at Q along the tangent at Q, the re- 
sistance of the curve which will be ultimately along the nor- 
liial at P, and the friction which will be ultimately along the' 
tangent at P and in the direction opposite to that in whicji 
the element is about to move. Let T denote the tension at 
P, r+Srthat at Q, RBs the resistance, fiMBs the friction; 
suppose the string about to move from A towards B. Sup- 
pose the element PQ to become rigid, and resolve the forces 
acting on it along the tangent and normal at P; then 

T+iiBBs-{T+ST)coah0:=^O.... (1), 

jB&-C2'+S20 sin 8^ = 0. ..*...,-.... (2).... 
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From (1) we have ultimately 

§=/*«•—,".• (3). 

T 
and from (2), . -, ~«=B..V. (4), ., 



where p is the ladius of curvature at P; 

therefore ^-rfT^/*. ''''Tde^'^. 

therefore log 27= /t^ + Constant, 

therefore* T^ Ce^, 

Let T^ be the force which acts on the string at the end A^ 
and therefore the value of T at this point ; and let T^ be the 
force at JS; let 0^ and 0^ be tbe conresponding values of ; 

then 2;=Cfe^«, 2;«0««; 

therefore ; . . «s=:e^(«i-«i), 

and r- 2;<f (•-•.)», 2>(^-».). , 

Also JEd8=jtd8=JTd0^Tjd^i*-»^d0, 

= —*«"<*"*'> + constant ; < 
therefore the whole pressure oH thd curve 

Next suppose the weight of the string taken into account, 
and the plane of the string vertical Proceeding as in the 
second case of Art. 194, and supposing the string about ta 
move from ^ to jS, we have 

r-(r+ST)cosStf-inflf&sintf + /»5& = (5), 

- . - J2&-^-(2'+S^8inStf-insf&cos^=0,,...,(6), J 
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Prom (5) we obtain ultimately 

^«>4K-«iflr8in5, 

and from (6) 5» — + w5rco8^; 

therefore -^= — +iwgr(^C08^-sin^, 

dT 
therefore p -JZ'^H'T^mg (jACOsff-'Bmff) p, 

that is ^ — /Ar=tngf (fACOs^ — ain^p. 

Thus we have a differential eqtuition for finding T, and we 
may proceed in the ordinary way to obtain the solution. 
Multiply both sides of the last equation by e'*^; thus 

'^{Te'''^)^mge''f^(jicos0-mi0)p; 

therefore Te'i"^ ^jmge'f^ (/ia cos ^ - sin (?) pd0. 

Hence when p is known in terms of we shall only have 
to integrate a known function of in order to obtain the value 
of T in terms of 0. 

196. To form the equations of equiUbrivm of a string 
stretched over a smooth swrfam ana acted on by any forces* 

Let s be the length of the string measured from some fixed 
point B to the point P ; x, y, z the co-ordinates of P; & the 
length of the element of the string between P and an adjacent 
point Q ; mSs the mass of the element ; BBs the resistance of 
the surface on this element, the direction of which will be 
ultimately the normal to the surface at P; let a, fi, 7 be the 
angles which the normal at P makes with the axes ; XmSs, 
TmSs, ZmZs the forces parallel to the axes acting on the 
dement, exclusive of the resistance B^. Hence, in the equa* 
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tions of Art. 187> for Xm we must put Xnt + BooAct, and 
make similar substitutions for Ym and Zm ; therefore 

|(rg)+X«. + iJco8a = (1), 

^(r|)+rm + i2cos^-0 ...(2). 

|(2'g) + ^ + i?co8y-0 (3). 

Multiply (1) by g, (2) by g, and (3) by g. and add; 

then, since 

dx dv r\ dz ^ 

-J- cos a + ^ cos p 4- J- cos 7 = 0^ 
as 08 as 

because a tangent to the surface at any point is perpendicular 
to the normal at that pointy we have^ as in Art. 188, 

f^-C^S+j-S+^s)-" <*)• 

Again, multiply (1) by cos a, (2) by cos /S, and (3) by cos 7, 
£md add ; then 

^ {d}x ^d^y ^ d^'z \ 

+ wi{Xcosa+ rcos)3 + 2'cos7}+i2 = 0...(5). 

Let FwZs be the resultant of XitiZsy F«i&, ZmZs, and -^ 
the angle its direction makes with the normal to the surface 
at the point (a?, y, z) ; then 

X cos a + F cos )3 + -^cos 7 S3 -F* cos '^. 

Let p be the radius of absolute curvature of the curve formed 
by the string at the point (a?, y, z) \ a', ^^ 7' the angles ita 
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direction makes with the' axes; ^ the angle its direction mahcis 
with the normal, to the surface ; then t 

d^x __ cos a' d^y _ cos ff d^z cos y 
d?""7~' ■5?""y"' S*""7"' 

Hence (5) becomes 

- cos^ + Fiu COS -^ + 5=0 (6), 

r 

L^t )i == be the equation to the surface ; then 

• cos a cos B cos 7 - - 

r-*?=-*5 — = -7T-^ =s JT suppose, 
m ' du du '■ ^^ 



dx dy ds^ 
Hence (1) maj be written 

r 

rpd^x ~ dT dx , T^T^jdu ^ 

\ • - • 

and (2) and (3) may be similarly expressed. 



« ■■ ■ «. t » r - ij 






dT 

Eliminate -r- and BN, and we obtain 

" ' . ' "* V ' ■ \ " 

(rr,d*x , ^ Vdy du dz du\ 

, TV d^:^ ^"^J [ds dx dsdz)- 

t 

4. / 7^^ J- 7' V— — — -^ — ^ ss 

\ d«* / \d« dy ds dx) "" 

If we put for T its value from (4), the resulting equation, 
together with w=? 0, will determine the curve formed by the 
string. 

It appears from Art. 189 that the resultant of FmBs and 
MBs must lie in the osculating plane of the curve at the pou^ 
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{x, y, z). If the direction of FmBs be always nonudi to the 
surlace t^=sO, then, since that of JRSa is alsov normal to the 
surface, it follows that the normal to the surface lies in the 
osculating plane to the, curve. This we Jchow to be a property 
of the lines of maximum or minimum length that can be 
drawn on a surface between twp given points. Hence, when 
a string is stretched 9ver a smooth surface and acted on only 
by forces which are in the directions of normals to the surface 
at their points of application, it forms. the line of maximum 
or minimum length that can be drawn on the surface.betwee^ 
the extreme points of vits contact with the surface. 

When Fm^ is always normal to the surface, it follows 
from (4) that T\a constant . i' 

197. We will4),ow giv^ ifome laiscellaneous theorems con« 
nected with the su'bject of flexible strings. 

L Required the abscissa oi the centre of gravity of an 
assigned poi*tioli of any string at rest, supposing its ends flxed| 
and gravity the only force. 

This may be obtain^ by the ordinary process of integra* 
tion, or more simply in the fQllowing xcmm&c. . Imagine esaj 

Sortion of the string to become rigid : then it is kept in equib* 
brium by its wei^t and the tensions, at the ends ; these 
tensions act in the directions of the tangents at the ends. 
Hence the centre^of gravity of any portion must be vertically 
over the point of intersection of the tangents at the extre* 
mities of the portion. ^ 

II. Suppose in Art. 192 that the string is uniform, and 
that the force is attractive, and varies as the n^ pow^ of the 
distance. Thus we may put F^ — ftr* ; therefore 

C mar*** y 

— = — -i- + constant. 

In the particular case in which the constant here introduced 
is zero we ctgi easily complete tiie solution of the problem. 
We have 

P ^ 

where %is put for ^* v . . , A 

muk 



>»•»• '. '- Wk.'t'w V»*«. 
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Put - for r: then 

u ' 



therefore 



therefore 



t ^ /M* 1 



du\* l-X^u*^ 



fduV _ I-X 

[dej ■" x"u 



tn-hi > 






Therefore, hy integration^ 

(n + 2) ^ + const. =:Bin"* (Xu***) ; 

f X 

therefore -^^ « sin {(n + 2) ^ + constant} . 

• If we fix the position of the initial line so that r may have 
its laast value where ^ s 0, we shall determine the constant^ 
and obtain 

r^«X8ec(n + 2)^; 

or denoting by a the value of r when 5 = 0, 

r^««a***8ec(n + 2)d. 

III. Suppose a flexible string to be in equilibrium under 
the action of a central force. Imagine any portion of the 
string to become ri&pid : then it is kept in equilibrium by the 
tensions at the ends and the resultant of the action of the 
oentral force on the elements of the string ; this resultant will 
be some single force acting through the centre of force. Thus 
the portion of the string may be considered to be in equi- 
librium under the action of three forces ; and these forces 
will therefore meet at a point. Hence we obtain the follow- 
ing theorem : The residtant ctction of ihe central force on any 
portion of the string ia directed along the straight line which 
joins the centre of force with ihe point of intersection oftha 
tangents at the ends of ihe portion. 
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tV. Suppose that a flexible string is in equilibrium under 
the action of a central force which varies as the distance. 
Let r be the distance of any point from the centre of force ; 
X, y the co-ordinates of the point referred to axes having the 
centre of force as origin. Let the force on an element of the 
string of -which the length is hs and mass mhs situated at the 
point {xy y) be /irmS^; then this force can be resolved into 
fixmZs and fiyrnSs parallel to the axes of a; and^ respectively* 

Hence the components, parallel to the axes of x and y, of 
the action of the central force on any portion of the string 
are fijocrnds and fifymds respectively, the integrations ex- 
pending over the portion considered. Now if x and y be the 
co-ordinates of the centre of gravity of the portion, we have 

- __ jxmda - _ jymds 
" jmds ' ^ " jmds * 

Hence we obtain the following theorem : The straight line 
which joins tiie cenire of gravity of any portion of the string 
to the centre offeree coincides with the direction of the residtant 
central force on the portion. 

Hence combining this theorem with that obtained in IIL 
we obtain the following property of the flexible string which 
is in equilibrium under the action of a central force varying 
as the distance : The centre of gravity of any portion lies on 
the straight line which joins the centre offeree with the point 
of intersection of the tangents at the extremities of the p&rtion. 

Thus by IL we see that the property here enunciated will 
hold for aWorm string in the foJm of the curve 

r'^a'secSft 

V. Two weights are connected by a string which passes 
over a rough horizontal cylinder in a plane perpendicular to 
the axis : it is required to determine the resultant of the 
normal actions between the string and the cylinder in the 
state bordering on motion. 

The normal action on any element is of the stringy may be 
denoted hjRhs^ and the friction on the element by fiUis*y thus 
the friction on the element hears a constant ratio to the normal 
action, and tiie directions of the twoforc^ are at right angles* 
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Let P'b6 the resultant normal action, and suppose^ its 
direction to make an angle 6 with the vertical; then the 
resultant friction wiU be /llP, and. its direction will make an 

angle « — 5 with the vertical on the other side of it. Hence, 

supposing the string to become rigid, and resolving horizon- 
tatty, 

Psin^-AtPsinj^|-d)^0. 

A^ain, resolving Tertically, and denoting by W the 9um 
of the weights of the system which hangs over the cylinder. 
We have 

Pcos 0+fiP COS (j - 0j - Tr= 0. 

• , ..■ '• . '■■■' 

Hence we obtain - tan^^A 

■«.•«, - K • • '; ■ ' ■ ' ■ " 

W+n 

VI. Suppose a heavy string which is not of uniform 
density and thickness to be suspended from two fixed points, 
and to be in equilibrium. Let t be the tension at any poin^ 
B the angle which the tangent at that point makes with the 
Jiorizon ; then tco^B will be constant. For imagine |(,ny porr 
iion of the string to become rigid^then the only horizontal 
ibrces which act on it are the resolved parts of the tensions ai 
each end ; and these must therefore be equal in magnitude : 
iheteford 

- { eos 6^ asoonstanter suppose.... •....••••. .(1). - 

Let w be the weight of the portion of the string contained 
between any fixQd point and the variable point considered. 
Then by resolving the forces vertically we obtain in a similar 
inanner 

< «in ^ —t£f =s constant ; 

therefore -' w =» t tan 5 + constant (2). 

^ Againj proceeding, as in Art 193, that is resolving the 
|brci3S which act on an element along the normal, we find 

\ --^wiCOgfl=0..M (3), 



where gmZs is taken ks the weight of the element ts. Hence, 
from (1) and (3), 

-=s^mcos*^» 

r ■ .... J. 



EXAMPLES. 

1. In the common catenary shew that the weight of the 
^ing between, the lowest point and any other point is the 
geometrical mean between the sum and diflference of the' 
tenaons at the two points. 

2. If a and /8 are the inclinations to the horizon of the 
tangents at the extremities of a portion of a common catenary, 
and I the length of the portipn,, shew that the height of one 
extremity above the other is « 



I 



cos — TT- 



the portion is supposed to be all on the same side of the 
lowest point. 

3. A uniform heavy chain 110 feet long is suspended from 
two points in the same horizontal plane 108 feet asunder: 
shew that the tension at the lowest point is 1*477 times the 
weight of the chain nearly. 

4. A uniform chain of length 21 is suspended from two 
fixed points in the same horizontal plane ; 2a is the distance 
between the fixed points and c the length of chain whose 
weight is equal to the tension at the lowest point : shew that 
when I is such that the tension at the points of suspension is the 

least possible that tension is equal to the weight of a length -*- 

of the chain, and I and c are determined by 

a a ' 
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5. If a uniform chain be fixed at two points, and any 
number of links A, B, C> ... be at liberty to move along 
smooth horizontal lines in the same vertical plane, prove that 
the loops AJB, BG, CD^ ... will form themselves into curves 
which will all be arcs of the same catenary. 

6. Three links of a chain A^ B, and G are moveable 
freely along three rigid horizontal straight lines in the same 
vertical plane. If when A and G are pulled as far apart as 
possible, their horizontal distances from B are equat shew 
that this will always be the case when they are held in 
^y other position. 

7. A chain hangs in equilibrium over two smooth points 
which are in a horizontal straight line and at a given distance 
apart : find the least length of the chain that equilibrium may 
be possible. 

Result. The least length is he, where h is the given dis-* 
tance. 

8. Prove that the exertion necessary to hold a kite 
diminishes as the kite rises higher, the force of the wind 
being independent of the height, and the pressure of the 
wind on the string being neglected. 

9. A uniform heavy string rests on an arc of a smooth 
curve whose plane is vertical, shew that the tension at any 
point is proportional to its vertical height above the lowest 
point of the string. If the string rests on a parabola whose 
axis is vertical, determine the vertical distance of its ends 
below the highest point so that the pressure at this point 
may be equal to twice the weight of a unit of length of the 
string. 

Besutt. The vertical distance is equal to half the latus 
rectum of the parabola. 

10. One end of a uniform heavy chain hangs freely over 
the edge of a smooth table, and the other end passing over a 
fixed pully reaches to the same distance below the table as 
the pully is above it. Supposing half the chain to be on the 
table in the position of equilibrium, compare its whole length, 
with the height of the pully. 

JReeult The length is to the height as 6 + 2 ^y^S is to 1« 
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, 11. A uniform heavy chain is fastened at its extremities 
to two rings of equal weights which slide on smooth rods 
intersecting in a vertical plane and inclined at the same angle 
a to the vertical : find the condition that the tension at the 
lowest point may be equal to half the weight of the chain ; 
and in that cade shew that the vertical distance of the ringa 
from the point of intersection of the rods is 

|cotalog(l + V2), 

vhere Z is the length of the chain, 

12. The density at any point of a catenary of variable 
density varies as the radius of curvature: determine the equa^ 
tion to the catenary. 

Eesult. The curve in Art. 190, 

13. A heavy cord with one end fixed to a point in the 
surface of a smooth horizontal cylinder is passed below the 
cylinder and carried round over the top, the other end being 
allowed to hang freely. Shew that unless the portion which 
hangs vertically be longer than the diameter of the cylinder, 
the cord will slip ofi*, so as to hang down from the fixed point 
without passing below the cylinder, 

14. If a uniform string hang in the form of a parabola 
by the action of normal forces only, the force at any point P 

varies as (fifP)'*, 8 being the focus, 

15. If a string without weight touch a given cylinder in 
Jth part of its circumference and in a plane perpendicular to 
its axis, what tension at one extremity will support a weight 
of 100 lbs. suspended at the other, friction being supposed to 
be ^th part of the pressure ? To what will this tension be 
reduced if the string is wound round IJth circumferences ? 

16. K /A=r^, and a string without weight passes twice 
round a post, prove, by taking approximate values of e and tt, 
that any force will support another more than twenty times 
as great. 

17. .If two scales, one containing a weight P and the 
other a weight Q, be suspended by a string without. veight 
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dver a rough sphere, and it Q he on the point of descending, 
Ilien the weight p — put into the opposite scale will make 

that scale be on the point of descending. ' 

18. Two equal weights P, P* are connected by a string 
Without weight which lasses over a rough fixed Lrizont^ 
cylinder : compare the forces required to raise P according as 
Jr is pushed up or P' pulled down» 

19. A, P, C are three rough pegs in a vertical plane : 
P, Q, B are the greatest weights which can be severally 
supported by a weight W, when connected with it by strings 
without weight passing over A, £, C, over A, B, and over. 
B, C respectively: shew that the coefficient of Motion at B 
. 1. Q.B 

20. A light thread, whose length is 7a, has its extremities 
fastened to those of a uniform heavy rod whose length is 
5a, and when the, thread is passed over a thin round peg, it 
is found that the rod will hang at rest, provided the point 
of support be anywhere within a space a in the middle of 
the thread : determine thie coefficient of friction between the 
thread and the peg when the rod hangs in a position border- 
ing on motion, and find its inclination to the horizon and 
the tensions of the different parts of the string. 

Results. The coefficient of friction is determined by the 
equation «**** =& J. The inclination of the rod to the horizon 

-1 24 
isco8^25- 

21. From a fixed point a heavy uniform chain hangs 
down so that part of the chain rests on a rough horizontal 
plane : find the least length of chain that may be in contact 
with the plane. 

22. A heavy chain of weight W rests entirely in contact 
with the arc of a rough closed vertical curve in a state bor-. 
dering on motion. If tana be the coefficient of friction, 
shew that the resultant normal pressure on the curve is equal 
to TF'cos Of and that its direction makes an angle a with the 
verticd, : . . - - ^ 
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23. A heavy chain of length I rests partly on a rough 
horizontal table, and the remainder passing over the smooth 
edge of the table, (which is rounded off into the form of a 
semi-cylinder of radius a) bangs freely down : shew that if z 
be the least length on the table consistent with equilibrium, 

zQi + l) — ! — ^ira + a. 

24. A heavy uniform chain is hung round the circum- 
ference of a rough vertical circle of given radius. How much 
lower must one end of the chain hang than the other when it 
is on the point of motion ? 

Result, Let a be the length of the longer piece which 
hangs down, h the length of the shorter piece, r the radius of 
the circle, tan /3 the ooeflScient of friction ; then 

6+rsin2^' 

25. A uniform beam of weight W is moveable about a 
hinge at one extremity, and has the other attached to a string 
without' weight which, passing over a veiy small rough peg 
placed vertically above the hinge, and at a distance from it 
equal to the length of the beam, supports a weight P: shew 
that if 6 be the inclination of the beam to the vertical when 
it is just on the point of falling, then 

ft(ir+g) 

Find also the strain on the hinge, 

26. One end of a heavy chain is attached to a fixed point 
Ay and the other end to a weight which is placed on a rough 
horizontal plane passing through A, and the chain hangs 
through a slit in the horizontal plane. Shew that if Z be 
the length of the chain, a the greatest distance of the weight 
from A at which equilibrium is possible, fi, the coeflScient of 
friction, and n twice the ratio of the giveu weight to the 
weight of the chain, 



/i (1 + n) e^'* (i+«) = 1 + V{1 + )u.» (1 + w)'}. 
T.S, 17 
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27. A uniform string acted on by a central force assumes 
the fonn of an arc of a circle ; determine the law of the force, 
the centre of force being on the circumference of the circle. 

Result The force varies inversely as the cube of the 
distance. 

28. A smooth sphere rests upon a string without weight 
fastened at its extremities to two fixed points ; shew that if 
the arc of contact of the string and sphere be not less than 
2 tan"*|^, the sphere may be divided into two equal portions 
by means of a vertical plane without disturbing the equi- 
librium. 

29. Shew that if a chain exactly surrounds a smooth ver* 
tical circle, so as to be in contact at the lowest point without 
pressing, the whole pressure on the circle is double the' 
weight of the chain, and the tension at the highest point is 
three times that at the lowest, 

30. Two strings without weight of the same- length have 

each of their ends fixed at each of two points in the same 

horizontal plane. A smooth sphere of radius r and weight 

W is supported upon them at the same distance frem each of 

the given points. If the plane in which each string lies 

makes an angle a with the horizon, prove that the tension of 

Wa 
each is -^ cosec a ; a being the distance between the points, 

31. A uniform heavy chain hangs over two smooth pegs at 
a distance 2a apart in the same horizontal plane. When there 
is equilibrium, 2« is the length of the chain between the pegs, 
which hangs in the form of a catenary, c is the length of a 
portion of the chain whose weight is equal to the tension at 
the lowest point, and h the length of the end that hangs 
down vertically. If hs and hh be the small increments of 
s and h corresponding to a small uniform expansion of the 
chain, shew that & : 8A = 8,c — h.a : h,c — s,a, 

32. A uniform heavy chain is placed on a rough inclined 
plane ; what length of chain must hang over the top of the 
plane, in order that the chain may be on the poiijit of slipping 
up the plane ? 
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33. A uniform rod of length b has its ends attached to 
the ends of a flexible string without weight of length a ; this 
string is passed over a very small cylindrical peg, and when 
the rod hangs in its limiting position of equilibrium, the 
parts of the string on opposite sides of the peg are inclined 
to each other at an angle cl Shew that the coefficient of 
friction between the string and peg is 

_1_, a + V{y-(a«-y)tan'|g] 
TT-a ^^a-V{&^-(a^-y)tan«ia}• 

34. AB, AC are two equal and uniform rods moveable 
about a fixed hinge at A, CB a uniform chain^ equal in 

length to AB or AC and (-) of its weight, connects the 

ends B and C; shew that in the position of equilibrium, the 
angle which either rod makes with the horizon is given 
approximately by the equation 

n being large compared with unity, 

35. A heavy tmiform beam has its extremities attached to 
a string which passes round the arc of a rough vertical circle ; 
if in the limiting position of equilibrium the beam be inclined 
at an angle of 60^ to the vertical, and the portion of string in 
contact with the circle cover an arc of 270®, shew that the 

coefficient of friction is o— log 3, 

OTT 

36. A uniform string just circumscribes a given smooth 
circle, and is attracted by a force varying as the distance to 
a point within the circle. Find the tension at any point, sup- 
posing it to vanish at the point nearest to the centre of force, 
and shew that the force at the greatest distance 

_ whole pressure on circle 
mass of the string 

17—2 
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37, A heavy string whose length is ^ a rests on the cir- 
cumference of a rough vertical circle of radius a ; if the string 
be in a position of limiting equilibrium, and if /9 be the 
angular distance of its highest extremity from the vertex of 
the circle, shew that 

^^/3 = ^ '- ^> 

and explain this result when (1 — /a') e * — 2yL6 is negative. 

Also if /i be such that /8 = 0, shew that the vihxAe pressure 
on the curve is to the weight of the string as 2 is to irfi. 
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CHAPTER XIL 



FLEXIBLE EXTENSIBLE STRINGS. 

198. In the preceding Chapter we considered the equi- 
librium of flexible inextensible strings ; we now proceed to 
some propositions relative to flexible eoctermble strings. Such 
strings are also called elastic strings. 

When a uniform extensible string is stretched by a force, 
it is found by experiment that the extension varies as the 
product of the original length and the stretching force. Thus 
if r represent the force, l' the original length, Z the stretched 
length, 

where X is some constant depending on the natrare of the 
string. 

The fact expressed by this equation is called Hooke's law, 
from the name of its discoverer. 

The quantity X is sometimes called the Tmdulus cf elasticity. 

VT 
In the equation l-^V ^—- if we put r=X we obtain 

Z = 2Z'; thus the modulus of elasticity for any uniform elastic 
string is equal to the tension required to stretch that string 
to double its natural length. 

199. An elastic string has a weight attached to one end, it 
is fastened at the other and ha/ngs vertically ; determine the ex^ 
tension of the string, taking its ovm weight into account* 
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STRING STRETCHED BY A WEIGHT. 



£ 



OP' 

.6' 



Let A'B^ represent the natural length of the string; AB 
the stretched length. Let A'P = x\ FQ =^hx\ 
Suppose AP^ stretched into -4P, and PQ' into 
PQ\ let AP^Xy PQ = Sx, Let A'B'==a\ 
«<; = the weight of the string, and W be the 
attached weight. 

Let T be the tension at P, and T-hST the 
tension at Q* Then the element PQ is acted on 
by the forces T and 37+ ST at its ends, and by 
its own weight; its weight is the same as that 

of P'Q', that h^ w; 






a 



therefore 



Sx 



or 



therefore 



a 
^-> = — J ultimately (1) ; 

CbX Of 

T= J- + constant. 

a 



The value of the constant must be found by observing that 
when X = a', T^ W; therefore 

W= — w + constant ; 



therefore 



T^W+wfl-fj 



(2). 



Also the element PQ may be considered ultimately uniform 
and stretched by a tension T; hence, by the experimental 
law, 



Sx 



= S.'(i + f) 



(3); 



therefore 



cue X 



^-MH)- 



Integrate; thus 



a?=a?'r 



1 + 



Tr+w;\ wx 



) 



No constant is required because a? = when x ^ 0. 
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Let a denote the stretched length of the string ; then put- 
ting x' = a, we have 

Thus the extension is the same as would be produced if an 
elastic string of length a\ the weight of which might be neg- 
lected, were stretched by a weight W-^\w dX its end. 

200. In the solution of the preceding problem we might 
have arrived at equation (2) by observing that the tension at 
any point must be equal to the weight of the string below 
that point together with W\ but the method we adopted is 
more useful as a guide to the solution of similar problems. 
It is perhaps not superfluous to notice an error into which 
students often fall; since the element ix is acted on by a 
tension T at one end, and T+ST or ultimately T at the 
other end, 2T ib considered the stretching force, and instead 

is used. This would be of no consequence if uniformly 
adopted, for it would only amount to using \\ instead of \ in 
(3) ; but mistakes arise from not adhering to one system or 
the other. It should be observed that if a string without 
weight be acted on by a force Tat each end, it is in the same 
state of tension as if it y^ene fastened at one end and acted on 
by a force Tat the other. 

201. The equations of Art. 187, and Art. 196 may be ap- 
plied to an elastic string in equilibrium. They may also be 
modified as follows, if we wish to introduce the unstretched 
length of the string instead of the stretched length. 

Let 8 and Zs represent the natural lengths which become 
8 and & by stretching ; let m'Za be the mass of an element 
before stretching, and mhs the mass of the same element after 
stretching; then 

mS8 = mfBs, & = &'(! + - J; 
therefore ni[l + —]= m\ 



Hence the first equation of equilibrium of Art. 187 may be 
written 



^ fr^^S I ^'^ - ft ' 



'^X 



and tbe other two equations may be written similarly. 
Equation (2) of Art. 188, or equation (4) of Art, 196 becomes 

X A + ^y + 2w:j(x^+ y^ + Z^) ds = constant, 

provided m' be constant; that is, provided the product of 
the density into the area of the section of the string in its 
unstretched state is constant: see Art. 187. 

Since (1 + 5r) ~ (^') * *^® ^^st equation maybe used to 
connect s and «', and thus find the extension of the string. 

202. We may apply the preceding Article to the case in 
which the weight of the string is the only force acting on it, 
the string being supposed originally uniform, and fixed at 
two points. 

In this case X= 0, Y=—ff, Z= 0, as in Art. 190 ; therefore 

5(^S)-« ■ W- 

('4)1(4^) ->=» p)- 

From (1) T-r- = a constant = meg suppose ; 

therefore T=>m'cg sec^ (3), 

where ^/r is the angle which the tangent to the curve at tbo 
point (a?, y) makes with* the axis of 0?. • 
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Hence (2) gived 

. , ^ /^ . irlcq , \ rf tan '>irdx 1 

therefore (l +-^sectj -~^^ =-. 

, , r /i . ^'^^ , N d tan ^ir 1 

thus cos y f 1 + — ^ sec -^ J — -^ — ^ = - , 

that is 1 (^^^^ m'cgdftan>^ ^l, 

cos*^ daj \ rfo? c ' 

therefore, by integration, 



/ 



1 ^rf^+^tant = ^ 
COS y aa; X ^ c 



and fA-1^rf:«= f^ = log^±?^; thus 

j COS y aaj J COS -^ ° cos -^ 

, l + sin-Jr m'cGf^ , x ,^. 

log T-^ +-r:-^tan>fr=s- (o). 

° cos i|r \ ^ c 

No constant is required in the integration if we suppose the 
axis of y to pass through the lowest point of the curve, for 
there -^ = 0. 

From (4) we may deduce 

smt(l+^secVrJ-^ = - (6); 

therefore, by integration, 

Becf + ^tan'^ = ^ (7). 

No constant is required in the integration if we suppose the 
origin of co-ordinates to be at the distance c below the lowest 
point of the curve. 
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From equation (7) we may find sec -^ in terms of y, and 
then cos ^/r and sin yft can also be found ; thus by substituting 
in (5) we could obtain the equation between x and y : this 
equation however would be very complex. 

In a particular case we may easily obiain an approximate 
value of y in terms of x. Let X = m'fft ; then (5) may be 
written 

1 + sin>|r__ l-'^ian^ 

f "~ C 9 

cosy 

therefore ^r— — r^— r- = e"* ' : 

1 + sin y ' 

therefore by addition and reduction 

cos-^ ' 

therefore tan« f = i (e' ''•'"*^ e"'""^*"*)'. 

Now suppose y^ is a very small quantity, put uhr ^{e^' — e *) 

- -? 
and V for J (e*' + e *) ; then the last equation gives 

tan-^^t^- jtan-^ + Y-^tan*'^— •ro«tan''i^+...; 

from this we can find tan ^fr approximately, and then sec yp^ 
will be known approximately, and by substituting in (7) we 
shall obtain approximately y in terms of x. 

Equation (2) may also be written 

therefore ^, (m'cg •£^ = mg ; 

therefore, by integration, 

dy 8* 
dx 0* 
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Lere «' denotes the natural length of that portion of the string 
which is between the lowest point and the point {x, y), 

s' 
Hence for tan-^ in (5) and (7) we may put -, and make 

c 

corresponding substitutions for sin*^ and cos-^. Thus (7) 

becomes 

■ V(c»+0+'^f-'=y (8). 

As an example of these formulae suppose that a heavy uhi* 
form elastic string hangs in equilibrium over two smooth pegs 
in a horizontal plane, and let it be required to find the. depth 
of the ends of the string below the vertex of the curved 
portion. 

From (3) thQ tension at any point of the curve is • 

m'^V(c' + «''). 

JJet r be the natural length of the portion which hangs over 
one of the pegs; then the weight of this portion is ingl\ Let 
s' denote the unstretched length of the portion between the 
vertex and one peg ; then by equating the two expressions for 
the tension, we nave 

therefore r=:V(c' + (9); 

thus from (8) and (9) 

r^^i^.^ (10). 

Suppose I to be the length to which a string of natural 
length t hanging vertically would be stretched; then by 
Art. 199, . 

'-'(•+^)--- <■"> 

By (10) and (11) 



J , mac 



2\ 
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• Thus the end of the string descends to the depth -^— be- 
low the axis of a?, and therefore to the depth c fl + -k^] 



below the vertex of the curve. 



EXAMPLES. 

1. Two equal heavy beams, AB^ CD, are connected ^b,* 
gonally by similar and equal elastic strings AD, B0\ and 
^B is fixed in a horizontal position : shew that if the natural 
length of each string equals AB, and the elasticity be such 
that the weight of AB would stretch the string to three 
times its natural length, then 

'1 + 1 



AB~BG^AG' 

2. An elastic string will just reach round two pegs in 
a horizontal plane; a ring whose weight would double the 
length of the string hanging from a point is slung on it ! 
shew that if 6 be the inclination of two portions of the string 
to the horizon, 

sin25 = 2(V2-l). 

S. An elastic string has its ends attached to those of a 
uniform beam of the same length as the unstretched strings 
the weight of the beam being such as would stretch the 
string to twice its natural length ; shew that when the system 
is hung up by means of the string on a smooth peg, the 
inclination 6 of the string to the vertical will be given by 
the equation 

tan5 + 2sin^-2 = 0. 

4. Three equal circular discs are "placed in contact in 
a vertical plane with their centres in the same horizontal 
line, and an endless elastic cord wound alternately above and 
below them, so as to touch every point of their circumferences 
without being stretched beyond its natural length. When 
the support of the middle disc is removed, the centres of the 
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three form a ^ight-angled triangle. Shew that the modulus 

W Stt 
of elasticity of the cord is -^ • -r , W being the weight 

of the disc. 

5. A fine elastic string is tied round two equal cylinders 
whose surfaces are in contact and axes parallel, the string 
not being stretched beyond its natural length ; one of the 
cylinders is turned through two right angles, so that the 
axes are again parallel : find the tension of the string, sup- 
posing a weight of lib. would stretch it to twice its natural 
length. 

' -w — 2 
Mesult — -t; of a lb. 
7r + 2 

€• Two equal and similar elastic strings AC, BC, fixed 
at two points A, B in the same horizontal line, support a 
given weight at (7. The extensibility and original lengths 
of the strings being given, find an equation for determining 
the anigle at which each string is inclined to the horizon, 
and deduce an approximate value of the angle when thq 
extensibility is very small. 

7. Six equal rods are fastened together by hinges at each 
end, and one of the rods being supported in a horizontal posi- 
tion the opposite one. is fastened to it by an elastic string join- 
ing their middle points. Supposing the modulus of elasticity 
is equal to the weight of each rod, find the original length of 
the string in order that the hexagon may be equiangular in 
its position of equilibrium. 

n /^ 

Result — 2~ J where a is the length of a rod. 

8. An unstretched elastic string without weight has n equal 
weights attached to it at equal distances, and is then sus- 
pended from one end. Prove that the increase of length is 
half what it would be if the same string were stretched by a 
weight equal to w + 1 pf the former hanging at one end. 

9. Three equal cylindrical rods are placed symmetrically 
round a fourth of the same radius, and the bundle is then 
surrounded by two equal elastic bands at equal distances 



270 EXAMPLES, 

from the two ends ; if each band when unstretched would 
just pass round one rod, and a weight of lib. would just 
stretch it to twice its natural length, shew that it would 
require a force of 9 lbs. to extract the middle rod, the co- 
efficient of friction being equal to ^. 

10. Two elastic strings are just long enough to fit on a 
sphere without stretching ; they are placed in two planes at 
right angles to each other, and the sphere is suspended at 
their point of intersection. If 20 be the angle subtended at 
the centre by the arc which is unwrapped, shew that 

6 being supposed small, 

11. In the common calenary, if the string be slightly 
extensible, shew that its whole extension will be proportional 
to the product of its length and the height of its centre of 
gravity above the directrix, 

12. A uniform rough cylinder is supported with its axis 
horizontal by an elastic string without weight ; the string lie» 
in the plane which is perpendicular to the axis of the cylinder, 
and passes through its centre of gravity ; the ends of the 
string are attached to points which are in the same horizontal 
plane above the cylinder and at a distance equal to the dia- 
meter of the cylinder. Find how much the string is stretched. 

ResuU, Let 2PF be the weight of the cylinder, a the 
radius of the cylinder, V the natural length of each vertical 
portion of the string ; then the extension is 

2VW . 2a, X+ WV 

13. A heavy string very slightly elastic is suspended 
from two points in the same horizontal plane ; shew that if 
c, I be the lengths of unstretched string whose weights are 
respectively equal to the tension at the lowest point and the 
modulus of elasticity, the equation to the catenary will be 
very approximately 
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14. A weight P just supports another weight Q by means 
of a fine elastic string passing over a rough cylinder whose 
axis is horizontal. If \ be the modulus of elasticity, fi the 
iJoeflScient of friction, and a the radius of the cylinder, shew 
that the extension of that part of the string which is in con* 
tact with the cylinder is 

15. A sphere placed on a horizontal plane is divided by a 
vertical plane into two equal parts, which are just held toge- 
ther by an elastic string, which passes round the greatest 
horizontal section : find the original length of the string, 

16. Four equal heavy rods are fastened to one another by 
hinges so as to form a square ABCD ; A and G are connected 
by an elastic string whose natural length is equal to the dia* 
gonal JlC, and the system is suspended from the point A i 
find the position of equilibrium. 

Result Let TFbe the weight of a rod, 6 the inclination 
of each rod to the vertical ; then 



^ 1 /- iW\ 

cos^ = ^(l+— J. 



17. An elastic band, whose unstretched length is 2a, is 
placed round four rough pegs A, B, C, 2>, which constitute 
the angular points of a square whose side is a ; if it be taken 
hold of at a point P, between A and B, and pulled in the 
direction AB, shew that it will begin to slip round A and B 
at the same time if 

^P=— ^ 



MIT* 



1 + e 2 

18. An elastic string without weight of variable thickness 
is extended by a given force : find the whole extension. 

19. An elastic string whose density varies as the distance 
from one end, is suspended by that. end and stretched by it» 
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own weight. If W be the weight of the string, t its un- 
stretched length, I its stretched length, shew that 

4 

20. A circular elastic string is placed on a smooth sphere 
so that the whole string is in one horizontal plane ; the string 
subtends when unstretched an angle 2a at the centre, and an 
Jingle 20 when in a position of equilibrium : shew that 

ein $ =» sin a f 1 + - sin a tan ^ j , 

where a = radius of sphere, and c depends on the nature of 
the string. 

21. A heavy uniform elastic string rests horizontally on a 
portion of a surface of revolution, of which the axis is vertical, 
in every position : prove that the generating curve is a para- 
bola a diameter of which is the axis of revolution^ 

22. A heavy elastic string surrounds a smooth horizontal 
cylinder, so that the surface of the cylinder is subject to no 
pressure at the lowest point ; find the pressure at any point 
of the cylinder, and the tension of the string ; its modulus 
of elasticity being equal to the weight of a portion of string 
the natural length pf which is f of the diameter of the cylinder. 

23. A uniform heavy elastic string, whose natural length 
is a, is stretched and placed in equilibrium on a rough in-t 
clined plane ; find the tension at any point, and shew that 
the direction of the friction changes at a point of the strings 
the natural distance of which from the upper end is 

a/- tanaV 

where a is the inclination of the plane to the horizon* 

24. A heavy elastic cord is passed through a number 
of fixed smooth rings. Shew that in the position of equi^ 
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librium its extremities will lie in the same horizontal plane. 
The same will also be the case if the cord rest upon any- 
smooth surface. 

25. An elastic string is laid on a cycloidal arc, the plane 
of which is vertical and vertex upwards, and when stretched 
by its own weight is in contact with the whole of the cycloid ; 
the modulus of elasticity is the weight of a portion of the 
string whose natural length is twice the diameter of the gene- 
rating circle : find the natural length of the string. 

SesuU. It is equal to the circumference of the generating 
circle. 



T. S. 18 
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CHAPTER XIII. 



ATTRACTION. 



203. It appears from considerations which are detailed in 
works on Physical Astronomy, that two particles of matter 
placed at any sensible distance apart attract each other with 
a force directly proportional to the product of their masses,, 
and inversely proportional to the square of their distance. 

Suppose then a particle to be attracted by all the particles 
of a body ; if we resolve the attraction of each particle of the 
body into components parallel to fixed rectangular axes, and 
take the sum of the components which act in a given direc- 
tion, we obtain the resolved attraction of the whole body on 
the particle in that direction, and can thus ascertain the re- 
sultant attraction of the body in magnitude and direction. 
We shall give some particular examples, and then proceed to 
general formulae. 

204. Tq find the attraction of a uniform straight line on 
an external point. 

By a straight line we understand a cylinder such that the 
section perpendicular to its axis is a curve, every chord of 
which is indefinitely small. 

Let AB be the straight line, P the attracted particle ; take 
A for the origin, and AB ^ 
for the direction of the axis 
of X, Draw PL perpen- 
dicular to Ax ; let -4-B = Z, 
AL = a, PL = K Let if 
and N be adjacent points 
in the straight line,-4-Jf = x, 
M]Sr=Sx. If p be the 
density of the line, and k the area of a section perpendicular 
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to its length, the mass of the element is pxBx. Let m be the 
mass of P ; then the attraction of the element MN on P is 
(Art. 203) 

fim pK Zx 

'JPMf ' 

where /a is some constant quantity. Hence, the resolved part 
of the attraction of the element parallel to the axis of x, is 

lim pK Sx ML fim pK {a — x) Sx 

Also the resolved part of the attraction of the element parallel 
to the axis of y, is 

fjLmpfcSx PL fim pKhBx 



Let X and Fbe the resolved parts of the attraction of the 
straight line, parallel to the axes of x and y respectively ; then 



X = am PK I — ^^ s J 

T7- f* hdx 

1 = am pK I s 4 

Joiv + ia-xyi^ 

„ f (a-- x) dx 1 

Now I — ^ 8 = 



xf] 



k 



therefore 



/ 



r' (a — x)dx 1 1 ,. , ^ 

i, {J' + (a - a)*}* ~ {6» + (a - Z/}* {6'+a'}*" ' 

{¥ + (a - x)"]^ i* {6' + (o - a;)'}* ' 
therefore 

f' hdx ir a a — t l ,„» 

18—2 
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Hence, putting /for /jupx, we have 

^=/m{^-^} (3), 

^ 'I'LXFA l^B) ^ ^' 

Let APL=^a, BPL = p, APB^^\ then 

-X* = -^ (cos )8 - cos a), r= '^ (sin a - sin )8) ; 
therefore ^(-3^" + I^) « ^ VK^os )8-cos a)'+ (sin a - sin /3)«} 

= ^ V(2-2 COS7) = -^ sin i7....(5). 

This gives the magnitude of the resultant attraction. Also 

X cos ^ — cos a ^ a + /8 ,^v 

i: sm a — sm p z 

This shews that the direction of the resultant attraction bisects 
the angle APB. 

If L fall between A and B, it will be seen from (1) and (2) 
that the expression for X in (3) remains unchanged, but that 
for F in (4) is changed to 

fm {AL BL 
PL \PA "*■ PB) • 

This will not aflTect the result in (5), and the direction of the 
resultant will still bisect the angle APB. 

From the investigation it appears that X is the resolved 
attraction pai*allel to the axis of a; directed towards the axis of 
y, and Y the resolved attraction parallel to the axis of y and 
towards the axis of x. 

The attraction of the straight line may also be obtained by 
modifications of the process, which will furnish exercise for 
the student ; for example, the origin of co-ordinates may be 
put at the attracted particle, and the axis of y taken parallel 
to the straight line. 
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205. In the above investigation we have taken m to 
denote the mass of the attracted particle ; in future we shall 
always suppose the mass of the attracted particle to be 
denoted by unity. In order to form a precise idea of the 
quantity /i, we may suppose two particles each having its 
mass equal to the unit of mass, then fi will be the whole 
force which one of these exerts on the other "When the dis- 
tance between them is the unit of length. As, however, by 
properly choosing the unit of mass we may make ^ = 1, we 
shall not in future consider it necessary to introduce /a. 

206. To find the attraction of 
a circular arc on a particle situated 
at the centre of the circle. 

Let AB be any circular arc ; 
through the centre of the circle 
draw a line bisecting the angle 
A OB, and take this line for the 
axis of a?. Let POx=0, QOF=-Bd, 
A OB ^ 2a, OB^r. The attrac- 
tion of the element PQ resolved 
parallel to the axes of x and y 
respectively is, if p and k, have the 
same meaning as in Art. 204, 

KorW ^ J KprZ6 . >, 
-^-j — cos and — r^— sm d ; 




therefore 



+a 



cos^d^= — ^sin a. 



sin Ode = 0. 



r J _a 

By comparing these results with those in Art. 204, it ap- 
pears that the attraction of a circular arc on a particle at the 
centre is the same in magnitude and direction as that of any 
straight Yme A' B yihich tcmches the arc i4J?and'is terminated 
by the lines OA and OB produced, the arc and the straight 
.line being supposed to have the same density, and the areaa 
of their transverse sections equal* 
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If OP and OQhe produced to meet the straight line A'B' 
in points P' and Q' respectively, it may be shewn that the 
attraction of the element JPQ' on a particle at is equal to 
that of PQ, and in this manner we might prove what we have 
just shewn, that the attractions of AB andA'ff on a particle 
at are equal and coincident. This proposition is giveu in 
Eamshaw's Dynamics, p. 326. 

It easily follows, that if a particle be attracted by the three 
sides of a triangle, it will be in equilibrium if it be placed at 
the centre of the circle inscribed in the triangle. 

207. To find the attraction of a uniform drcvlar lamina 
on a particle situated in a straight line drawn through the 
centre of the lamina at right angles to its plane. 

Suppose C the centre of the circle DAB, the plane of the 
paper coinciding with one face of 
the lamina, and the attracted par- 
ticle being in a straight line drawn 
through C perpendicular to the 
lamina and at a distance c from 
G. Describe from the centre G 
two adjacent concentric circles, one 
with radius GP=r, and the other 
with radius GQ ^r+Br. Let /c 
denote the thickness of the lamina, 
which is supposed to be an in- 
definitely small quantity, then the mass of the circular ring 
contained between the adjacent circles is 2wp/crSr. Every 
particle in this circular ring is at a distance \/(c* + r") from 
the attracted particle; also the resultant attraction of the ring 
is in the straight line through Cat right angles to the lamina, 
and is equal to 

2'7rpfcrSr c 

the factor . ^> being the multiplier necessary in order to 

resolve the attraction of any element of the ring along the 
normal to the lamina through (7« 
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Hence, the resultant attraction of the whole lamina is 

* rdr 



2irpKC I 



(c^+0*' 



where h is the radius of the boundary of the lamina. 

rdr 1 



Now 



r rdr 



» rdr _1 1 

therefore the resultant attraction 



therefore 



/. 



=^''p'^^-7(^):- 



If we suppose b to become infinite, we obtain for the at- 
traction of an infinite lamina on an external particle, the 
expression 27rp/c, which is independent of the distance of the 
attracted particle from the lamina. 

From the last result we can deduce the resultant attrac- 
tion of a uniform plate of finite thickness, but of infinite 
extent, on an external particle. For, suppose the plate 
divided into an indefinitely large number of laminae, each 
of the thickness k ; then the attraction of each lamina acts 
in a straight line through the attracted particle perpendicular 
to the surfaces of the plate, and is equal to 2'rrp/c Hence, 
the resultant attraction will be found by adding the attrac- 
tions of the laminae, and will be 2irph, if h be the thickness 
of the plate. 

If a particle be placed on the exterior surface of an infinite 
plate, the result just found will express the attraction of the 
plate on the particle. K it be placed in the interior of the 
plate at a distance h from one of the bounding planes and 
n from the other, the resultant attraction will be 2'jrp [K—h) 
towards the latter plane. 

208. By means of the preceding Article we can find 
the resultant attraction of a unifgrm right circular cylinder 
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on a particle situated on its axis. Suppose the cylinder 
divided into an indefinitely large number of laminae by planes 
perpendicular to its axis ; let x be the distance of a lamina 
from the attracted particle, hx the thickness of the lamina, 
h the radius of the cylinder \ then the attraction of the lamina 
is 



^''{^-^ji;^^^''' 



Suppose the attracted particle outside the cylinder at a 
distance c from it ; let A be the height of the cylinder : then 
the resultant attraction of the cylinder 

If we suppose c = so that the particle is on the surface of 
the cylinder the resultant attraction is 

209. To find the attraction of a uniform right circular 
cone on a particle at its vertex, we begin with the expression 



^■^f {l - V^Pi^} ^' 



for the attraction of a lamina of the cone. Also, if a be the 
semivertica] angle of the cone, we have 



X 



hence, the resultant attraction 

as 27rp (1 — cosa) I dx = iirp (1 — cos a) h ; 

where h is the height of the cone. 

It is easily seen that the same expression holds for the 
attraction of the frustum of a cone on a particle situated at 
the vertex of the complete cone, h representing in this case 
the height of the frustum, ^ 
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If the cone be an oblique cone the base of which is any plane 
figure it is still true that the attraction of a frustum on a par- 
ticle at the vertex varies as the thickness of the frustum. 
Consider two indefinitely thin parallel laminae at different 
distances from the vertex of such a cone, then the attractions 
of these laminae on the particle at the vertex will be the same. 
For take any indefinitely small element of area on the surface 
of one of the laminae, and let a conical surface be formed by 
straight lines which pass through the perimeter of this area and 
through the attracted particle ; this conical surface will inter- 
cept elements in the two laminae which are bounded by similar 
plane figures. Now, supposing the laminae of the same thick- 
ness, the masses of the elements will vary as the squares of 
their distances from the attracted particle, and thus they will 
exert equal attractions on this particle. The same result holds 
for eveiy corresponding pair of elements in the two laminae, 
and thus the two lammae exert on the particle at the vertex 
attractions which are equal in amount and coincident in direc- 
tion. From this it follows that the attraction of a frustum 
varies as its thickness. 

210. We have hitherto considered the attracting, body 
to be of uniform density, but considerable variety may be 
introduced into the questions by various suppositions as to 
the law of density. Suppose, for instance, that in the case 
of the circular lamina in Art. 207 the density at any point 
of the lamina is ^(r), where r is the distance of that point 
from the centre ; ^ (r) must then be put instead of p in Art. 
207 and must be placed under the integral sign. Therefore 
the attraction of the lamina will be 



2.CK f iW!*. 



If ^ (r) = - , where <r is a constant, the result is 

dr ZirKcb 



p dr 



27rCKa ■— -T. or 



211. To find the resultant attraction of an assemblage of 
particles constituting a homogeneous spherical sheU of very 
small thickness on a particle o({f>tside the shelL 
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Let C be the centre of the shell, Jf any particle of it, P the 




attracted particle. Let CM=r, PM=y, CP=c, 5 = the 
angle PCM, tfi = the angle which the plane PCitf makes with 
the plane of the paper, Sr = the thickness of the shell, and 
let p denote the density of the shell. 

The volume of the elementary solid at Mis t'smSSrSdS^ 
(see Art. 130). The attraction of the whole shell acta along 
PC; the attraction of the element at Jf resolved aloi^ PC is 

pt^sia 8 Br S0B<t> c-rcosB 

f y 

We shall eliminate 6 from this expression ty means of the 
equation 

^ = c» 4- r* — 2n; cos 6 ; 



dy cr ' 



Therefore the attraction of ^on P along PC 
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Hence the resultant attraction of the whole shell 

__ TTfyrSr .^ o \ _ ^Trpr^Br _ mass of the shell 

This result shews that the shell attracts the particle at P in 
the same manner as if the mass of the shell were condensed 
at its centre. 

212. It follows from the preceding Article, that a sphere 
which is either homogeneous or consists of concentric spheri- 
cal shells of uniform density, attracts the particle at P in the 
same manner as if the whole mass were collected at its centre. 

213. To find the attraction of a homogeneous spherical shell 
of small thickness on a particle placed within it 

We must proceed as in Art. 211 ; but the limits of y are in 
this case r — c and r-\-c\ hence the resultant attraction of the 
shell 

Therefore a particle within th« shell is equally attracted in 
every direction. 

Suppose a particle inside a homogeneous sphere at the dis- 
tance r from its centre ; then by what has just been shewn all 
that portion of the sphere which is at a greater distance from 
the centre than the particle produces no effect on the particle. 
Also by Art. 211, the remainder of the sphere attracts the 
particle in the same manner as if the mass of the remainder 
were all collected at the centre of the sphere. Thus if p be 
the density of the sphere the attraction on the particle is 

4 

^^^ ., . . 47rpr 
— o - , that IS — ^f- , 
r 6 

Thus inside a homogeneous sphere the attraction varies as the 
distance from the centre. 

214. The propositions respecting the attraction of a uni- 
form spherical shell on an external or internal particle were 
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given by Newton {Princtpia, Lib. I. Prop. 70, 71). The result 
with respect to the internal particle was extended by Newton 
to the case of a shell bounded by similar and similarly situated 
surfslces formed by the revolution of an ellipse round an 
axis. {Princtpia, Lib. I. Prop. 91, Cor. 3). The propo- 
sition is also true when the shell is bounded by similar and 
similarly situated ellipsoidal surfaces, which we proceed to 
demonstrate in the method given by Newton for the surfaces 
of revolution. 

215, If a shell of uniform density be hov/nded by two eUip^ 
soidal surfaces which are concentric, similar, and similarly 
situated, the resultant attraction on an internal particle vanishes^ 

Let the attracted particle P be the vertex of an infinite 
series of right cones. Let NMPM'N' and nmPmn be two 
generating lines of one of these jg. 

cones, and suppose the curves in 
the figure to represent the inter- 
section of the surfaces of the shell 
by a plane containing these gene- 
rating lines. The curves will be 
similar and similarly situated el- 
lipses, and by a property of such 
ellipses, 

MN=^M'N' and mn=m'n\ 

By taking the angle of the cone small enough, each of the 
two portions of the shell which it intercepts will be ultimately 
a, frustum of a cone, and being of equal altitude and having a 
common vertical angle, they will exercise equal attra^ctians on 
P. (See Art. 209.) Similar considerations hold with respect 
to each of the infinite series of cones of which P is the vertex, 
and consequently the resultant attraction of the shell vanishes. 

This result being true, whatever be the thickness of the 
shell, is true when the shell becomes indefinitely thin. 

216. In a somewhat similar way we may establish the 
following proposition which is due to Poisson ; the resultant 
attraction of an indefinitely thin shell bounded by two ellip- 
soidal surfaces which are concentric, similar, and similarly 
situated 07i an external particle is in the direction of the axis 
of the enveloping cone which has its vertex at the given par-^ 
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tide. ( CrelUs Journal, Vol. xii. p. 141.) Denote the external 
particle by Q ; and suppose P in the preceding figure to be 
the point where the axis of the enveloping cone intersects the 
plane of contact of the cone and the ellipsoidal shell. Draw 
any straight lines NMM'N* and nmrriri as in the preceding 
figure. Let /li denote the mass of the element Mn and iil 
the mass of the element Jf V. 

The attraction of /i is equal to tj^ and it acts along Q Jf ; 
the attraction of yl is equal to q^tj and it acts along QM. . 



Now 



A* _ 



and it is known that QM and QM' make equal angles with 
QP (see Conic Sections, Chap, xv., last example) ; therefore 

PM_ PM' 
QM QM' ' 

and therefore q^^"^- 

Thus the elements ii and ^ exert equal attractions on Q; and 
since the directions of these attractions make equal angles 
with QP, the resultant attraction of these two elements acts 
along QP. A similar result holds for every pair of elements 
into which the ellipsoidal shell may be decomposed; and thus 
the proposition follows. It appears from the course of the 
demonstration that any plane through P divides the shell into 
two parts which exercise equal attractions on Q. 

It follows from this result, by proceeding to the limit, that 
.the resultant attraction of the indefinitely thin shell on a 
particle in contact with the external surface is in the direction 
of the normal to the surface at the point of contact. 

In the next two Articles some propositions will be given 
which may serve as exercises ; the approximate results which 
will be obtained may be subsequently verified by an exact 
investigation : see Art. 226. Two terms will be first defined. 

The figure formed by the revolution of an ellipse round its 
minor axis will be called an ohlatum; and the ngure formed 
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by the revolution of an ellipse round its major axis will be 
called an ohlongum. The former figure is often called an 
oblate spheroid, and the latter a prolate spheroid ; but these 
terms are inconvenient because the word spheroid is used by 
some writers to denote a figure which is nearly spherical, and 
by others to denote a figure not limited to any particular 
form : see page xiii. of the author's History of the Mathema-* 
tical Theories of Attraction and of the Figure of the Earth, 

217. To find the attraction of a homogeneous oblatum of 
small ecccentridty on a particle ai its pole* 

Let 2c be the length of the minor axis and 2a that of the 
major axis of the generating ellipse. The oblatum may be 
supposed made up of a concentric sphere, the radius of which 
is 0, and an exterior shell ; we shall calculate the attractions 
of these portions separately. 

Let a section be made of the sphere and the oblatum by a 
plane perpendicular to the axis of revolution of the oblatum 
at a distance x from the attracted particle. This plane cuts the 
sphere and the oblatum in concentric circles; the area of the 

IS 

former being ir'tf and of the latter — 5p-, where y'= 2caj — a;'; 

c 

the diflference of these areas is tt f -j — 1 J y'. If a section be 

made by a second plane, parallel to the former and at a 
distance Zx from it, the volume of the portion of the shell 

intercepted between the planes will be tt [ -^ — 1 j j^hx. The 

distance of every particle of the annulus thus formed from 
the attracted particle is approximately V(2c^), and, as the 
resultant atti'action of the annulus will act along the axis of 
the oblatum, it will, approximately, 

/a* \ X y^Sx fa* - \ 2caj* - «?* «. 

Therefore the resultant attraction of the shell 

2^c* J 9 loc 
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If we suppose c = a (1 — e), e being very small, we have 

a^ — c^^^ 2c*€ approximately ; 

therefore the resultant attraction of the shell = — ^-^ . 

15 

Also the attraction of the sphere, by Art. 212, =f7rpc; 

therefore the attraction of the oblatum on the particle 

This method is due to Clairaut ; see Art. 165 of the History 
of the Mathematical Theories of Attraction... 

218. To find the attraction, of a homogeneous ollatum of 
small excentridty on a particle at its equator. 

Let 2c be the length of the minor axis, and 2a that of the 
major axis of the generating ellipse. The oblatum may be 
supposed to be the difference between a concentric sphere of 
radius a and a shell, and the attractions of the sphere and shell 
may be separately calculated. Let a section be made of the 
sphere and the oblatum by a plane perpendicular to the straight 
line joining the attracted particle with the common centre of 
the sphere and oblatum, and at a distance x from the at- 
tracted particle; this plane will cut the sphere in a circle the 
area of which is wy^, where y* = 2aa? — a; , and it will cut the 
oblatum in an ellipse of which the semi-axes are respectively 

y and -^ , and the area of which is therefore — t/*. The dif- 
^ a' a ^ 

ference of the two areas is ttiI — It/'. If a section be 



(•-3^- 



made by a second plane parallel to the former, and at a 
distance hx from it, the volume of the portion of the shell 

intercepted between the planes will be tt ( 1 — J j^hx. The 

distance of every particle of the annulus thus formed from the 
attracted particle is approximately V(2aa;) ; and as the result- 
ant attraction of the annulus will act along the straight line join- 
ing the attracted particle with the centre, it will approximately 
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Therefore the resultant attraction of the shell 

= ^,i{c = a{l-e). 

Also the attraction of the sphere, by Art. 212, =|7r/}a; 
therefore the attraction of the oblatum on the particle 

In the same manner it might be shewn that the attractions 
of a homogeneous obhngum of small excentricity on particles 
at the pole and equator are respectively 

^9 (1 - !«) c and ^p (1 -fe) c, 
2c being the axis of revolution of the oblongum, and 

a = c (1 — 6), 

219. One more example may be given. It is sometimes 
useful to compare the attraction exerted by the Earth on a 
particle at the top of a mountain with the attraction exerted 
by the Earth on the same particle at the ordinary level of the 
Earth's surface. The investigation is given by Poisson, 
(Mecanique, Tom. I. pp. 492... 496). Let r denote the Earth's 
radius, x the height of the mountain, g the attraction of the 
Earth on a particle of a unit of mass at the ordinary level of 
the Earth's surface. If there were no mountain the attraction 
of the Earth on the particle at a distance x from its surface 

would be g -. ^ : we have then to add to this expression 

the attraction exerted by the mountain itselC Suppose the 
mountain to be of uniform density p, and consider it to bo 
cylindrical in shape, and the particle to be at the centre of its 
upper surface ; then by Art. 208 the resultant attraction ia 

where b is the radius of the cylinder. If h is so large in com* 
parison with x that the square of t can be neglectedi this 
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expression reduces to 27r/oa?. Thus if ^ denote the attraction 
at the top of the mountain 

Let 0- denote the ifnean density of the Earth, so that the 
mass of the Earth is — ic — ; then 




thus g =g ^, V, 

This result is substantially due to Bouguer ; see Art. 363 
of the History of the Mathematical Theories of Attraction,., 

Now the mean density of the Earth is known to be about 
five and a half times that of water, and from what may be 
conjectured of the density of matter at the Earth's surface, we 

may suppose £ = i. Aiid 

(y 4 a;)' " (^ ■'' r ) = -^ ~ T approximately ; 

*». .■=,(i-^.|)=,(x-|). 

How far the approximations made in this Article are allow- 
able might be difficult to estimate ; from Article 207, it ap- 
pears that in taking 27rpx to represent the attraction of the 
mountain, we do in fact make the mountain to consist of a 
uniform plate of finite thickness x, but of infinite extent. 

We have hitherto confined ourselves to simple examples 
of the ordinary law of attraction ; we now proceed to consider 
some other laws of attraction, and also some more complex 
cases gf the ordinary law. 

220. If the particles of a body attract with a force varying 
as the product of the mass into the distance, the resultant at- 
traction of the body is the same as if the whole mass of the body 
were collected at its centre of gravity. 

T. s. 19 
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Take the centre of gravity of the attracting body as the 
origin of co-ordinates, and let a, b, c be the co-ordinates of 
the attracted particle. Divide the attracting body into inde- 
finitely small elements ; let oo, y, z be the co-ordinates of an 
element, m its mass, and r its distance from the attracted 
particle. Then the attraction of this element is triry and by 
resolving it parallel to the co-ordinate axes, we obtain 

a^x h — v c — z 

rnr . , mr , =-, mr. , 

r r r 

respectively. Hence, if X, Y, Z denote the resolved parts of 
the whole attraction, we have 

But, since the origin is the centre of gravity of the attracting 
body, we have 

therefore X=aXm, Y=bSm, Z=c%m, 

But these expressions are the resolved attractions of a mass 
Zm placed at the origin, which establishes the proposition. 

221. To find the attraction of a homogeneous spherical shell 
on a particle without it; the law of attraction being represented 
by <l> {y), where y is the distance. 

If we proceed as in Art. 211, we find the resultant attrac- 
tion of the shell on F along PC 

Suppose J <l> (y) dy = ^, (y), and j y^^ (y) cZy = i|r (y). 

Then, integrating by parts, we have 
J (y + e- r") ^ (5/) dy = (/ + c' - r*) ^. (y) - 2 Jy^. (y) rfy 

•= (y* + cV-r') ^^ (y) - 2t Cy) ; 
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therefore -^ — 1 (y^ + c^ ^ r') <^ {y) dy 

J c-r 



(c "I" 7* C"^7* 1 1 

= 2trprhr |-^^,(c+r)- — ^,(c-r)--,'^(c+r-)+-,f (c-r) 
= 27rprSr ± ft (c + r) -f (c-r)| ^ 

This last form is introduced merely as an analytical artifice to 
simplify the expression. 

222. To find the attraction ofths shell on an internal par- 
ticle. 

The calculation is the same as in the last Article, except 
that the limits of y are r — c and r + c. Hence, the attrac- 
tion of the shell 

= Zirprhr |!^<^^(r+c)+^^j(r-c)---,'>/r(r+c)+-,i|r(r-c)| 
= 2^prSr|{ ^^"-*-^^;^^^"^^ |. 

223. The formulae of the preceding two Articles will give 
the attraction when the law of attraction is known. 

1 1 

Example 1. Let ^ (r) = -, ; therefore ^j (r) = — + ^4, 

A and B being constants. 

Therefore the attraction on an external particle 
. 2^^s, * |-*- + ^fe4.^)--^(o-r)-| 

19—2 
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The attraction on an internal particle 

= 27rprSr^| ^"2^ ^ -\ 

= 27rpr8r |. {- 2 + 2Ar} = 0, (Art. 213). 

Example 2. Let il>{r)^r; 

therefore ^^ (r) = ^r' + ^, i^ (r) = Jr* + ^At^ + JR 

The attraction on an external particle 

= 27rpr&r ^ (( ^ + r)* - (c - r)« + 4 J (c + r)* -4>A(c- r)* j 

= 27rpr8r j- {cV + r' + 2^r} 

= iiTTpr^cSr = mass x c. 

The attraction therefore is the same as if the shell were 
collected at its centre. This property we discovered for the 
law of the inverse square. We shall now ascertain whether 
there are any other laws which give the same property. 

224. To find what laws of attraction aUow us to suppose 
a spherical shell condensed into its centre when attracting an 
external particle. 

Let ip (r) be the law of force ; then, if c be the distance of 
the centre of the shell ■ from the attracted particle, r the ra- 
dius of the shell, and -^ (0 "= J{^ J^ W ^A ^^> *^® attraction of 
the shell 

'-1^ (c + r) — -^/r (c — r)' 



= 27rpror -7- 



c 
But if the shell be condensed into its centre, the attraction 

= 4 7rpr^Br(f> (c) ; 
therefore | jf (c + r) -^(c-r)| ^ ^^^ ^^^^ 



ATTRACTION. SPHERICAL SHELL. 



293 



Expand yjr^c + r) and 'ylr(C'-r) in powers of r ; then using 
y^' (c) for ^^ , &c., we have 

2r^(c)=2|{rt'(c)+^3V^"'(c)+..; 



therefore 






dc 



whatever r may be ; therefore 



dc 



But 
therefore 
therefore 



^'(c)=c/(A(c)db; 
^"(<5)=/<A(<?)dc + C(A(c); 



Therefore, by the first of the above equations of condition 

for ^ (c), 

2A (c) ^, , V ^ ^ 

+ 9 (c) = a constant, 
{/ 

Put ^A for this constant ; multiply both sides of the equa- 
tion by 0* and integrate ; thus 



therefore 






This value satisfies all the other equations of condition for 
•^ (c) ; therefore the required laws of attraction a;re those of 
the direct distance, the inverse square, and a law compounded 
of these. 

See also Art 1046 of the History of the Mathematical 
Theories of Attraction... 
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« 

225. To find for what laws the shell attracts an inteimal 
particle equally in every direction. 



When this is the case, 

d J-^lr (r + c) — -x^ (r — c)' 
dc\ c 



= 0; 



c» 



therefore -^/r' ir) + ~ .'^'" (r) + . . . = ^, 

l£ 

whatever c is, -4 being a constant independent of c; therefore 

'^' (r) = Ay '^'" (r) = 0, &c. 

From the second condition, we have 

where B, JB', and B" are constants. 

Hence '^' (r) or rj^ (r) cZr = 5' + 2jB'V ; 

therefore /<^ (r) dr = — + 25" ; 

therefore ^ (r) = j- : 

with this value of <^ (r) all the other equations of condition 
are satisfied : hence the only law which satisfies the condition 
is that of the inverse square. 

226. To find the attraction of a homogeneous ellipsoid of 
revolution on a particle within its mass, the law of attraction 
being that of the inverse square of the distance. 

liet a and c be the semi-axes ; and let the equation to the 
ellipsoid of revolution referred to its centre as origin be 

^-^•- ••••■ (»■ 

Let /, g, h be the co-ordinates of the attracted particle ; r 
the distance from the attracted particle of any point of the 
attracting mass ; the angle which r makes with a straight 
line parallel to the axis o£ z; <f) the„angle which the plane 
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containing r and a straight line through the point {f, g, h) 
parallel to the axis of z makes with the plane of {x, z). The 
volume of an element of the attracting mass 

= r^ sin 6 W B(j> Sr, 

as in Art. 130. Let p be the density of the ellipsoid of 
revolution; then the attraction of this element on the at- 
tracted particle is p sin B6 8(^ Br ; and the resolved parts of 
this parallel to the axes of x, y, z, are 

p sin' cos <f> 80 8(f> Br, p sin* sin ^ B0 B(f> Br, 

and p sin cos B0 B<f) Br, 

respectively. Hence the attractions of the whole ellipsoid of 
revolution will be found by integrating these expressions be- 
tween proper limits. We proceed to find these limits. 

In equation (1) put 

/+ r sin cos (f) for x, 

^r + r sin 5 sin (f) for y, 

A + rcos^ for^; 

then the equation to the elUpsoid of revolution becomes. 

(/+ r sin cos <f>y -\- {g + r Bin sin 0)' (A + rcos^)'_- 



a 



, fsin'5 . cos»(9^ 



r/sin^cos^ + ^rsin^sin^ Acos^l 



2 2 

a c 



-n . sin*^ cos'^ r^ 

Put __ + __ = A, 



/sin cos <j>+gsin0 sin (f> h cos „ 



a^ 



then K''r' + 2KFr + F'=E..... (2). 
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Equation (2) will give two values for r, one positive and the 
other negative ; these values we may denote by r^ and — r^, 
where 

Hence to find the whole attraction of the ellipsoid of revo- 
lution parallel to the axis of os, we first integrate the ex- 
pression p sin* cos <f> B0 S(b Sr with respect to r between the 
limits r = and r = r^, ana also between the limits r = and 
r=^r^ and take the difference ; we thus obtain 

p sin* cos (f> (r^ — r J B0 B<f> ; 

this must be integrated between and tt for ^, and and tt 
for 0. If A denote the whole attraction parallel to the axis 
of X, acting towards the origin, we have then 

rv rv p 

-4 = 2/0 I I -^sin* cos <f> dO dff>. 

We may simplify this expression by omitting those terms 
which vanish by the principles of the Integral Calculus; thus 

sin'^c?^ 



c'sin^^ + a'cos*^* 



^=^^^P'IJ, cW^TaW? = '^^^ J, 

The integrations will take different forms according as a is 
greater or less than c. We will take the former case, that is 
we will suppose the ellipsoid of revolution to be an ohlatwrru 

mi A j^ % [^(l-cos^ff)sm0d0 

Thus A = TT/pc \ . / ^ — ^ nr 

'^^ Jq c* + (a* - c^) cos' (^ 

wfpc^ f ( a' sin - A ^a 

^ 27r/pc' f a' ton-' '^^"^ ~ ^'^ 1 
^ a' — c* \c V(a'' — c") c 

Let c* = a* (1 — e*) ; then the result may be written 

^ = 27r/p| — ^sin'e -r 
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In the same manner, if B denote the whole attraction of an 
oblMum parallel to the axis of y, 

B=^27rgpY^-^sm^e ^|. 

Let G denote the whole attraction of the ellipsoid of revo- 
lution parallel to the axis of z, then 



0«'0"' •'0«'0 



As before we will suppose a greater than c, that is we will 
take the case of an oblatv/m. 

Thus c^^g^Y'f^g, <;Bing X ^^ 

a—cJf [ (T + {a* — c') COS* 0} 

_ ivhpa* L ^„„-i V(a*-c') l 

= 4fjrhp y J sin-* e| . 

If the body be an obUmgum a is less than c. It may be 
shewn then that 



27r/pc* 



«* i-.~<' + V(c'-rt*)' 



^ 4frrhpa^( c , c + ^/lc^ — a^) -] 
c^ — a" [v(c — aj ® a J 

It may be noticed that in both cases 

-?+ — |--r = 47ro. 

227. From the expressions in the preceding. Article we see 
that the attraction is independent of the magnitude of the 
ellipsoid of revolution and depends solely upon the excen- 
tricity. 
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Hence the attraction of the ellipsoid of revolution similar 
to the given one and passing through the attracted particle, 
is the same as that of any other similar and similarly situated 
concentric ellipsoid of revolution comprising the attracted par- 
ticle in its mass. Hence a shell the surfaces of which are 
similar, similarly situated, and concentric ellipsoids of revo- 
lution attracts a particle within it equally in all directions. 
This has been already established ; see Art. 215. 

If we put the ellipticity of, the body =6, and suppose e 
very small so that we may neglect its square, we have for the 
oblatum, since c = a (1 — e), 

e' = 1 2 = 1 — (1 — e)' = 2e approximately. 

a 

After expansion and reduction we shall obtain approximately 

B = iirp (1 - ^e) g, 
C = iwp {1 + ie) k 
For the ohlongwm, since a^c (1 — e), 

. e' = l-^ = l-(l-€)*=2e. 

After expansion and reduction we shall obtain approximately 

A = ^'jrp{l+y)f, 
B = i'7rp(l+^)g. 
0= fTrp (1 - ie) h. 

228. To find the attraction of a homogeneous ellipsoid on 
a particle within its mass, the law of attraction being that of 
the inverse square of the distance. 

a? if z^ 
Let the equation to the ellipsoid be -g + ^^ + -g = 1. 

Let /, g, h be the co-ordinates of the attracted particle. 
Then, proceeding as in Art. 226, we put 

y+rsin^cos^ for a?, 

^ + r sin ^ sin <f> for y, 

A + rcos5 for «; 
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thus the equation to the ellipsoid becomes 

, f sin'' 6 cos* 6 . sin' 6 sin' <f) cos' 6] 

^1 a ^+ La -+ a-r 

a c ) 



+ 



f/sin 6 cos ^ fl' sin ^ sin h cos 6\ 
[ a c j 



La 



+'^a + C + ^'"l = 0' 

which we may denote thus 

Z-r' + 2i^r+4 + fC + ^*-l = 0. 

a h c" 

This quadratic equation will give two values of r, one positive 
and the other negative ; these values we may denote by r^, 
and — r^. 

Now if p be the, density, and G denote the attractioil 
parallel to the axis of z we have 

C = p \\\ ^m6 co^ 6 dO d^ dr* 

First integrate with respect to r between the limits and 
r^, and also between the limits and r^^ and take the dif- 
ference ; we thus obtain 

(7=p[[sin5cos^(r,-rJd5t?^ 

= 2/0 1 1 -^sin 9 cos 6 dd d(j>. 

The limits are and ir for <f>, and and tt for 0. We may 
simplify this expression by omitting those terms in F which 
vanish by the principles of the Integral Calculus ; thus we get 

>- 9 *hn r r sin cos' 6 dO d<f> 

L-Zpad/ijJ^ 6V sin' cos' <^ + aV sin' sin'^ + a'6' cos' 



IT IT 



„„ /^r sin cos* 0d0d4> 

~ ^'^ ** j J, 6V sin' ^ cos> + aV sia' ^ sin> + a'6' cos' d" 
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The integration with respect to ^ may be effected. 

For [ ^ 

J 6V sin' 5 cos" ^ + aV sin' 5 sin' «^ + a*b' cos' 



=/ 



bV sin' + o'6' cos' + (a*o' sin' ^ + a' J' cos' ^ Un' <^ 

1 



V(6V sin' ^ + aV cos' ^) V(aV sin' + a'6' cos' ^ 

, ^ V(«V sin' ^ + a'6' cos' ^) ^ , 

where f = .,,, « ■ » /i . — iii — stzk t*Ji 9« 

Vloc 8ii' ^ + a'6' cos' 0) ^ 

"When taken between the limits this gives 



tan"'(; 



1 



o6 VCc" sin' 5 + o' cos' 0) ^(<? sin' 5 + 6' cos' 0) 2 * 
Therefore 

^_ . ,, fa sin cos' g d5 

- ^paOftj^ ^(g. sin' 6> + a« cos' 5) V(c' sin' + 6' cos' 0) 



2Z1\ • 



The values of A and 5 may be immediately obtained by 
symmetrical changes in the letters a, b, c, and j^ g, h. 

If we change a, h, c into a (1 + n), 6 (1 + w), c{l+n) 
respectively, the expression for C remains v/nchanged; and so 
also the expressions for A and B remain unchanged. This 
shews that a shell of any thickness, the internal and external 
boundaries of which are similar and similarly situated con- 
centric ellipsoids, exerts no attraction on a particle within 
the inner boundary. This has been already established ; see 
Art. 215. 

The definite integral which occurs in the expression for C 
admits of various transformations. Thus put x for cos 6, then 
we obtain 

0= 47r/>a6A J^ ^jc- + {a' - c'O x'] ^[c' + {b' - O ^'1 ' 
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Again put o? = ^ ; so that < = when a? = 1, and < = oo 

C "T" ' 

when ^ s= 0. Thus we obtain 

where Q stands for V((a' + *)(&' + (^ + <)}• 

229. Suppose we require the attraction of a homogeneous 
ellipsoid of revolution on an external particle. 

In the equation (2) of Art. 226, we shall now have F^-^ H 
a positive quantity, and the two roots of that quadratic equa- 
tion will have the same sign. Hence we shall find 

-4 = 2/> 1 1 %^ sin' cos ^ d<^ dO. 

The limits of the integration with respect to 6 will involve 0, 
for these Umits will be found by putting H= 0, and this leads 
to the following quadratic equation for determining tan : 

2Atang/co8 04-ffsin<^ 1 /^ f+g^ ^^^ 
c* * a? <?\ a* / * 

Then the limits of <f> are to be determined from the condition 
that the values of tan furnished by this quadratic equation 
must be equal; this leads after some reduction to the following 
equation for determining the limits of <^, 

(/cos ^ + jr sin <^)' =/* + 5^' — a*. 

It is however unnecessary to proceed with these complicated 
integrations, for we can obtain the result indirectly by means 
of Ivory's theorem, which furnishes a relation between the 
attractions of homogeneous ellipsoids on eoctemal and internal 
particles ; this theorem will be true for ellipsoids of revolve 
tion as they are included among ellipsoids, and since the at- 
traction of an ellipsoid of revolution on an internal particle 
has been already found, the theorem will enable us to deter- 
mine the attraction of an ellipsoid of revolution on an external 
particle. 
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230. We shall require a preliminary definition and pro- 
position before we give Ivory's theorem. 

Corresponding points on two ellipsoids are points whose 
co-ordinates are proportional to the axes to which they are 
respectively parallel. 

In confocal ellipsoids the distance between two points, one on 
each ellipsoid, is equal to the distance between their corre- 
^poinding points. 

Let [x, y, z) and (^, 17, 5) denote two points P and Q on an> 
ellipsoid whose semi-axes are a, 6, c ; then the corresponding 
points P'and Q on an ellipsoid whose semi-axes are a, h\ c',.. 
will be denoted by 

(ax Vy ct\ , (a^ Vr) c'^ 
Therefore P^"-FQ' = 

(a^'-a(i-^:)+(y'-';')(i-|;)+(^'-r')(i-^) -. 



{a* -a") 






because the ellipsoids are confocal, and therefore 

a? - a!* =}^ -V* = c* - c'\ 

But ?'*'i^+? = -^"a?"''F"*"?' 

therefore PQ'»-FQ' = 0; thus PQ[ = PQ. 

Iixyry's Theorem. The aMraction of an ellipsoid on a par- 
ticle on the surface of a confocal ellipsoid resolved parallel to 
an axis is to the attraction of the second Mipsoid on Hie 
corresponding point on the surface of the first ellipsoid, so 
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resolved, as the product of the other two axes of the first 
ellipsoid is to the corresponding product in the second ellipsoid: 
the two ellipsoids being homogeneous and of the same density. 

Let a, J, c be the semi-axes of the first ellipsoid ; a', h\ d 
those of the second. Let {f g^ h) denote a point on the sur- 
face of the first ellipsoid ; (/', g\ h') the corresponding point 
on the surface of the second ellipsoid. 

The attraction of the first ellipsoid on a particle at (J^,g\ hy 
resolved parallel to the axis of a; is , 



jjjf^^-^'l' M ^^<^!/<^^> 



where r« = {x -/T + (y - gj + (^ - hy, 

and the law of attraction is represented by ^ (r) ; /* is a con- 
stant: the integration is to extend throughout the volume of 
the first ellipsoid. 

Let f<l}{r)dr = '\lr{r). Integrate with respect to x; and^ 
let r^ and r^ denote the values of r at the extremities of a 
chord of the ellipsoid parallel to the axis of x. Thus the 
resolved attraction is 

In the same way the resolved attraction of the second 
ellipsoid on the corresponding point on the surface of the 
first ellipsoid may be expressed by 

Now suppose that we always make 

then we have by the preliminary proposition 

ri = r\ and r^ = r\; 

and we have also 

dydz__ he 

Hence the first resolved attraction is to the second resolved 
attraction as he is to Vc\ and this establishes the theorem. 
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It will be seen that the. demonstration establishes some* 
thing more than Ivory's theorem enunciates, namely the fol- 
lowing : take any elementary prism of the first ellipsoid the 
edges of which are chords parallel to an axis, and take the 
corresponding elementary prism of the second ellipsoid ; then 
the attractions of these prisms resolved parallel to the axis on 
the corresponding points are as the products of the other 
axes: and Ivory's theorem follows from the fact that the 
ellipsoids may be supposed to be formed of corresponding 
elementary prisms. 

"We observe that one of these ellipsoids lies entirely within 
the other. For if not the points at which they intersect would 
lie on the curve of which the equations are 

the co-ordinates of the points of intersection must therefore 
satisfy the equation 

Since the ellipsoids are confocal this becomes 

and this equation can only be satisfied by supposing a;, y, 
and z to vanish ; and these values do not satisfy the equa- 
tions to the ellipsoids. Thus the ellipsoids do not intersect 
at any point. 

* 

Hence to find the attraction of an ellipsoid of which the 
semi-axes are a, b, c on an external particle of which the co- 
ordinates are /', g, K, we must first calculate the attraction, 
resolved parallel to the axes, of an ellipsoid of which the 
semi-axes are a', h\ d on an internal particle of which the 
co-ordinates are j'J ^, A ; these six quantities being determined 
by the equations 
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f-^/' ;-¥ A-^'"'- 

and then the resolved parts of the required attraction will be 
these three calculated results, multiplied respectively by- 
te ca ah 
oc ca ab 

It may be shewn that there is only (me ellipsoid which can 
have its semi-axes a , J', d satisfying the conditions required 
in Ivory's theorem. 

Suppose that a, 6, c are in descending order of magnitude. 
Put t for c'* ; let a^ — c^ = p, and h^ — (? = q, so that p and q 
are positive quantities. We have then 

thus we obtain the following equation for determining t, 

p-\- 1 q + t t 

By examining the changes of sign of the expression which 
forms the left-hand member of this equation, we see that 
there is a root between —p and —q,s. root between — q and 0, 
and a root between and x . Corresponding to the first root 
we should obtain an hyperboloid of two sheets ; correspond- 
ing to the second root an hyperboloid of one sheet ; and cor- 
responding to the third root an ellipsoid. 

It should be remarked that what is called Ivory's Theorem 
is strictly speaking Ivory's demonstration of Laplace's Theo- 
rem : see Art. 804 of the History of the Mathematical Theories 
of Attraction,,.. 

231. To prove that the resultant attraction of the particles 
of a finite body of any figure on a particle of which the dis- 
tance is very great in comparison with the greatest diarneter of 
the attracting body, is very nearly the same, as if the particles 
were condensed at their centre of gravity and attracted ac- 
cording to the same law, whatever that law be, 

T. s. 20 
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Let the origin of co-ordinates be taken at the centre of 
gravity of the attracting body, the axis of x through the 
attracted particle ; let c be its abscissa, and x, y, z the co- 
ordinates of any particle of the body, p the density of that 
particle. 

Then the distance between these two particles, or r, 

Let rj> (r*) be the law of attraction ; then the whole attrac- 
tion parallel to the axis of x 

= HSp {c — x) (j> {c? - 2cx + a? + y^ + z^ dxdy dz, 

the limits being obtained from the equation to the surface 
of the body. This attraction therefore 

=JfJp{c-x){(f>{c')-{2cx-a?-f-£^)(l>\c^ + ...}dxdydz 

:=Mc<l>{c') + c'<l>'{(?)fjjp^^^~^^dxdydz + {A), 

M being the mass of the body, and jjjpx dx dy dz = 0, since x 
is measured from the centre of gravity of the body. 

Now suppose X, y, z to be exceedingly small in comparison 
with c; then all the terms of (A) after the first are extremely 
small in comparison with that term, it being observed that 
c^^' (c^) is of the same order as c(j> (c") in terms of c. Hence 
the resultant attraction is very nearly Mc <f> (c^) ; that is, it is 
very nearly the same as if the particles were condensed at 
their centre of gravity and attracted according to the law 
determined by the function r(f> (r^). 

232. From Art. 224, it appears that when the law of 
attraction is that of the inverse square of the distance, a 
sphere composed of shells, each of which is homogeneous, 
attracts an external particle with a resultant force,, which is 
the same as if the sphere were condensed at its centre. It 
may be shewn also that two stick spheres attract each other 
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In the same manner as if each were condensed at its centre. 
For consider any element of mass forming part of the first 
sphere ; the attraction of this on the second sphere will be 
equal and opposite to the resultant attraction of the second 
sphere on it, and will therefore be the same as if the 
second sphere were collected at its centre. Similarly, the 
attraction of any other element of the first sphere on the 
second will be the same as if the second were collected at 
its centre. Proceeding thus, we find that the whole action of 
the first sphere on the second is the same as if the second 
were collected at its centre, and therefore the mutual attrac- 
tion of the spheres is the same as if each were collected at 
its centre. 

If the law of attraction be that of the direct distance, then 
two bodies of any shape attract each other with a resultant 
force which is the same as if each were collected at its centre 
of gravity. 

We proceed to general formulse for the attraction of bodies 
of any form. 

233. Let there be a body of any form; let p represent the 
density of an element, the volume of which is dxdydz, x, y, z 
being the co-ordinates of the element. Suppose the attraction 
between the particles of masses m and m! respectively, at a 
distance r, to be rrmt! F{r)\ then the components X, Y, Z 
parallel to the axes, and/rom the origin, of the attraction of 
the body on a particle whose mass is uuity, and co-ordinates 
a, 6, c are found by the equations 






p F{f) dxdydz, 



p^- Fix) dxdydzy 

Z=jjjp^-^F{r)dadydz, 

r being = {{x - a)^ + (y - by + {z ^ cy}K 

The integrations are to be taken so as to include all the ele- 
ments of the attracting body, 

20—2 
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Let (f> (r) be such a function of r that F{r) is its diflFerential 
coefficient with respect to r, and let 

^ = JIIp^ W dxdydz, 

the integrations being extended so as to include all the ele- 
ments of the attracting body ; then will 

x^-— r=-— z=-— 

da^ db* dc ' 

For ^^^^^ = ^^(^) ^l^pr^\ ^ = ^F W^— ? • 
da dr da da w ^ ? 

therefore X = — II Ip ^^ dxdydz 



^"-"d^jjjP'f'^^^^^y^' 



^_dU 

"' da ' 

jjr JTT 

Similarly, the equations ^= — -tT and Z= — -y- may be 
established. 

It may be observed that if in any case, for example that 
of an infinite solid, the integral TI becomes infinite, but the 

differential coefficients -r-, -tt-, -?- are finite, the preced- 

da do dc 

ing values of X, Y, Z will still be correct. 

For suppose we take a finite portion of the solid; the com- 
ponents of its attraction will have for values the differential 
coefficients of TJ, Suppose now that we extend without limit 
the portion of the mass considered,, the components of the 
attraction will always be 

^dJJ _dU __dU 

da' db' dc' 

whether U increase without limit or not. Hence, if these 
three expressions tend to limits, those limits will be the com- 
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ponents of the attraction of the infinite solid. And if they 
increase indefinitely, we may conclude that the attraction 
increases without limit as the portion of the body considered 
increases; this we express by saying that the attraction of 
the solid is infinite. 

234. If the law of attraction be that of the inverse square, 
we have 

i^(r) = -,, and <^(r) = -.-. 

Let F= - U, that is, let 

y^lljpdxdydz ^j^^ 

then, as in the preceding Article, we have for the attractions 
parallel to the axes of x, y, z respectively, and /row the origin, 

z=— r=^^ z=—. 

da' db * dc ' 

The equation which gives y is equivalent to the following 
operation: — decompose the attracting mass into indefinitely 
small elements, and divide the mass of eaxih element by the 
distance of that element from the attracted particle; the sum of 
these quotients is V. Hence, the value of V will be quite 
independent of the axes, rectangular or polar, which we may 
find it convenient to employ. Suppose we use the ordinary 
polar formulsB, and take the position of the attracted particle 
for the origin; then the element of volume is (Art. 130) 
7^8iD.0B(l>S0Br; therefore 

V=ffjpr8m0d(f>d0dr ..(2). 

Suppose the attracted particle forms part of the attracting 
mass; then, since r vanishes for those particles of the attract- 
ing mass which are in contact with the attracted particle, 
from equation (1) it would be doubtful if V is finite in this 
case; but from (2) we see that it really is finite. 

235. To express by m^ans of V the attraction resolved 
along any line. 

Let s be the length of the arc of any curve measured from 
a fixed point up to P the attracted particle; I, m, n the direc- 
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tion cosines of the tangent to this line at P; R the attraction 
resolved along this tangent ; then 

R^lX-^mY+nZ 

,JF, dV dV 
da do dc 

Now, if we restrict ourselves to points lying on the line «, 
Fwill become a function of a alone; for F is a function of 
a, 6, and c, and each of these may be regarded as a function 
of 5; thus we shall have by the diflferential calculus, 

dy^dVdadVdb dVdc^ 
ds da da db da dc ds^ 

. , da T db dc 

and smce ;7 == ^> ^ " '^' 77" " ^' ^^ ^ 

Jt = — ?— . 
da 

236. To examine the meaning of the function V, 

This function is of so much importance that it will be well 
to dwell a little on its meaning. 

In the first place it may be observed that the equation (1) 
contains a physical definition of V, which has nothing to do 
with the system of co-ordinates, rectangular, polar, or any 
other, which may be used to define algebraically the posi- 
tions of P and of the attracting particles. Thus F is to be 
contemplated as a function of the position of P in space, if 
such an expression may be allowed, rather than as a function 
of the co-ordinates of P; although, in consequence of its de- 
pending upon the position of P, Fwill be a function of the 
co-ordinates of P, of whatever kind they may be.. 

Secondly, it may be remarked that although an attracted 
particle has hitherto been conceived as situated at P, yet F 
has a definite meaning depending upon the position of the 
point P, whether any attracted matter exist there or not. 
Thus F is to be contemplated as having a definite value at 
each point of space, irrespective of the attracted matter which 
may exist at some places. 

The function F is called the potential of the attracting 
mass. 



POTEin^IAL. 311 

237. To calculate the value of Vin the case of a spherical 
shell, the density being a function of the distance from the 
centre. 

Let a be the distance of P from the centre ; u the distance 
of any point in the attracting shell from the centre ; ^ and 
the other polar co-ordinates of this point ; let be measured 
from the straight line joining the centre of the sphere with 
the attracted particle P, which is obviously the direction of 
the resultant attraction. The mass of the element at this 
point is pw" sin Zu B0 S<^, and 



Tr_ p p p^ pu"" sin du d0 d<t> 

JuiJoJo ^ 



where u^ and u^ are the internal and external radii of the 
shell; hence, 

'""/■"■/ow^sin 0dud0 



JuiJo T 

Now r* = w' — 2au cos ^ + a* ; 

therefore sin ^ -7- = — , 

dr au 

and F= — \\ pudu dr. 

We must now distinguish three cases. 

I. When P is beyond the external surface, the limits of r 
are a — w and a + u; therefore 

V= — I I pududr 

a J u^J a-u 

^t/^'^''^^ • (^^- 

But if Jf denote the mass of the spherical shell, 

3f =47r I pi?du\ 

J u^ 
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therefore F= — . 

a 

dV M 

Now the resultant attraction =-^- = -, so that it is 

dcb a 

the same as if the mass of the shell were collected at its 

centre ; this was proved in Art. 212. 

II. When P is within the internal surface, the limits of r 
are u — a and u-\-a\ therefore 



27r f^ /•«+« 
F= — / / pududr 

^ J UiJ u—a 

ru 

J Ui 



pudu (2). 



Since this is independent of a, we have 

da 
This is equivalent to the result found in Art. 213. 

III. By combining the results contained in equations (1) 
and (2), we see that if P be between the bounding surfaces 
of the shell, 



V= — I pu^du + 4iir I pudu, 

a J Ui J a 



From this we may deduce a result involved in Arts. 212 and 
213, namely, that the resultant attraction is the same as if all 
the matter which is nearer to the centre than P were collected at 
the centre, and the rest of the matter neglected. 

238. At aiiy point (a, 5, c) where there is no particle of the 
attracting mass^ the function V satisfies the partial differential 
equation 

da^ ■*■ db' ■*" dc' " ^' 
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For since r = {(a; — a)* + (y - 6)'+ (z - c)'}*, 
A (^\ _»— a A f}\ y — 6 ^ /IN _ 



« — c 



cP fl\_ 3{x- a)' 1 



(f /IX _ 3 (y - &)' 1 
3(g-c)' 1. 






Now v^jjjP^^. 

therefore :^^=jjjd^^ (J) /'^a"%<?^. 

and similar expressions hold for -^rp and -tt ; therefore 

dW d'V d^V_ 
da' ■*" db' "^ rfc* " 

This result holds so long as the attracted particle is not in 
contact with the attracting mass. If, however, the attracted 
particle is in contact with the attracting mass, r can vanish, 

and therefore - and its diflferential coefficients become infinite; 

the preceding demonstration does not hold in this case. 

239. At an internal point (a, b, c) about which the density 
is p, the function V satisfies the equation 

d'V . d'V d'V 

d^V d^V d^V 
To determine the value of -rr + ,i^ + —nr ^^ this case, 

da^ db^ d& 
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suppose a spbere described in the body so that it shall include 
the attracted particle, and let V= F, + V., where F, refers to 
the sphere and F, to the remainder of the attracting body ; 
then 

d'V d'V d*V_d*V, d*r, (?'F. 

da* ■*" db* ■*" dc" ~ da' ■•" dU' ■*" dc» 

dn; d^ d^. 
"^ da* ^ dh* "^ dc* 

d'F, d*V, d*V, 

2 I 8 I 2 

" da^ ■*■ dU" ■*" dc^ ' 
by what has be6n already proved. 

Now the centre of the sphere may be chosen as near the 
attracted particle as we please, and the radius of the sphere 
may be taken so small that its density may be considered 
ultimately uniform, and equal to that at the point (a, 6, c). 

Let a, P, y be the co-ordinates of the centre of the sphere ; 
then the attractions of the sphere on the particle parallel to 
the axes are, by Art. 213, 

therefore ^« = -^^(a-a). ^ = -^, 

db~ 3 ^ '^^' dV~ 3 ' 

de~ 3 ^ ^'' dc* 3 ' 

d*V d*V d*V 
therefore _.+-^« + _. = _4,r/,; 

, , d'V d*V d*V 

therefore _+_ + _=_4^p. 

240. Application to the Sphere. In Art. 237 we have 
calculated V by direct integration in the case of a body com- 
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posed of homogeneous spherical shells. We may also deduce 
its value by means of the equations in Arts. 238 and 239. 
This we shall now do. If k sphere be composed of homo- 
geneous shells, V will be a function of the distance r of the 
centre of the sphere from the attracted particle ; the resultant 
attraction will act along the straight line which joins these two 

points, and will be denoted by -j- . 
The equation 

.„ . ^^ __ £! dr ^b dr _c ^ 

^ ^^^ da^r' dS^r* dc^r' 



hence 



dV dVdr dVa 
da dr da dr r' 

d'V a'dl'V . IdV a*dr 



therefore -t— . = -5 -y-i -\ , > * , 

da r .dr r dr r dr 

. .. , d^V Vd^'V IdV VdV 

simxlarly _ = -, -^ + _ __-,^, 

and d*V^/ d*V IdV & dV 

dc* r' dr' r dr 1^ dr' 

By adding these equations we have, by Art. 238, at a point 
where there is no particle of the attracting mass, ' 

d'V 2dF^Q 
dr* r dr 

This may be written 



d_ 

dr^ 






therefore —r- = ^ , 

dr r* 

where C is some constant. 

Suppose the sphere to be hollow, and that the attracted 
particle is within the inner surface, the radius of which we 
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shall denote by r^. Since the attraction ought evidently 

to vanish when r = 0, we must have (7=0; therefore -^- = 0. 

dr 

Hence the attraction always vanishes, and the particle is in 

equilibrium whatever be its position within the unoccupied 

part of the sphere. 

Suppose next that the particle forms part of the mass of 
the sphere ; we have, by Art. 239, 

d'A r dr ^' 

/> being a given function of r. 

Multiply by r', and integrate from the value r- of r ; since 

dV 

T— = for all points in the interior, it is so at the limit r ^ ; 

thus ^7r~ ^^^'^ \ P^dr. 

But I 4i7rr^pdr is the mass comprised within that surface of 

the sphere which passes through the attracted particle. If we 
call it M\ we have > 

dr r* 

The absolute value of the attraction will therefore be —5- ; 

it is the same as if the mass M' acted alone and were collected 
at its centre. 

If the attracted particle is on the exterior surface having 
its radius = r^ we have, if JIf be the whole mass of the hollow 
sphere, 

dV__M 

dr" r^' 

and the attraction exercised upon this particle will have for 
its value 



'2 
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Lastly, consider a particle outside the sphere ; that is, for 
which r is greater than r^ ; we have, as in the first case, 

dr 7^* 

But in consequence of the discontinuity arising from the 
particles of the mass, the constant G is not restricted to 
have the same value as for the interior points. To deter- 
mine it we put r = r^\ then, from the preceding case, we 



ought to have 



dr r' ' 



9 



therefore (7 = - If ; 

and we shall have for external points, 

dV M 



2 



dr r 

M 

The attraction will therefore have for its value —^. This 

T 

agrees with Art. 212. 

The preceding application to the sphere serves very well to 
illustrate the formulse, but it does not give an independent 
demonstration of the results which it involves ; because the 
process in Art. 239 assumes that the attraction of a sphere on 
an internal particle is known. But we may easily obtain the 
facts connected with the attraction of a spherical shell with- 
out using Art. 239. 

Consider a spherical shell where the density is any function 
of the radius ; then we have, as shewn at the commencement 
of the present Article, the result 

dV G 



dr r 



a > 



where (7 is constant when we pass from point to point without 
entering the attractiug mass. 

For any point within the inner surface of the shell (7= 0, 
because, the attraction must vanish when r = 0. 
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For any point without the outer surface of the shell 
G^--My because for points at atn indefinitely great distance 
the resultant attraction of the shell must be the same as if the 
shell were condensed at its ceptre of gravity ; see Art. 231. 

Thus the required results are obtained. 

241. Application to an indefinite cylinder. Consider next 
a hollow indefinite cylinder composed of homogeneous shells, 
the density being a function of the distance from the axis of 
the cylinder which we take for the axis of z. Its action upon 
any particle will be directed towards the point where the axis 
is cut by a perpendicular plane passing through the attracted 
particle. Take this point of the axis for origin ; let r be its 
distance from the attracted particle ; the attraction will depend 

dV 

only on r, and its value will be -7- . 

But for the points which are not part of the mass of the 
cylinder, we have, by Art. 238, observing that V is inde- 
pendent of c, 

da^ ■*■ dV ' 

, d'VldV ^ 

whence -?-«- -\ it— = i^. 

dir r dr 

Multiplying by r, we have 

0; 



dr\ dr J 



therefore -7— = — , 

dr r 

G being some constant. 

We observe, as in the case of a hollow sphere, that the 
points exterior to the cylindrical shell and those in the interior 
being separated by those of the shell, for which the circum- 
stances are diflferent, there is a discontinuity in passing from 
values of r greater than the radius of the external surface, to 
those of r less than the radius of the internal surface. 



INDEFINITE CYLINDEK. 319 

For points of the interior of the shell C is invariable; but it 

is obviously = when r = ; therefore for all points in the 

interior 

dV ^ 
— - =0. 
dr 

» 

Hence we conclude, that an indefinite hollow cylinder composed 
of homogeneous shells exercises no attraction on a point situ- 
ated within the interior of its internal surface. 

Let us now find the value of -v- for points belonging to the 

mass of the cylinder ; for these points we have, by Art. 239, 

d^V 1 dV , 

and we find by integration, calling r^ the radius of the internal 
surface, 

r --J- = — 47r I prdr. 

No constant is necessary, because -r- = when r=r^, since it 

is so for all the points of the interior of the surface of which 
the radius is r^. Put r = r^, then 



dV 47r ["-' , 



For external points we ought to have 

dV^G 
dr r * 
Make r = r^, then, by reason of the preceding equation, 



(7= — 47rl prdr. 



The constant being thus determined, we have for all values of 
r greater than r^, 

dV^G 

dr r ' 

G 

and the attraction of the cylinder will be — . 
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It ought to be observed, that in the example of this Arti- 
cle, V is infinite, as may be readily shewn ; but this does 
not invalidate the process which really involves only the 

nmte quantities -j— and — r^« 

We shall now give some propositions extracted from an 
article by Professor Stokes, in the fourth volume of the Oam- 
bridge and Dublin Mathematical Journal, to which we have 
been already indebted in Art. 236. 

242. A surface of equilibrium is one on which a particle 
would rest in equilibrium if acted on by the forces of the 
system, the surface being supposed fixed. 

If V be the potential of an attracting body on a particle, 
then F= constant, is the equation to a surface of equilibrium 
with respect to the attraction of the body. For we have 

shewn in Art. 235, that --7- is equal to the attraction resolved 

along the tangent to a curve drawn through the attracted 

particle, but if this curve be on the surface F= constant, 

dV 
then -7- = ; that is, there is no force acting on P in the 

Ceo 

direction of any tangent to the surface F= constant. Hence, 
if P be placed on the surface, it will remain in equilibrium. 
(Art. 33.) 

Lines of force are curves traced so that the tangent at 
any point is the direction of the resultant force at that point. 
Hence the lines offeree are perpendicular to the surfaces of 
equilibrium. 

243. If 8 be any closed surface to which all the attracting 
mass is external, dS an element of S, and dn an element of the 
normal drawn outwards at dS, then 

the integral being taken throughout the whole surface S. 
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Let m' be the mass of any attracting particle which is 
situated at the point P', P being by hypothesis external to 8. 
Through P' draw any straight line L cutting 8, and produce 
it indefinitely in one direction from P'. The straight line L 
will in general cut 8 in two points ; but if the surface ;8^ be 
re-entrant (that is, a closed surface which may be cut by a 
tangent plane), it may cut it in four, six, or any even num- 
ber of points. Denote the points of section, taken in order, 
by Pj, Pj, Pg, &c., Pj being that which lies nearest to P', 
With P' for vertex, describe about the straight line L a 
conical surface containing an infinitely small solid angle 
measured by the area a which the conical surface cuts out 
from a sphere of radius unity, with the vertex of the cone as 
its centre; and denote by A^, A^, ... the areas which the 

conical surface cuts out from 8 about the points P^, P^, 

Let 6^, 0^ be the angles which the normals drawn outwards at 
P^fP^t make with the straight lineiy, taken in the direc- 
tion from Pj to P' ; N^, N^, the attractions of m at P^, 

Pg, resolved along the normals; r^, r^, the dis- 
tances of Pj, Pg, from P'. It is evident that the angles 

^1, 0^, will be alternately acute and obtuse. Then w^ 

have 

•^1 = ^ cos ^„ JV, = - ^ cos (tt - 0^), &c. 

We have also in the limit, 

-4j = ar^ sec 0^, A^ = ar/ sec (tt — 0^, &c. ; 

and therefore 

Nj^A^ = am, N^A^ = — am, ^s^s — ^^'^ ^c* 5 
and therefore, since the number of points P^, Pg,... is even, . 
NjAj^ + N^A^ + N^A^ + 2f^A^... = am' — am' + am' -am'... = 0. 

Now the whole solid angle contained within a conical 
surface described with P' for vertex, so as to circumscribe 8, 
may be divided into an infinite number of elementary solid 
angles, to each of which the preceding reasoning will apply ; 
and it is evident that the whole surface 8 will thus be ex- 
hausted. We have, therefore, 

limit of 2iV".4 = 0; 

T. s. 21 
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or, by the definition of an integral, 

jNd8=0. 

The same will be true of each attracting particle mf; and there- 
fore, if JV refer to the attraction of the whole attracting mass, 

we shaU still have jNd8=^ 0. But, by Art. 235, N=^, 

which proves the proposition, 

244. If V be the potential of any mass M^, and ifM^ he the 
portion of M^ contained within a closed surface 8, then 

dV 



I- 



d„ iS=-*'K 



dn and dS having the same meaning as in Art. 243, and the 
integration being extended to the whole surface 8. 

Let m' be the mass of an attracting particle situated at the 
point P' inside 8, Through P draw a straight line L, and 
produce it indefinitely in one direction. This straight line 
will in general cut 8 in one point ; but if ^ be a re-entrant 
surface, it may be cut by L in three, five, or any odd number 
of points. About L describe a conical surface containing an 
infinitely small soUd angle a, and having its vertex at P', and 
let the rest of the notation be as in Art. 243. In this case, 
the angles 0^^, ^g, ... will be alternately obtuse and acute, and 
we shall have 

-^1 = -— 8 cos (tt-^O = — , cosi9„ 

-4j = ar^ sec (tt — ^i) = — ar/ sec 0^, 
and therefore N^A ^ = — am'. 

Should there be more than one point of section, the terms 
N^A^, N^A^y &c. will destroy each other two and two, as in 
Art. 243. Now all angular space round P' may be divided 
into an infinite number of solid angles such as a, and it is 
evident that the whole surface 8 will thus be exhausted. 
We get, therefore, 

limit of ^NA = — Sam' = — m'XoL ; 
or, since 2a = 47r, jNd8=^ - 47rm'. 
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The same formula will apply to any other internal par- 
ticle, and it has been shewn in Art. 243, that for an external 
particle JNd8 = 0. Hence, adding together all the results, 
and taking N now to refer to the attraction of all the par- 
ticles, both internal and external, we get (NdS = — 4!7rM^, 

dV 
But N^-T-, which proves the proposition. 

245. For the researches of M. Chasles on the attraction 
of ellipsoids, we refer to Duhamers Cours de M^caniqite, or to 
the original memoirs in the Journal de VEcole Polytechnique, 
tom. XV., and the M4moire8...des Savans Etrangers, torn. ix. 
In the original memoirs will be found copious references to 
preceding writers on the subject. 

On the general theory of attractions, the student may con- 
sult a memoir by Gauss, translated in Taylor's Scientific 
Memoirs, vol. ill., and in Liouville's Journal de Mathematiques, 
tom. VII.; and also a memoir by M. Chasles in the Con- 
naissance des Temps pour Vannie 1845. 

Notes by Plana on some of Newton's propositions re- 
specting attractions will be found in the Memorie delta Reale 
Accademia,.,di Torino, second series, vol. xi., 1851. 

Some further references will be seen in the article by Pro- 
fessor Stokes already cited. 

For the application to the theory of electricity, we refer to 
a series of articles by Professor Thomson in diflferent volumes 
of the Cambridge and Dublin Mathematical Jowmal, See 
vol. I. p. 94, and vol. in. p. 140. 

Additional information on the subject of Attraction will 
be found in the History of the Mathematical Theories of 
Attraction and the Figure of the Earth, 

246. The following propositions will illustrate the sub- 
ject of the present Chapter. 

I. To iind the attraction of a uniform lamina in the form 
of a regular polygon on a particle situated in a straight line 
drawn through the centre of the lamina at right angles to its 
plane. 

Let n be the number of sides in the polygon, a the length of 
the perpendicular from the centre of the polygon on a side. 

21—2 
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Let axes of x and y be drawn through the centre of the 
polygon, the axis of x being perpendicular to a side. Let c be 
the distance of the particle from the lamina. The resultant 
attraction acts along the straight line which joins the particle 
with the centre of the lamina; and its value is 

jj cdxdy 

where fi is the product of the mass of the particle into the 
thickness and density of the lamina. 

The integration must extend over the area of the polygon. 
To eflfect the integration it is conveaient to transform to 
polar co-ordinates ; thus we obtain 

Cf rdrdd 

We must integrate with respect to r from r =0 to r=a sec 0, 
and then with respect to from ^ = to 5 = - ; and multiply 

the result by 2n. 

/7* df* X 

(c* + 0^ (c^ + O*' 
taking this between the limits we obtain 

1 cos^ 

Hence the required result is 



n 



n 



that is 



that is 



o fn (1 cos ] ,^ 
2nfic\ \ — =[d0, 

IT 



csm- 
2fi7r — 2n/^ sin"* 



V(fl^"+0* 
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II. To find the attraction of a uniform lamina in tlie form 
of a rectangle on a particle situated in a straight line drawn 
through the centre of the lamina at right angles to its plane. 

Let 2a and 26 be the length and breadth of the rectangle* 
c the distance of the particle from the lamina. Proceeding as 
before we obtain the expression 



flC 



ih 



rdrdO 



We have to divide the integral into two parts. For one 
part we integrate with respect to r from r = to r = a sec 6, 

and then with respect to 6 from ^ = to = taa"^ - . For 

the other part we integrate with respect to r from r = 

to r = J cosec 6, and then with respect to d from 6 = tan"^ - 



a 



to 0=z — , We multiply the result by 4. 

asectf ^^^ 1 COS^ 



/, 



(c' + O* c V(c* cos^ ^ + a') 
Integrate with respect to 9 ; thus we get 



1 . _, csin^ 
sm 



/, 



frcosectf ^g^ 1 gin^ 



Integrate with respect to 6 ; thus we get 

Q \ . -1 ccos^ 
- + - sm 



Hence the required result is 
. [tt^^ . _j c& . ^ ca 1 

^ ( -1 cJ . _. ca 

or 4/it -{cos // « , Tax // a , — a\ "" sm 



. . _i ah 

or 4/A sm 



V(a' + c»)V(6* + c»)- 
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IIL Required the form of a homogeneous solid of revolu- 
tion of given volume, which shall exercise the greatest at- 
traction in a given direction on a given particle, the attrac- 
tion varying as any inverse power of the distance. 

Take the given particle as the origin, and the given direc- 
tion as the straight line from which to measure angular 
distance ; let r, be the polar co-ordinates of any point in 
a fixed plane passing through the given direction. Then if 
the attraction vary inversely as the w*** power of the distance, 
the attraction of an element whose co-ordinates are r and 

may be denoted by ■—• ; and the resolved part of this attrac- 
tion in the given direction will be ^ cos 0. Hence the 
equation 

—: COS = constant 



r" 



represents a curve such that a given element placed at any 
point of it will exert the same attraction on the given particle 
along the given direction. Hence this equation will represent 
the curve which by revolving round the given direction will 
generate the required solid of greatest attraction, the constant 
being determined so as to give to the solid the prescribed 
volume. It is obvious that such is the oase, because the 
surface we thus obtain separates space into two parts, and 
any element outside the surface exercises a less attraction 
along the given direction than it would if placed within 
the surface. 

The history of this problem will be found by consulting 
the entry SilvaheWs Problem in the Index to the History of 
the Mathematical Theories of Attraction.., 

IV. Every element of the arc of a polar curve attracts 
with a force which varies inversely as the n*** power of the 
distance : determine the form of the curve when the resultant 
attraction of any arc on a particle at the pole bisects the angle 
between the radii vectores of the extremities of the arc. 

Take the pole as origin, and any straight line through it as 
the initial line. Let r and be the polar co-ordinates of 



V - 
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an element ds of the arc. Resolve the attraction of the arc 
on a particle at the pole along the initial line, and at right 
angles to it ; we obtain for these two components 

T-nCos^^tZ^ and ri^^sm0%d0, 
Jo r-* dd Jo r dd 

where the arc considered extends from ^ = to ^ = a. Hence, 
by hypothesis. 



I 



^^^sm0^.d0 

. r" d0 .a 

^ = tan ^ . 



ds ,. 2 

nicosf/ 





r" d0 



Put ^(0) for -^-ta] thus we have 

r^ (0) sin 0d0 = tan | [ *<^ (^) cos 5 d0. 

Now this relation is to hold for all values of a, and there- 
fore we may diflferentiate both sides with respect to a. Thus, 
by Integral Calculus, Chapter ix., we have 

^(a) sina = ^sec*^ / ^ (0) cos ^rf^ + tan^^ (a)cosa; 

therefore 

2^ (a) [sin a — tan ^ cos a j cos^ o = / ^ (^) cos ^ d^, 

that is ^ (a) sin a = I ^ (0) cos ^ d^. 

Diflferentiate again with respect to a ; thus 

(f> (a) cos a + sin a -T- ^ (a) = ^ (a) cos a ; 

\ therefore — <^ (a) = 0. 
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Thus <^ (a) is constant for all values of a, that is 

-li "FTi = a constant = k say. 

This result might have been anticipated : it expresses that 
elements of the curve which subtend equal infinitesimal angles 
at the pole exert equal actions on the particle there. 

Therefore "^ "^^ ""^''^'^ 

this leads to either -77* = 0, or else 

dv 



(d0^ ^ 1 
\dr) hV - r" * 



The former supposition makes r constant, and so gives a 
circle. Taking the latter, and putting - for r we have 



de^ 



u 

vT-^du 



*n—»\ 9 



W*-* 



so that (w"" 1) ^+ C'=sin'"^-r- , 

where (7 is a constant. 

Therefore -ii = kBm{{n-l)0+ C}, 

If w = 2 we obtain 

l = A;rsin(^+(7), 

which is the equation to a straight line : see Art, 204. 

If w = 3 we obtain 

l=:7er'sm(20+CI)y 

which is the equation to a rectangular hyperbola, the pole 
being at the centre. 
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EXAMPLES. 

In the following Examples the ordinary Jaw of attraction is 
to be assumed, unless the contrary be stated. 

1. A solid is generated by the revolution of a sector of a 
circle about one of its bounding radii ; find the attraction on a 
particle at the centre. Mesult irap sin^ ^. 

2. The rim of a hemispherical bowl consists of matter 
repelling with a force varying directly as the distance ; shew 
that a particle will rest when placed anywhere on the concave 
surface. 

3. A tube in the form of a parabola is placed with its axis 
vertical and vertex downwards ; a heavy particle is placed in 
the tube, and a repulsive force acts along the ordinate upon 
the particle: find the law of force that it may sustain the par- 
ticle in any position. 

4. A portion of a cylinder of uniform density is bounded 
by a spherical surface, the radius of which is greater than that 
of the cylinder, and the centre coincides with the middle point 
of the base ; find the attraction on a particle at this point. 

2 

Besult 27rpa ~- ; where a is the radius of the cylinder 

and b the radius of the sphere. 

6. Find the resultant attraction of a spherical segment on 
a particle at its vertex. 



Be3ult 27rhp |l - i ^(^)] , 



where a is the radius of the sphere and h the height of the 



segment. 



6. Find the resultant attraction of a spherical segment on 
a particle at the centre of its base. 

Remit wP^To {3a' - Sah + A^ - (2a - h)h^, 
o ia ~" ti) 
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7. Find the locus of a point such that its resultant attrac- 
tion on a fixed straight line may always pass through a fixed 
point in the straight line. ReavlU A sphere. 

8. Find the attraction of a segment of a paraboloid of re- 
volution, bounded by a plane perpendicular to its axis, on a 
particle at the focus. 

/ft JL, ft 

Result iirpa log , where x is the distance of the 

bounding plane from the vertex, 

9. Round the circumference of a circle n equal centres of 
force are ranged symmetrically; each force is repulsive and 
varies inversely as the m^ power of the distance. A particle 
is placed in the plane of the circle very near its centre; 
shew that approximately the resultant force on it tends to the 
centre of the circle and varies as the distance of the particle 
from the centre, except when m = 1. 

10. Eight centres of force, resident in the comers of a 
cube, attract, according to the same law and with the same 
absolute intensity, a particle placed very near the centre of 
the cube ; shew that their resultant attraction passes through 
the centre of the cube, unless the law of force be that of the 
inverse square of the distance. 

11. If the law of force in the preceding example be that 
of the inverse square of the distance, find the approximate 
value of the attraction on a particle placed very near the 
centre. 

Result Take the centre of the cube as origin and the axes 
parallel to the edges of the cube ; then if a:, y, z be the co- 
ordinates of the particle the attraction parallel to the axis of a? 
is approximately 

towards the origin ; 2a being the length of an edge. 

12. The attraction of a uniform rod of indefinite length on 
an external particle varies as (distance)'^ of the point from the 
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rod. Prove this, and supposing the asymptotes of an hyper- 
bola to consist of such material, shew that a particle will be in 
equilibrium at any point of the hyperbola, and that the pressure 
on the curve at any point is proportional to the length of the 
tangent intercepted by the asymptotes. 

13. An elliptic lamina attracts an internal particle {x, y) 
with a force varying inversely as the distance ; shew that if 
Xy Y be the whole attractions parallel to the axes, 

X Y 

— I — = constant. 
X y 

14. li A, B, (7 be the attractions of an ellipsoid in direc- 
tions parallel to its axes on an internal particle situated at the 
point (/, g, h), shew that 

(See Arts. 228 and 239.) 

15. The resultant attraction of a particle which attracts 
according to the inverse cube of the distance on a plane 
lamina is the same as on that part of the spherical shell 
described about the particle as centre and touching the plane 
of the lamina, which is cut oflf by straight lines from the 
centre to the edge of the lamina. 

16. A particle attracted by two centres of force at A and 
B is placed in a fixed groove. Shew that the particle re- 
mains at rest at whatever point it is placed, provided that 
the form of the groove be such that 

{AP-'c){BP^c')=cc\ 

where c, c' are constants dependent upon the absolute forces. 

17. If a portion of a thin spherical shell, whose projections 
upon the three co-ordinate planes through the centre are 
A, By C, attract a particle at the centre with a force varying 
as any function of the distance, shew that the particle will 

; begin to move in the direction of the straight line whose equa- 

: tions are 

A'^B^'G' 
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18. The particles of a thin hemispherical shell attract with 
a force = /a (distance), and those of a right conical shell repel 
with a force = ft (distance). The rims of their bases coincide, 
and t&eir vertices are turned in opposite directions, shew that 
a particle will rest in the common axis produced at a distance 
from the vertex of the sphere = length of the axis of the cone, 
the vertical angle of the cone being 2 tan"^ |. 

19. Shew that if the attraction vary inversely as the dis- 
tance an indefinitely thin plane ring exerts no force on a 
particle in the plane of the ring within its inner circum- 
ference. 

[This and the following example depend on the integral 

(a — c cos ff) dO 



Jo 



a^ + & — 2ac cos ' 
for which see Integral Calculus^ Chapter iv.] 

20. Shew that if the attraction vary inversely as the dis- 
tance an indefinitely"thin plane ring attracts a particle in the 
plane of the ring beyond its outer circumference in the 
same manner as if the mass of the ring were collected at 
its centre. 

21. If a straight line be the attracting body, shew that 
the lines of force are hyperbolas and the surfaces of equi- 
librium ellipsoids of revolution. {Cambridge and Dublin 
Mathematical Journal, Vol. iii. p. 94.) 

22. From the proposition established in Art. 244, deduce 
that established in Art. 239. {Cambridge and Dublin Mathe- 
matical Journal, Vol. v. p. 215.) 
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CHAPTER XIV. 

VIRTUAL VELOCITIES. 

247. We proceed to establish a general theorem respect- 
ing the equilibrium of a body or system of bodies, called the 
Principle of Virtual Velocities. 

When a system of particlea is in equilibrium, and we 
suppose each of them placed in a position indefinitely near 
that which it really occupies, without disturbing the con- 
nexion of the parts of the system with each other, the straight 
line which joins the first position of a particle with the second 
is called the virtual velocity of that particle^ 

The term velocity is used because we may conceive all the 
displacements to be made in the same indefinitely small time, 
and then the spaces described are proportional to the velocities. 
The word virtual is used to intimate that the displacements 
are not really made, but only supposed. We retain the 
established phraseology, but it is evident from these explana- 
tions that the words virtual velocity might be conveniently 
replaced by hypothetical displacement. 

By the words, without disturbing the connexion of the parts 
of the system with each other, we mean, that any rigid body 
which exists in the system is supposed to remain of invariable 
form, and that any rods or strings which connect different 
parts of the system are to remain unbroken. This, at least, 
will serve for a preliminary statement to assist the reader, 
and we shall recur to the subject again; see Art. 257. 
Hence, by reason of this limitation the virtual velocities of 
the different parts of a system are frequently so connected 
that when those of a definite number of points are assumed,, 
those of all the rest necessarily follow. 

248. The virtual velocity of a particle estimated in a 
given direction is the projection of the virtual velocity on 
this direction; it is considered positive when the direction 
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of the motion of the particle, in passing from its first position 
to its second, makes an acute angle with that along which 
we are estiraatiDg the velocity. Thus the virtual velocity 
of a particle estimated along any given straight line is found 
both in magnitude and sign, by multiplying the absolute 
virtual velocity by the cosine of the angle which its direction 
makes with the given straight line. 

The virtual moment of a force is the product of its intensity 
by the virtual velocity of its point of application estimated in 
the direction of the force. 

We can now enunciate the principle of virtual velocities. 

If any system of particles is in equilibrium, and we con- 
ceive a displacement of all the particles which is consistent 
with the conditions to which they are subject, the sum of the 
virtual moments of all the forces is zero, whatever be the dis- 
placement. And conversely, if this relation hold for all the 
virtual displacements, the system is in equilihriwm, 

249. The student will derive from the demonstrations 
which follow a better notion of the meaning of the principle 
than from the mere enunciation of it ; it is, in fact, necessary 
to obtain a general view of the whole subject before at- 
tempting fully to comprehend the preliminary definitions and 
statements. One remark may be made for the purpose of 
anticipating a difficulty; each virtual moment is by definition 
an indefinitely small quantity, that is, ultimately vanishes, 
so that the principle seems to amount only to this, take each 
force of the system and multiply it by a quantity which ulti- 
mately vanishes, then the sum of these products vanishes. The 
principle, however, implies more than this statement, as we 
shall see. 

The convenient term virtual moment is given by Duhamel ; 
it may, however, be useful to enunciate the principle of virtual 
velocities without introducing this term, and we therefore give 
the following. 

Suppose a material system held in equilibrium by any 
forces, and suppose the points of application of the forces 
moved through very small spaces in a manner consistent 
with the connexion of the parts of the system with each 
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Other. Let perpendiculars be drawn from the new positions 
of the points on the directions of the forces acting at the 
points in their positions of equilibrium. The distance be- 
tween the foot of any perpendicular and the original point 
of application of the corresponding force, is called the vir- 
tual velocity of the point with respect to that force, and is 
estimated positive or negative, according as the perpendicular 
falls on the side of the point towards which the force acts 
or on the opposite side. Then the principle is this, the 
algebraical sum of the product of each force of the system 
and the corresponding virtual velocity vanishes. And con- 
versely, if the sum vanishes for every displacement the system 
is in equilibrium. 

Before we proceed to a general demonstration, we will 
consider two simple cases, that of a particle, and that of 
a rigid rod acted on by forces at its ends. 

250. Suppose that forces act on a single particle and 
maintain it in equilibrium. Let Pj, P,, . . . denote the forces ; 
ttj, ofg, ... the angles which their directions respectively make 
with any fixed straight line arbitrarily chosen ; then by Art. 29, 

SPcosa=0. 

If every term of this equation be multiplied by the arbi- 
trary quantity r, we have 2Pr cos a = 0. But r cos a^ is the 
projection of the length r, measured along the fixed line, on 
the direction of the force P^; a similar meaning may be 
assigned to rcosa^, rcosofg,... Also r may be considered as 
the distance of the first position of the particle from a second 
position arbitrarily chosen, and therefore, when r is indefi- 
nitely diminished, rcosaj, r cosofj,... become the virtual ve- 
locities of the particle with respect to P^, P^,... Hence, the 
principle holds in this case. 

Conversely, if %Pr cos a = for all directions of displace- 
ment ; then, SPcos a = for all directions, and the particle is 
in^ equihbrium under the action of the given force.s. 

In this case, we observe that the hypothetical displacement 
of the particle may be of any magnitude we please, and that 
the sum of the products of each force into the projection of 
the displacement on its direction is not only ultimately, but 
always zero. 
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251. Since when a system of forces acting on a particle 
is in equilibrium, each force is equal and opposite to the re- 
sultant of all the other forces, and, as we have just seen, the 
sum of the products of each force into its virtual velocity is 
zero, it follows, that the product of any force into its virtual 
velocity is numerically equal to the sum of such products for 
any system of forces which it balances, but is of the opposite 
sign. Hence if a single force is the resultant of a system of 
forces acting at a point the product of the single force into 
its virtual velocity is equal to the sum of such products for the 
system of forces. 

252. Next, suppose a rigid rod acted on by a force at each 
end. Let a?, y, z be the co-ordinates of one end, and Xy y, z 
those of the other ; I the length of the rod ; then 

{x-d)^-^{3)-y'r^{z-z'r = V (1). 

Suppose the rod displaced ; let Sa?, Sy, hz be the changes 
made in the co-ordinates of one end ; Sa?', iy\ hz those made 
in the co-ordinates of the other end ; then 

From (1) and (2), 

+ (Bx-Sxy + (Sy^Syy + (Sz-'Szy = (3). 

Let a, )8, 7 be the angles which the original direction of the 
rod makes with the axes ; then 

x' — x^lcosa, y' — y=?cos)8, 2' — « = Zcos7...(4). 

If then, in (3), we neglect the terms {Sx — Sxy, (Sy — 8y')', 
(Bz — Bzy in comparison with those we retain, we have 

or, by means of (4), 
8a?cosa+Sycos)8+S2;cos7=Sa;'cosa+Sy'cos)8-hS/cos7...(5). 

Suppose P the resultant of the forces acting at one end of 
the rod, and P' the resultant of those acting at the other end; 
then, in order that there may be equilibrium, these forces 
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must be equal in magnitude and must act along the rod in 
opposite directions. This is obvious, or may be easily shewn 
by Art. 73. Since then F=—Py we have by (5) 

P {Bx cos a + Sy cos )8 + Sz cos 7) 

+ P' (Bx' cos a + By' cos)8 + Bz cos 7) =0 (6). 

Since P acts along the rod, the first term is the product of 
P into the resolved virtual velocity of its point of application, 
and the second term is a similar product for P; hence, the 
principle of virtual velocities holds in this case. 

The converse of this theorem is true in this case, but we 
shall not give a separate demonstration of it ; the general 
demonstration of Art. 253 will suflSciently illustrate this 
point. 

If (5) were absolutely true, then in the case of a rod, as in 
that of a single particle, the sum of the products of each force 
into the projection of the displacement of its point of applica- 
tion on the direction of the force would be zero, whether the 
displacement were finite or infinitesiinal. But (5) instead of 
being absolutely true is obtained from (3) by neglecting 
squares and products of the resolved displacements Bx, Bz, By,... 

253. We proceed to establish the truth of the principle in 
the case of a rigid body. We shall assume that any possible 
displacement of a rigid body may be produced, by first making 
the body rotate about some axis, and then moving all the 
particles of the body through equal spaces in parallel direc- 
tions. See Spherical Trigonometry, Chapter XV. Suppose, 
for simplicity, that the axis of z is made to coincide with the 
axis about which the body is turned; let be the angle 
through which the body is turned, then the co-ordinates of a 
particle which were originally x and y will become, if we 
neglect the square and higher powers of $, x — y0 and y + xd 
respectively; the co-ordinate z of the particle remains un- . 
changed. 

Let the body be now further displaced, so that each particle 
moves through a space of which a, b, c are the projections on 

T. S. 22 
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the co-ordinate axes; then, if Sx, Stf, Sz denote the whole 
changes made in the co-ordinates x, y, 2 of a particle, we have 

Sx^a—yO, By — b + x9, Bz = c. 

Since the forces which act on the rigid body are supposed 
to keep it in equilibrium, we have by Art. 73, 

2X=0, 2r=o, 2Z=0, 

Multiply the first of these equations by a, the second by b, 
the third by c, and the sixth by 6, and add ; we then find 

X{X(a-t/e)+ Y{b + x0) + Zc] = O, 

or 2 {XBx + YBy + ZBz) ^ 0. 

Let Pj denote the force of which X„ Y^, Z^ are the com- 
ponents, and Pg, Pg, have similar meanings; and let 

6/?j, Spg, be the resolved virtual velocities correspond- 
ing to these forces ; then, by Art. 250, the above equation 
may be written 

XPBp = Q, 

This proves the principle in the case of a rigid body. 

Conversely, if the sum of the products of the forces and the 
resolved virtual velocities vanishes for every possible displace- 
ment of a rigid body, the forces keep the body in equilibrium. 

For suppose, in the first place, the body is so displaced 
that every point of it moves parallel to the axis of x over a 
space a ; then we have, by hypothesis, 

2Xa = 0; 

therefore 2X = 0. 

Similarly, by suitable displacements, we may prove that 

2r=0, and 2-2^=0. 

Next, suppose the body turned round the axis of if through 
a small angle 0) then, by hypothesis, 

2(XS^+rSy)=0, 
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and Svt? = — y0, Sy =x9 ; 

therefore 6% {Xy - Fa;) = ; 

therefore 2 ( Yi? - X^) = 0, 

Similarly, by suitable displacements, we may prove 

Hence, the six equations of equilibrium hold. 

If there be a system of two or more rigid bodies, then, since 
the principle of virtual velocities holds for any possible dis- 
placement of any one of thfe bodies, it holds for any possible 
displacement of the system. 

254. In Art. 253 we have simplified the proof of the first 
part of the principle of virtual velocities, by supposing the 
axis of z to coincide with that about which the body was 
made to undergo an angular displacement. The following 
will be the process, if we suppose the displacement made 
about a straight line passing through the origin, and inclined 
to the axis at angles whose direction cosines 'are I, m, n. 

Let r be the distance of any point (x, y, z) from the origin ; 
<j> the angle this distance makes with the given straight line ; 
p the perpendicular from {x, y, z) on the given straight line j 
then 

r' = 05* + y + «*, 

Ix my nz 

cos 4> — — I — - -\ — ; 
^ r r r 

therefore f? or r* sin' ^ = a;* + y' + «' — (?a; + my + nzy. 

Suppose the body turned through a small angle 6 round 
the given line ; let a? + Sa:, y + Sy, 2? + S^, be the co-ordinates 
of that point of the body which was originally at (a?, y, z). 

Since r and p are ujichanged by the displacement, we have, 
by neglecting (Sa;)^, (^yY, {SzY in comparison with Sxy Sy, Bz, 

= xBx + ySy + zSz, 
0= lBx + mBy + nBz ; 

therefore -- — = , ^ = — j = X suppose (1), 

yn-'zm zl — xn xm^yl 

22—3 
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And since {(Sxy + {SyY + (82)*}* = 2p sin ^0, 

\ [(yn — zmy + (zl - xrif + (xm — ylf]^ = 2p sin i0, 

or X {ic' +y' + a' — {Ix + my + nzY}^ = 2p sin ^0; 

therefore X^0 (2), 

neglecting ff^ and higher powers of 0. 

Suppose the body to be further displaced, so that each 
particle moves over spaces a, b, parallel to the co-ordinate 
axes ; if Bx, Sy, 8z denote now the whole displacement of the 
particle whose original co-ordinates were x, y, z, we have 

Sx = (i/n — zm) + a, 

By = {zl — xn) ^ + J, 

Bz = [ocifn — yl) •\- c. 

Multiply the six equations in Art. 73 by a, h, c, — 10, —m0, 
— 110, respectively, and add, then 

2(XSa?+ YBy + ZSz)=^0. 

255". We shall illustrate the principle of virtual velocities 
in the solution of the following problem. 

A beam in a vertical plane rests on a post B and against a 
wall at A ; required the circumstances of equilibrium. 

Let the distance of J? from the wall = b ; let G be the centre 
of gravity of the beam ; AG=a; and the inclination of the 
beam to the wall = 0. The reaction (P) of the post at B is 




perpendicular to the surfaces in contact, and therefore to the 
beam ; the reaction (B) of the wall is perpendicular to the 
wall for the same reason ; let W be the weight of the beam. 
We may consider the beam in equilibrium under the action 
of Py B, W, and suppose the post and wall removed. 
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Now the object of the problem might be, solely to deter- 
mine the position of equilibrium, or also to determine P and 
not ii, or R and not P, or to determine both Pand B and also 
the position of equilibrium. We shall solve the problem by 
the principle of virtual velocities under these four suppositions, 
in order to explain the method of proceeding so as to avoid 
as much trouble as possible according to the nature of the 
question. 

(1) Suppose the position of equilibrium only required. 
We must then give the beam a small arbitrary geometric 
motion such that the unknown pressures P and R shall not 
occur in the equation of virtual velocities ; the beam must 
therefore remain in contact with the wall and the post, as 
in the figure. 

Let h9 be the increase of owing to the displacement. 
Then the height of G above the horizontal straight line 
through By (or z)y before displacement 

= GB cos ^ = (a — 6 cosec 0) cos ^ = a cos ^ — 6 cot ^ ; 

the height after displacement is found by changing into 
^+8^ in this expression; therefore, the vertical space described 
by G^ or 8a 

= a cos (0 -\-Sff)-b cot (0 + S0) - (a cos ^ - J cot 0) 

-vTi — asin^) 8^: 
.sin a 1 

and, by the principle of virtual velocities, Whz = 0; therefoire 

8 /J 

6-asin'^ = 0, sin^= /-, 
and this determines the position of equilibrium, 

(2) But suppose we wish to find the pressure P as well 
as the position of equilibrium. 

We must in this case move the beam off the post, in order 
that the virtual velocity of B with respect to. P may not 
vanish, and consequently Pnot disappear as in the first case. 

Let A A' = c, and let, as before, B0 be the change of 0. 



-(. 
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We have to find the displacement of B estimated along 




the line of action of P. Now conceive the beam brought 
into its second position by two steps ; first let it be moved 
parallel to itself till the lower end comes to A\ and next let 
it revolve round A through a small angle hd. By the first 
step Amoves through a space parallel and equal to AA'\ by 
the second step B describes a small arc of a circle the length 
of which is AB.B9, that is Jcosec 0S0. Thus the displace- 
ment of jB estimated along the line of action of Pis ultimately 
csind — b cosec 6 B0. 

Similarly by the first step G moves through a space equal 
and parallel to AA\ and by the second step G describes a 
small arc of a circle the length of which is aSft Thus the 
displacement of G resolved vertically downwards is ultimately 
aS0 sin ^ — c. 

Therefore, by the principle of virtual velocities, 

Tr(asin^S^-c)+P(csin^-Jcosec^Se)=0; 

therefore, 80 ( Wa sin ^ - P6 cosec ^ - c ( F- P sin ^) = ; 

and, since c and B0 may be any independent small quantities, 

Wa sin O'-Pb cosec ^ = 0, W- Psin ^ = 0; 

therefore sin == ^- , and -^^= ^/^ . 

(3) Suppose we wish to know jB and the position of 
equilibrium, and not P. 

Then we should displace the beam so as to give to ^ a 
virtual velocity with respect to B, but not one to B with 
respect to P. 

The beam must therefore still remain in contact with the 
post. Let A A' = c, and let a be the angle which A A' makes 
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with the vertical. Now conceive the beam brought into its 
second position by two steps ; first let it be moved parallel 




to itself till the lower end comes to Ay and next let it revolve 
round A through an angle W so as to bring the beam again 
into contact with the post* The displacement of A estimated 
along the line of action of R is c sin a. The displacement of 
O estimated vertically downwards is aZQ sin ^ — c cos a. 

Moreover there is a relation between S^, c, and a, arising 
from the fact that the whole displacement of the beam is such 
as to keep the beam still in contact with the post. From the 
triangle ABA, we have 



sin 8^ AA 



hence, 



sin (^ - a) " u4'£ ' 
8^ = ^^^^^^-;"^^^^^ ultimately. 

Therefore by the principle of virtual velocities 

(ac . ) 

Tr-^-r-sin'^^sin(^— a) — ccosa^ +-Bc sina = 0; 

that is 

'a sin*^ 



W 



— Ijc cosa+ (iZ — 



sin*^ cos ^1 c sin a = ; 



b -) • r 6 

and c cos a and c sin a are independent ; therefore 

asin*^^ . _ „ TTa . j^ ^ ^ 
— T — — 1=0, B — T- sm' ff cos ff = ; 



therefore 



sin^=^/-, and -tt> = 



W 



J* 
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(4) Lastly, suppose we wish to determine P and B and 
the position of equilibrium. 

Then we must give the beam the most general displace- 
ment possible in the plane of the forces ; let AA' = c, and 




let a be the angle which AA' makes with the vertical. Now 
conceive the beam brought into its second position by two 
steps; first let it be moved parallel to itself till the lower arid 
comes to A\ and next let it revolve round A' through an 
angle B0. The displacement of A estimated along the line 
of action of -B is c sin a. The displacement of G estimated 
vertically downwards is 

aB0 sin ^ — c cos a. 
The displacement of B along the line of action of F is 

c cos f a + ^ — ^ j — 6 cosec 6B0, 

that is, c sin (9 — a) — 5 cosec 6S6. 

Therefore by the principle of virtual velocities 

W{aSd sin ^ — c cos a) + Be sin a 

+ P{c sin (^-a) - b cosec OBd] =0 ; 
that is, 

(Wa sin -• Fb cosec 0) Be + {Psine ^ W) ccosa 

+ {B-F cos 0) c sin a = 0, 

and B0, c cos a, and c sin a are independent ; therefore 

TFa sin ^-.P6 cosec ^ = 0, Psin^-Tr=0, B-Fcos0==O. 
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These three equations are the equations which we should 
have obtained by the principles of Art. 57; they give by 
eUmination 

. . * fh P /a\i R ^/(a^-h^ 
'^^^ = Va' W''\b) ' ¥ iT— 

We have thus illustrated the method of application of this 
principle; and we observe, in general, that when the object 
of the problem does not require certain unknown forces, we 
must give the body the most arbitrary geometrical motion 
possible without giving the points of application of these 
forces any motion in their directions. 

256. In applying the principle of virtual velocities to de- 
duce the conditions of equilibrium of any system, it is often 
convenient to give the body such a displacement as to make 
the virtual moments of some of the forces separately vanish. 
This has been exemplified in the preceding Article, and we 
will now enumerate some cases in which the virtual moment 
of a force vanishes. 

(1) In the hypothetical displacement, if a^y particles of 
the system have remained in their original places, the virtual 
moment of forces acting at such points is obviously zero. If 
a body, for example, have one point fixed, then the virtual 
velocity of this point is zero for any hypothetical displacement 
of the body, which does not break the condition of this point 
being fixed. 

(2) Suppose a body compelled to remain with one point 
in contact with a smooth fixed, plane, so that the plane exerts 
a force on the body at the point of contact in a direction 
perpendicular to the plane. Let the body be displaced so as 
to have the same point still in contact with the fixed plane, 
then the perpendicular drawn from the new position of the 
point of contact on the old direction of the action of the fixed 
plane meets that direction at the old position of the point of 
contact; that is, the virtual velocity of the point of contact 
relative to the force exerted by the plane is zero. 

Similarly, if the body have more than one point in con^ 
tact with the plane, and be so displaced that the saine points 
of the body remain in contact with the fixed plane, the 
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virtual moment of each force which the plane exerts on the 
body vanishes.. 

(3) Let two smooth bodies be in contact; then each exerts 
a force on the other along their common normaL Suppose 
one of them so displaced, that the point in it which was 
originally in contact with the other body still remains in con- 
tact with it ; the case is similar to that of a body in contact 
with a fixed plane; the virtual velocity of the point of contact 
relative to the normal force is not zero, but is indefinitely 
small compared with the absolute virtual velocity. 

Let BA (7 be a section of one body made by a plane which 



..'C' 



contains the common normal to the surfaces, and DAE the 
section of the other made by the same plane; A the point of 
contact. Suppose the body jB-4 (7 displaced into the position 
BAG\ so that the point A is moved to A, Draw ^' J/ per- 
pendicular to the common normal to the surfaces. Then AM 
represents the virtual velocity of the point of contact with 
respect to the normal force, while the straight line joining A 
and A is the absolute virtual velocity. Since MAA is ulti- 
mately a right angle, ^Jf vanishes compared with AA\ 

(4) Suppose two bodies in contact at a single point, and 
let them be both displaced so that they still remain with the 
same point of each body in contact. Let P denote the force 
in the normal on one body, and therefore — P that on the 
.other; then, if PBp denote the virtual moment of the normal 
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force with respect to the first body, — PSp will be the virtual 
moment with respect to the. second body. Hence, by taking 
the sum of the virtual moments for the two bodies, the mutual 
action P disappears. 

A similar result holds if the bodies be in contact at more 
points than one. 

(5) Suppose a body in contact with a smooth fixed plane 
at a single point, and let the body be displaced by rolling it 
on the fixed plane. 

Let BACh^ a section of the body made by a plane through 




the point of contact A containing the common normal to the 
surfaces, and suppose this section a circle. Let DAE be the 
intersection of this plane with the fixed smooth plane. Sup- 
pose B'A' G' the position of the body after displacement, A! 
being the new point of contact, and let a be the point in the 
body which was originally in contact with the fixed smooth 
plane. Draw an perpendicular to the normal AN\ then, An 
represents the resolved virtual velocity of the point of contact 
with respect to the normal force. Now An is equal to the 
product of the chord A' a and the sine of the angle between 
this chord and AA\ and as this angle is ultimately indefi- 
nitely small, An is indefinitely small compared with the chord 
A'a, and therefore also compared with the arc A'a or AA\ 
Hence if we neglect powers of AA' higher than the first, the 
virtual moment of the force along the normal acting at the 
point of contact is zero* 

A similar result holds if BA C, DAE he any curves instead 
of a circle and straight line respectively. 

If a displacement is made up of two, one like that in the 
second case, and one like that in the present case, the fixed 
plane being smooth, the virtual moment of the force exerted 
by the plane will vanish. 
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(6) Let us suppose tlie bodies in contact to be roitgh, and 
a displacement to be made by rolling one upon the other as in 
the preceding case. The action of each body on the other will 
not be directed along the normal AN, but may be resolved 
into two, one along AN and the other at right angles to AN. 
The virtual moment of the former force vanishes, as we have 
shewn in the preceding case ; and since the direction of the 
straight line joining A and a ultimately coincides with AN 
and is therefore perpendicular to the second force, the virtual 
moment of the second force vanishes in the same manner as 
in the third case. 

The result depends on the hypothesis that the bodies roU 
on each other; if there is sliding the virtual moment of the 
force at right angles to AN will not vanish. 

(7) Suppose an inextensible string to have one end at- 
tached to a fixed point, and the other end to a particle either 
isolated or forming part of a rigid body; one of the forces of 
the system is then the tension of this string which acts along 
its length. Let the particle be so displaced as to keep the 
string stretched, then it may pass from its first to its second 
position by moving over an arc of a circle, and in the same 
manner as in the third case, we see that the virtual velocity 
of the particle with respect to the tension which the string 
exerts, is indefinitely small compared with the absolute virtual 
velocity of the particle. Hence, the tension of the string dis- 
appears from the equation of virtual velocities. 

(8) Suppose an inextensible string connecting two parti- 
cles of the system, and let the particles be displaced along the 
direction of the string, the string being kept stretched. Then, 
if one particle be displaced through a space Sp, and P denote 
the tension of the string, and therefore the force exerted by 
the string on this pai'ticle, PBp is the virtual moment of the 
force which the string exerts on this particle ; also — FSp will 
be the virtual moment of the force which the string exerts on 
the second particle. Hence, by taking the sum of the virtual 
moments for the two particles, the tension of the string dis- 
appears from the equation of virtual velocities. 

(9) If we suppose a further displacement of the system in 
the preceding case, by keeping one particle fixed and making 
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the other describe an arc of a circle, then, by the seventh 
case, the tension of the string disappears from the equation 
of virtual velocities. 

By a combination of the displacements considered in the 
seventh and eighth cases, we can produce any displacement 
that the two particles can undergo, so long as the string is 
kept stretched. Hence, the tension of a string connecting two 
particles disappears from the equation of virtual velocities. 

We have supposed the string to pass in a straight line from 
one particle to the other, but the same result would hold if 
the string were deflected by passing through one or more 
smooth fixed rings, supposing it always kept stretched. The 
demonstration would not hold for an extensible string. 

257- We can now understand more distinctly the meaning 
of the words, without disturbing the connexion of the parts of 
the system with each other, which are introduced into the enun- 
ciation of the theorem. The theorem is shewn in Art. 250 to 
be true for a particle; if then we consider a rigid body to be 
a collection of particles held together by molecular forces, the 
theorem wdll hold for every displacement of the particles of 
the rigid body, provided we include the molecular forces and 
estimate their several virtual moments. But from the demon- 
stration in Art. 253 it appears that we need not consider the 
molecular forces, provided we give to the different particles 
such displacements only as are consistent with the unbroken 
rigidity of the body. So with respect to such forces as are 
enunciated in the preceding Article, we may, if we take them 
into consideration, give to the system any displacements we 
please; but if we do not take them into consideration, we 
must give such displacements only as we can prove will not 
introduce the virtual moments of these forces. Hence, the 
words which we are explaining amount to a direction to be 
careful to include every force of the system, except such as 
we know have their virtual moments zero for the particular 
displacement we are considering. 

258. The following example will shew how the principle 
of virtual velocities may assist in the solution of problems. 
Six equal rods are fastened together by hinges at eacti, ejad, 
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and one of the rods being supported in a horizontal position 
the opposite one is fastened to it by an elastic string joining 
their middle points; determine the tension of this string. 

Let W denote the weight of each rod, jTthe tension of the 
string. Suppose the system displaced slightly so that the 
lowest rod descends vertically through a space x. Then it 
will be easily seen that the centre of gravity of each of the 
two rods which are adjacent to the highest rod descends 

through a space 7 ; and the centre of gravity of each of the 

two rods which are adjacent to the lowest rod descends 

See . 

through a space -j- ; the point of application of the tension 

on the lowest rod descends through a space x. Therefore by 
the principle of virtual velocities 

therefore T=3W. 

The mutual actions at the hinges disappear from the equation 
furnished by the principle of virtual velocities, and thus the 
required result is readily obtained. 

259. The following is the process by which we may de- 
duce the equations of equilibrium of any system from the 
principle of virtual velocities. 

Let Pj, Pjj, Pg, ... denote the forces which act on a system; 
PjSpj, PjSpj, ... their respective virtual moments for any dis- 
placement; then, by the principle, 

P^Sp, + P^Bp, + P,Sp^+... = (1). 

This equation we proceed to develope. 

Let flfj, iSj, 7, be the angles which the direction of P^ makes 
with the co-ordinate axes; x^, y^, z^ the co-ordinates of the 
point of application of Pj ; then 

Spj = cos a^x^ + cos iSjSy^ + cos 7iS<3r, (2) ; 

this is rigorously true, and similar equations hold for Zp^, 
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Now, in consequence of the connexion of the system, for 
example, the rigidity of some parts of it, or the junction of 
parts by rods or strings, relations will hold between the co- 
ordinates ^j, y^, 2Jj, X y y^, z^y.,. in virtue of which all of 
them may be expressed in terms of a certain number of them ; 
or all of them may be expressed in terms of certain other 
independent co-ordinates and angles. 

Suppose fj, fj, fg, ... <^j, <^j, <^g, ... to denote these inde- 
pendent co-ordinafces and angles. Theriy if we neglect the 
sqvxires and products, and higher powers of Sx^, By^, ... h^^, 
S^2, ... S0J, B(f>^, ..., we shall obtain equations of the form 

Bxj^ = AjB^^ + A^h^^ + . . . 4- a^S^j + a^S^, + . . ., 

Bx, = B^B^^ + ^2%+ ... + W, + \B<f>, + ..., 

where A^, A^,... B^, B^y... a^y a^,... J,, h^,... are functions of 
the variables, biit do not contain the increments S^^, B^^, ... 

Let the values oiBx^, By^ ... be substituted in the equations 
of which (2) is the type, and then let the values of Bp^ , Sp^, . . . 
be substituted in (1) ; this equation will take the form 

Q.^l + QM.-^- + ?M +?.s^2+ •'•• =0 (3)- 

The conditions for the equilibrium of the system are 

Gi = 0, (?, = 0, ... ?, = 0, y, = (4). 

For since B^^y B^^, ... S^^, S^^, ... are by supposition inde- 
pendent, we might have given the body such a displacement 
as to leave ^g, ^^y ... <f>^y <f>^y ... unchanged; and then (3) 
would reduce to 

^i^^i = ; therefore Q^ = 0. 

Similarly, we may shew that the other equations of (4) hold. 

260. We will give a simple example in illustration of the 
method of the preceding Article. A string of given length has 
one end fixed at a point in the line of intersection of two ver- 
tical planes at right angles to each other, and at the other end 
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carries a heavy particle which is repelled from these planes by 
forces of which one is constant and the other varies as the 
distance from the plane ; find the positions of equilibrium. 

Take the vertical plane from which the particle is repelled 
by a constant force as the plane of {x, z)y and the other ver- 
tical plane as the plane of (y, z) ; take the point to which the 
end of the string is fixed as the origin, and let the axis of z 
be vertically downwards. Let ^, y^ z denote the co-ordinates 
of the particle in a position of equilibrium, and I the length 
of the string. Let W be the weight of the particle, F the 
constant repulsive force, /ia? the force which varies as the dis- 
tance of the particle from the plane of (y, z). Conceive the 
particle displaced into an adjacent position, the co-ordinates 
of which are x-vZxy y-^hyy z + Bz. Then by the principle 
of virtual velocities 

fixSx + FBy+ WBz = (1) ; 

the tension of the string has no virtual moment by Art. 256. 

Also a;^ + f + z' = r (2); 

therefore xBx + yBy + zBz = (3). 

By (3) we can express 8z in terms of Bx and 8y ; thus (1) 
becomes 

Wx JVv 

Therefore ux = 0, and F ^ = 0. 

z z 

W 
From the first of these equations we obtain either z = — , or 

else x = 0. If we take the former solution we obtain y = — , 

and then x is known from (2) ; thus one position of equili- 
brium is determined. If we take the solution a? = 0, then y 
and z must be found from the equations 

Fz'-Wy^O, y^ + z'^r; 

thus another position of equilibrium is determined. 
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261. The principle of virtual velocities is useful in Statics 
in the solution of such problem^ as that in Art. 255, where 
forces occur which have their virtual moments zero for certain 
displacements. The following is an important general pro- 
position to which the principle leads. 

A system of rigid bodies under the action of no forces hut 
Iheir weights, mutual pressures, and pressures upon smooth 
immoveable surfaces, will he in equilibrium, if placed so that 
the centre of gravity is in the lowest or highest position it can 
possibly attain by moving the system consistently with the con- 
nexion of its parts with one another. 

Let 2jj, «j, ... denote the distances below a fixed horizontal 
plane of the different particles of the system; w^, w^, ... the 
weights of these particles. That the system may be in equi- 
librium, we must have 

WjBz^ + wJ5z^ + wJ5z^+... =0 (1); 

for by Art. 256 the virtual moments of all the other forces 
which act on the system vanish. Let i" denote the depth df 
the centre of gravity of the system below the fixed horizontal 
plane; then 

W^'\-W^ + W^+ ... ' 

therefore {w^-\- w^ + w^-\- ...) Bz = w^z^ + w^z^ + ^a^^s + • • • (2). 
Now when z has a maximum or minimum value, 



= (3), 

(see Diff. Calc. Arts. 232, 238). 

Hence when the centre of gravity is at a maximum or 
minimum distance from the fixed horizontal plane, (1) is 
satisfied and the system is in equilibrium. 

The equation (3) is a necessary but not a sufficient con- 
dition for z having a maximum or minimum value ; hence, 
we cannot assert conversely, that when the system is in 
equilibrium, the centre of gravity must be at a maximum or 
minimum depth. 

If the system of rigid bodies be such that the centre of 
gravity is always in the same horizontal plane, every position 

T. s. 23 
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is a position of equilibrium. For in this case ^ is a constant^ 
and therefore Sz always = 0. 

If some of the bodies are rough the result will still hold if 
the friction be such as to prevent any sliding ; see case (6) 
of Art. 266, 

262. Suppose a system in equilibrium, and that an in- 
definitely small displacement is given to it ; if it then tend 
to return to its original position, that position is said to be 
,one of stable equilibrium; if the system tend to move further 
from its original position, that position is said to be one of 
unstable equilibrium^ 

To determine in any case whether the equilibrium of a 
system is stable or unstable, is a question of dynamics on 
which we do not enter. The reader may refer to Poisson, 
Art. 670, or Duhamel, Tom. ii. Art. 69 ; the best investi- 
gation of the question, however, will be found in the Cours 
GompUmentaire 6^ Analyse et de Micanique Bationellef par 
J. Yieille, Paris, 1861, 

The following general theorem is demonstrated. Suppose 
the forces which act upon a system such that 

t{Xdx+Ydy + Zdz) 

is the immediate differential of some function of the co-ordi- 
nates, <^ ; then, for every position of equilibrium, <^ is, in 
general, a maooivium or minimwm; in the former case the 
equilibrium is stable and in the latter unstable. 

An important particular case is that of the system in 
Art. 261, in which the equilibrium is stable when the centre 
of gravity has its lowest position, and unstable when it has 
its highest position, 

263* We will now illustrate the principle contained in 
the preceding Article by application to two examples. 

I, A uniform heavy beam is placed with its ends in con- 
tact with a fixed smooth vertical curve in the form of an 
ellipse with its directrices horizontal : determine the position 
of stable equilibrium, the length of the beam being supposed 
not less than the latus rectum. 
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Let P and Q denote the extremities of the beam ; let PM 
and QNhe perpendiculars on the lower directrix, and S the 
focus corresponding to this directrix. Then the height of 
the centre of gravity of the beam above this directrix is 

5 {PM+ QN) ; for stable equilibrium this height should be a 

minimum. If e be the excentricity of the ellipse we have 

PM+QN^^{SP+8Q)^ 

and therefore 8P + SQ must be a minimum. But SP + 8Q 
is always greater than PQ, except when 8 is in the straight 
line PQ. Therefore the position of stable equilibrium is that 
in which PQ passes through the focus. 

Since the beam is in equilibrium under the action of its own 
weight and the normal resistances of the curve, it follows that 
the straight line which joins the point of intersection of nor- 
mals at the ends of a focal chord of an ellipse with the middle 
point of the chord is parallel to the major axis : this result 
may be verified geometrically. 

II. The principle of Art. 262 may be applied to a liquid 
which may be regarded as a collection of indefinitely small 
smooth heavy particles. 

Suppose a set of rectangles, all of the same length, but with 
any breadths. Let them be connected along their lengths by 
smooth hinges, so as to form a hoUow prism without ends; 
and place the system vertically on a smooth horizontal plane. 
Let some liquid be poured into the vessel thus formed. In 
the position of stable equilibrium the centre of gravity of the 
liquid will be at a minimum height above the horizontal 
plane ; and therefore the area of a horizontal section of the 
prism wiU then have a maximum value. 

But by the principles of Hydrostatics the rectangles which 
form the vertical sides of the vessel are acted on by pressures 
from the fluid which form a system of forces like that in 
Prop. IL at the end of Chap, iv.: and therefore when there is 
equilibrium the horizontal section of the prism must form a 
polygon which can be inscribed in a circle, 

23—2 
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Hence we obtain the following result : if an area is td be 
bounded by given straight lines the area is greatest when the 
straight lines are all chords of a circle. See also IHfferewtial 
Calculue, Example 2 of Chapter xvi. 

264. The following is a simple example of distinguishing 
the nature of equilibrium. 

A heavy body rests on a, fixed lody; to determine the nature 
of the equilibrium, the surfaces being supposed rough. 

Let BA (7 be a vertical section of the upper body made 







by a plane through its centre of gravity G, and DAE the 
section of the lower body made by the same plane. We 
suppose these sections both circular; let r be the radius of 
the upper section and B that of the lower. Let the upper 
body be displaced into the position SA'0\ and suppose a 
that point in the upper body which was originally at -4; 
oi A' the new point of contact draw the common normal 
OA'N, meeting at the radius AO oi the lower surface, and 
at N the radius aN of the upper surface. Draw a vertical 
line through A' meeting a^at Jf ; let ^r be the new position 
of the centre of gravity of the upper body. If we suppose 
the surface rough enough to prevent all sliding, the upper 
body will turn round A\ and the equilibrium will be unstable 
if g falls further from a than M, and stable i£g be between 
Jf and a. 
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Let AOA'=^0, aNA'^^. 

Since we suppose the upper body displaced by rolling on the 
lower, we have 

arc AA' = arc oA* ; 

therefore B0 = r<^. 

MIS' sin sin 



Also 



NA' sinC^ + ^) ;^i7^ 



= p ultimately ; 
r 

therefore 3f^= 



and aJlf=r — 






r + jB E + r' 



Hence, the equilibrium is stable or unstable according a^ 

Rr 
ag, or A Gy is less or greater than -^ — . 

If the lowet surface be concave instead of convex, it may 
be shewn in the same way that the equilibrium is stable or 

Mr 

unstable according as -4 G^ is less or greater than p^ , 

The results of this Article will hold when the sections BA C 
and DAE are not circles ; r and B will then stand for the 
radii of curvature of the upper and lower sections at the 
point A. If the lower surface is plane, It is infinite, and for 
stable equilibrium AG must be less than r. 

265. If -4.0=-^^ in the first case, or = -s in the 

jR + r B-r 

second case, the equilibrium has been called neutral In this 
case, a further investigation will have to be made to deter- 
mine whether the equilibrium is stable or unstable. Suppose, 
for example, that a portion of a paraboloid rests in neutral 
equilibrium with its vertex in contact with a horizontal plane, 
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it is required to determine whether the equilibrium is stable 
or unstable. 

Since the equilibriiim is neutral^ the centre of gravity G 
must coincide with the centre 
of curvature of the generating 
parabola at the vertex; now, if 
different points be taken in a 
parabola, the further the assumed 
point is from the vertex, the 
further is the point of intersec- 
tion of the normal and the axis 
from the vertex. Hence, the 
normal AN in the figure meets 
the axis of the parabola further from a than G is, and the 
equilibrium is stable. 

It is easy to shew generally, that if a portion of a solid 
of revolution rest in neutral equilibrium with its vertex on 
a horizontal plane, the equilibrium is really stable or unstable, 
according as the radius of curvature of the generating curve 
has a minimum or maadmvm value at the vertex. 

266. The results of Art. 264, when the sections BA C and 
DAE are circles, may also be obtained by using the theorem 
which we have quoted in Art. 262. 

Let z denote the height of the centre of gravity g above 
the horizontal line through 0, and let Ng = c ; then 

£?= {R + r) cos^ — ccos(^ + 0) 

= (jB + r) cos^ -ccos (l + ^0. 

Expand the cosines in powers of the angles ; thus 
» = i! + r-»+|o(l + D'-(B + r)}| 

-{o(l+f)'-(iiH.r)}^ + ... 
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Suppose the coefficient of (^ not to be zero ; then when 6 
is indefinitely small z is greater or less than R-^r-^^y ac- 
cording as the coefficient of ^ is positive or negative ; in the 
former case i2 + r — c is a minimum value of «, and in the 
latter case it is a maodmum value. Therefore the equilibrium 

is stable if c be greater than ^^- — , and unstable if c be less 

^ jB + r' 

Suppose however that c^-^ , then the coefficient of 6^ 

is zero; in this case the equilibrium is said to be netdral 
We must now examine the coefficient of ff^ in the value of z ; 
this coefficient is 



-lf(i+f)^-(^+4' 



that is. . -^|(^'-(B+r)J, 

ttatis, • .m±^mM, 

since this is a negative quantity it follows that 5 + r — c is a 
mcmmum value of z and the equilibrium is really v/nstahU, 

267. The following problem will furnish an instructive 
example. A frame formed of four uniform rods of the length 
a connected by smooth hinges, is hung over two smooth pegs 

in the same horizontal line at a distance -^ , the two pegs 

being in contact with different rods ; shew that the frame is 
in equilibrium when each angle is 90*, and determine whether 
the equilibrium is stg^ble or unstable. 

Denote the pegs by A and B; suppose the beam in con- 
tact with A to make an angle with the horizon, and the 
beam in contact with B to make an angle <f> with the horizon; 
let u denote the depth of the centre of gravity of the system 
below AB. Then it may be shewn that 

«/./,.. , V c sin & sin A 



\ 
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Tvhere ^ ~ "To • 

Thus w is a function of the two independent variables 
and <f>, and in order that u may have a maximum or minimum 

value and ^ must be taken so as to satisfy ;jg = and 

-72 = 0. It will be found on trial that ^ = j and ^ = j ^.re 

suitable values. But it will be found that with these values 
for and ^ we get 

d^u _ c d^u ^ d*u _ c 

, / d^u \* cZ*w d^u . . . , . . , 

so that \ >ait ) ~ j^ jTi ^^ 'positive and w is neither a 

IT IT 

maximum nor a minimwm when ^ = t and ^ = t • -^1 the 

foregoing is a simple example of the Differential Calculus ; 
we proceed to apply it to the Mechanical Problem in questioni 

Let hu denote the change in u consequent upon changing 

the value of from t to ^ + 8^, and the value of d> from 

4 4 ^ 

J to T + S0 ; then it follows from the preceding investiga- 
tions that 

where under the &c. are included terms in 8^ and S<^ of a 
higher order than the second. Now although u is neither 

IT 

a maximum nor a minimum when and ^ are each 7, yet 

there is equilibrium then because hu is then zero so far as 
terms of the first order in h0 and S^. (See Art. 261.) But 
as w is neither a maximum nor a minimum the equilibrium 
cannot be stated to be either stable or unstable universally; 
it is in fact itaJ^h with respect to soms displacements and 



PROPERTY OF THE CATEXARY. 361 

unstaileynila, respect to otiier displacements. If,, for example, 
we consider only such displacements as make 80 = S<l>, then* 
Su is certainly negative when B0 and S(f> are taken small 
enough ; thus the centre of gravity is raised by the displace- 
ment and so the equilibrium is stable. If, again, we consider 
only such /displacements as make S^ = — S<^, then Su is cer- 
tainly jj^osiVive when B0 and S0 are taken small enough ; thus 
the centre of gravity is depressed by the displacement and so 
the equilibrium is unstable, 

268. Of all curves of a given length drawn between two 
fixed points in a horizontal line, the comrrum catenary is that 
which has its centre of gravity furthest from the straight line 
joining the points. 

This proposition belongs to the Calculus of Variations, but 
an imperfect proof of it may be obtained from some of the 
preceding principles. Since the string which hangs in a com- 
mon catenary is in equilibrium we conclude that the depth of 
its centre of gravity from the horizontal line is a maximum 
or minimum. (See however Art. 261.) And we may infer 
that the depth is a maximuvi and not a minimum from the 
experimental fact that if the string be slightly displaced it, 
will return to its position of equilibrium so that its equili- 
brium is stable, (See Art. 262.) Hence in any other position 
of the string than that of equilibrium the centre of gravity 
will be nearer to the given horizontal line. And as the string 
which hangs in the common catenary is of uniform density 
and thickness its centre of gravity coincides with that of the 
curve. Thus the proposition is established. 

269. Lagrange has given a demonstration of the principle 
of virtual velocities, which does not assume a knowledge of 
the conditions of equilibrium of any system of forces ; this 
demonstration is difficult and has not been universally re- 
ceived. We shall place it here and refer the reader to 
Poisson, Art. 337, and to the article ' Virtual Velocities ' in 
the Penny Cyclopcedia, for further information. 

We have first to shew how any system of forces may be 
replaced by a string in a state of tension passing round a 
combination of puUies. 
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Let forces P, Q^ R^ ••.••• acting at the points Ay B, G, •* 

maintain a system in equilibrium ; let pullies be fbced to the 
system at the points A, B, C,..^ and let the pullies a,b,c,.i. 
be attached to fixed blocks, so that Aa may be the direction 




of the force P, Bh that of Q, and so on. Let a string have a 
weight TFattached to one end, and be passed round the puUy 
Nemd then round the pullies a and A a sufficient number of 
times to render the sum of the tensions equal to P. Let the 
same string then pass on to the puUy b, and be passed round b 
and B a sufficient number of times, until the sum of the ten- 
sions is equal to Q, The string is then passed on to c, and 
round cC, and so on; the end of the string is fastened to a 
fixed point M. Thus the system of forces P, Q, B,,.. may 
be replaced by a single string, the tension of which is W. We 
here assume that the forces P, Q, B,... are commensurable. 

"We proceed now to the proof, in which we follow La- 
grange's words very closely. 

It is evident, in order that the system may remain in equi- 
librium, that the weight TFmust be incapable of descending 
when any indefinitely small displacement whatever is given to 
the points of the system; for since the weight always tends to 
descend, if there were any displacement of the system which 



r 
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would allow it to descend, it would necessarily descend and 
produce this displacement in the system. 

Let a, 13, 7,.,. denote the indefinitely small spaces, which 
any displacement would cause the points of the system to 
describe in the direction of the forces, which respectively act 
at them, and let p, q, r.». denote the number of parallel 
strings which are attached to the pullies A, £, (7, ... It is 
obvious that the spaces a, fi, 7,... are those by which the 
pullies A,B, G,... will approach a,b,c,... and that the string 
joining these pullies will thus be diminished by pa, ql3, 77, ... 
Thus, in consequence of the inextensibility of the string, the 
weight TF would descend through the spsice poL+q^ + ry+\.^ 
Hence, in order that the system of forces P, Q,B,.,. maybe in 
equilibrium, we must have 

poL + qfi + ry + ...^0; 

and therefore, since P==pW, Q=^qW,... 

This equation is the analytical expression of the principle of 
virtual velocities. 

If the quantity Pa+ Q^ + i2y + ..., instead of being zero, 
were negative, it might appear that this condition would be 
sufficient to ensure equilibrium, since it is impossible that the 
weight could of itself ascend. But we must remember, that 
whatever may be the connexion of the parts of the system, 
the relations which consequently hold between the indefinitely 
small quantities a, )8, 7, ... can only be expressed by differen- 
tial equations, and which are therefore linear as to these 
quantities ; so that there will be necessarily one or more of 
them which remain indeterminate and may be taken with a 
positive or negative sign ; thus the values of these quantities 
will be always such that they can simultaneously change their 
sign. Hence, it follows that if for a certain displacement 
of the system, the quantity Pa + Q^ + JB7 + . . . is negative, it 
would become positive by changing the signs of a, )8, 7, ... ; 
thus the opposite displacement is equally possible, and this 
would make the weight descend and destroy the equilibrium. 
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Conversely, if the equation 

holds for every possible indefinitely small displacement of 
the system, it will remain in equilibrium. For, the weight • 
remaining unmoved during these displacements, the forces' 
which act on the system remain in the same condition, and 
there i» no reason why they should produce one, rather than • 
the other, of the two displacements, for which a, ^8, 7,... have' 
diflFerent signs. This is the case of a balance which remains 
in equilibrium, because there is no reason why it should in- 
cline to one side rather than the other. 

The principle of virtual velocities being thus proved for 
commensurable forces, will also hold when the forces are in-, 
commensurable ; for we know that any proposition which can 
be proved for commensurable quantities may be extended by a 
rednctio ad absurdum to incommensurable quantities. 
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1. A cone whose semi-vertical angle is tan"^ -j^ is enclosed' 

in the circumscribing spherical surface ; shew that it will rest 
in any position. 

2. A heavy uniform rod of length a moves in a vertical 
plane about a hinge at one extremity. A string fastened 
to the other, passes over a puUy in a vertical line above the 
hinge, and is attached to a weight equal to half that of the 
rod, which rests on a curve. The length of the string and 
the height of the puUy above the hinge are each equal to the 
length of the rod, and the system is in equilibrium in all 
positions. Shew that the equation to the curve is 

r = 4asin'*i^, 

the puUy being the origin and the prime radius being vertical. 
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3. Two rods eacli of length 2a have their ends united at 
an angle a, and are placed in a vertical plane on a sphere of 
radius n Prove that the equilibrium is stable or unstable 

( 4. An oblongum rests with its smaller end on a horizontal 
table. la the equilibriujn stable or unstable ? 

5. A cylinder rests with the centre of its base in contact 
with the highest point of a fixed sphere, and four times the 
altitude of the cylinder is equal to a great circle of the 
sphere ;. supposing the surfaces iii contact to be rough enough 
to prevent sliding, shew that the cylinder may be made to 
rock through an angle of 90®, but not more, without falling 
off the sphere. 

, 6. A very small bar of matter is moveable about one 
extremity which is fixed halfway between two centres of 
force attracting inversely as the square of the distance ; if 
I be the length of the bar, and 2a the distance between the 
centres of force, prove that there will be two positions of 
equilibrium for the bar, or four, according as the ratio of the 
absolute intensity of the more powerful force to that of the less 

powerful is, or is not, greater than ^ ; and distinguish 

between the stable and unstable positions. 

• 

7. Two particles connected by a string support each other 
on the arc of a vertical circle ; shew that the centre of gravity 
is in the vertical through the centre of the circle. What is 
the nature of the equiHbrium ? 

8. A sphere of radius a, loaded so that the centre of 
gravity may be at a given distance b from the centre of 
figure, is placed on a rough plane inclined at an angle a to 
the horizon. Shew that there will be two positions of equi- 
librium, one stable and the other unstable, in which the 
distances of the point of contact from the centre of gravity 
.are respectively, 

a cos a — V(^* ^ ^* sin* a), 

and . a cos a + VC^* — a' sin' a). 
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Hence, find the greatest inclination of the plane which will 
allow the sphere to rest. Is the equilibrium stable or uu-* 
stable in this limiting case ? ... 

9. A sphere of radius r rests on a concave sphere of 
radius JB ; if the sphere be loaded so that the height of its 
centre of gravity from the point of contact be f r, find B, so 
that the equilibrium may be neutraL ItesitU. R = 3r; 

10. A heavy cone rests with the centre of its base on 
the vertex of a fixed paraboloid of revolution ; shew that the 
equilibrium will be neutral if the height of the cone be equal 
to twice the latus rectum of the generating parabola. Shew 
that the equihbrium is really stable. 

11. A heavy particle attached to one extremity of an elastic 
string is placed upon a smooth curve, the string lying upon the 
curve and its other extremity being fixed to a point in the 
curve ; find the curve when the particle rests in all positions. 

Result A cycloid. 

12. A uniform square board is capable of motion in a 
vertical plane about a hinge at one of its angular points ; 
a string attached to one of the nearest angular points, and 
passing over a puUy vertically above the hinge at a distance 
from it equal to the side of the square, supports a weight 
whose ratio to the weight of the board is 1 to ^2. Find the 
positions of equilibrium and determine whether they are re- 
spectively stable or unstable, 

13. Two small smooth rings of equal weight slide on a 
fixed elliptical wire of which the major axis is vertical, and 
are connected by a string passing over a smooth peg at the 
upper focus ; prove that the rings will rest in whatever posi- 
tion they may be placed, 

14. A small heavy ring slides on a smooth wire in the 
form of a curve whose plane is vertical, and is cpnnected by 
a string passing over a fixed puUy in the plane of the curve 
with another weight which hangs freely ; find the form of the 
curve that the ring may be in equilibrium in any position. 

Result. A conic section having its focus at the puUy, 
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15. If an elliptic board be placed, so that its plane is 
vertical, on two pegs which are in the same horizontal plane, 
there will be equilibrium if these pegs be at the extremities 
of a pair of conjugate diameters. What are the limits which 
the distance between the pegs must not exceed or fall short 
of, in order that this position of equilibrium may be possible ? 
Shew that the equilibrium is unstable. 

16. A solid of revolution, whose centre of gravity coincides 
with the centre of curvature at the vertex, rests on a rough 
horizontal plane. Shew that the equilibrium is stable or un- 
stable according as the value of 3 [-jjt) "- -j^ > when x and y 

vanish, is positive or negative, x and y being co-ordinates of 
the generating curvCi measured along the tangent and normal 
at the vertex* 

17. If a plane pass through one extremity A of the base 
of a cylinder and be inclined at an angle of 45* to the axis, 
the piece so cut off will rest in neutral equilibrium, if placed 
with its circular end on the vertex of a paraboloid whose latus 
rectum is five-eighths of the diameter of the base, the point of 
contact being also at this same distance from A, 

18. A piece of string is fastened at its extremities to two 
fixed points ; determine from mechanical considerations the 
form which must be assumed by the string in order that the 
surface generated by its revolution about the straight line join- 
ing the fixed points may be the greatest possible. 
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CHAPTER XV. 



MISCELLANEOUS PEQPOSITIONS. 



270. The proposition called the Parallelogram of Forces 
is the foundation of the whole science of Statics, and nu- 
merous demonstrations have been given of it. An account 
of several of these demonstrations will be found in a 
dissertation published at Gottingen in 1817, entitled Frae- 
cipuorum inde a Neutono conatuum, compositionem virium 
demonstrandiy recensio. Auctore Carolo Jax^oVi... A more 
recent dissertation of the same kind, also published at 
Gottingen, is entitled Ueber die Beweise fur das Faralldo- 
gramm der Krdfte..* Von A. H. C, Westphal. 

Some new varieties of demonstration are also contained in 
pages 8... 18 of the Legons de Micanique Analytique, par 
M, LAhM Moigno 1868. From this work we will borrow 
an elementary process which will serve to complete the in- 
vestigation given in Art. 36 after Laplace. 

We suppose then that the resultant of two forces acting at 
a point at right angles to each other is known to be repre- 
sented by the diagonal through the point of the rectangle 
constructed on the components, so far as relates to the mag- 
nitude : we have to shew that it is also vcpresented in di- 
rection by this diagonal. This proposition is obvious in the 
case where the components P and Q are equal ; for then the 
resultant must necessarily bisect the angle .between the di- 
rections of P and Q, and will therefore coincide with the 
diagonal 

The proposition may next be shewn to be true in the case 
where Q = Pis/2. For consider three forces, each equal to P, 
acting in directions mutually at right angles. The forces 
may be represented by the three edges of a cube which meet 
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at a point. The resultant of two of the forces, by what we 
have already shewn, is PV2, and acts along the diagonal of 
that face of the cube of which these two forces are edges. 
Hence the resultant of the three forces must lie in the 
plane which passes through this diagonal and that edge of 
the cube which is at right angles to this face. In a similar 
manner another plane can be assigned in which the resultant 
of the three forces must lie, by beginning with another pair 
out of the three equal forces. Therefore the resultant of the 
three equal forces must lie in the common intersection of the 
two planes, that is in the diagonal of the cube which passes 
through the point of application of the forces. But this 
resultant is also the resultant of two forces P and P*J% which 
act at right angles ; and the diagonal of the cube coincides 
with the diagonal of the rectangle constructed on the sides 
which represent these forces. Thus the proposition is true 
in the case where Q = P*J% 

We shall now shew that if the proposition is true when 
Q=^P»Jm it is true when Q = P»J{rn + l), For consider 
three forces P, P, and Ps/rriy acting in directions mutually at 
right angles^. The forces may be represented by the three 
edges of a rectangular parallelepiped which meet at a point. 
Then, by first compounding P\Jm with one of the forces P, 
we see that the resultant of the three forces must lie in 
the plane passing through the diagonal of the rectangle 
corresponding to the first two forces, and also through the 
edge which corresponds to the other force P. In a similar 
manner another plane can be assigned in which the resultant 
of the three forces must lie. Therefore the resultant of the 
three forces must lie in the common intersection of the two 
planes, that is in the diagonal of the rectangular parallele- 
piped which passes through the point of application of the 
forces. But this resultant is also the resultant of the two 
forces P and PV(^+ 1) which act at right angles ; and the 
diagonal of the rectangular parallelepiped coincides with the 
diagonal of the rectangle constructed on the sides which repre- 
sent these forces. Thus the proposition is true in the case 
where Q = P^/{m + 1). 
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Hence Tte see that the proposition is true when Q^PfJm, 
where m is any integer. 

Finally consider three forces P, P^w, and PaJti, where m 
and n ai*e any integers, actiDg in directions mutually at right 
angles. The forces may be represented by the three edges 
of a rectangular parallelepiped which meet at a point. Then 
the resultant of the three forces must lie in the plane which 
contains the edge P^Jn, and the diagonal P A/(m + 1) ; it 
must also lie in the plane which contaius the edge Py/w, and 
the diagonal PV(^ + 1)- Hence the resultant of the three 
forces must lie in the common intersection of the two planes, 
that is, in the diagonal of the rectangular parallelepiped which 
passes through the point of application of the forces. Hence 
the resultant of P/^m and P^n must lie in the plane which 
contains the edge P, and the diagonal of the rectangular 
parallelepiped; and this plane cuts the plane of P^/m and 
P ^n in the diagonal of the face which corresponds to these 
edges. Therefore the direction of the resultant of the forces 
PaJtti and P^n is the diagonal of the rectangle constructed 
on the sides which represent these forces. Hence the propo- 
sition is true for forces which are iq the ratio of P V^ to PVn, 

that is, in the ratio of Pto Pa/ — , where m and n are any 

integers. But by properly choosing m and n we may make 
this as close as we please to the ratio between any two 
assigned forces. Therefore the proposition is true whatever 
may be the ratio between the forces. 

The proposition may be extended to the case in which the 
component forces are not at right angles as in the last part of 
Art. 35. 

271. The result of Art. 28 may be expressed conveniently 
thus: 

R' = P,S, + P,8^+P^S, + ... 

where 8^ denotes the sum of all the forces resolved along the 
direction of P^. 

For suppose there are three component forces; then, we 
have 



• 
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+ 2P,pJcos {P,P,) + 2P^, COS (P^3) + 2P3P, COS {P^,) 

= P, {P, + P, COS (P,P,) + P3 COS (P^PJ} 
+ P, {P, + P, COS {P,P,) + P3 COS (P,P3)} 
+ P3 {P3 + P, COS {P,P,) + P, COS (P,p3)}. 

This shews that B' = P^8^ + P^8^ + P^8^; and the same 
formula will manifestly subsist for any number of component 
forces. 

272. In cases IX and x, on pages 29 and 30 we have 
pointed out an analogy between the conditions for the equi- 
librium of three forces in one plane acting at a point, and the 
conditions for the equilibrium of four forces not in one plane 
acting at a point. In the former case the forces must be 
proportional to certain areas, and in the latter case the forces 
must be proportional to certain volumes. In the latter case, if 
we express the volumes by the aid of the formulae given in 
Spherical Trigonometry, Art. 192, we arrive at the following 
result : if four forces not in one plane, acting at a point, are 
in equilibrium, each force is as the sine of the solid angle 
formed by the directions of the other three forces ; this is 
analogous to Art. 19. 

There is still another form in which the conditions of equi- 
librium may be put, so as to manifest the analogy. Let 
three forces in one plane acting at a point be represented in 
magnitude and direction by three straight lines drawn from 
the point : then if the forces are in equilibrium, the triangles 
formed by joining the ends of the straight lines are equal. 

Let four forces not in one plane acting at a point be 
represented in magnitude and direction by four straight lines 
drawn from the point : then if the four forces are in equi- 
librium, the four triangular pyramids which 'can be formed 
by taking three of the straight lines as conterminous edges 
are equal. 

This form follows immediately from that given before. 

273. It will be observed that in Chapters VI and vn, we 
have the expression LXX + M^Y + N'S,Z frequently oc- 
curring : we shall give here a few remarks relating to it. 

24—2 
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We see from Art. 79 that this expression must vanish 
if the given system of forces reduces to a single resultant ; 
hence the expression may be appropriately called the cW- 
terion expression. 

We propose to shew that the numerical value of the cri- 
terion expression for a given system of forces is independent 
of the origin and of the system of rectangular axes which may 
be used. This has already appeared indirectly in Art. 98. 

For abbreviation put 

UiorZy-Yz, VioxXz-Zx, Wiox Yx-Xy, 

then U^ will stand for Z^y^ — Y^z^, and so on. 

If there be only one force the criterion expression vanishes ; 
for obviously 

X{Zy-Yz)+Y{Xz'-Zx)^Z{Yx-Xy) = Q. 

Now let there be two forces ; then the criterion expression 
becomes 

(x,+x,)(c;+£r,) + (r,+ r,)(F,+F.)+(z,+^,)(TF;+Trj; 

and this by what has just been shewn for a single force 
reduces to 

and by development this may be put in the form 

+ (y. - y^) i^A - ^A) + {^. - ^i) ( ^A - Y^^)- 

Now we know that the eflfect of a force is the same at 
whatever point in its line of action the force may be applied ; 
so that we may be sure the above expression will remain 
unchanged whatever point (0;^, y^, z^) may denote of the line of 
action of the corresponding force : and it is easy to verify 
this. For if (f, ^, f) denote any point on the line of action 
of the force which passes through {x^, y^, z^ we have 

X, Y, Z, ^^""^^ 

so that 
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and if we substitute these values for x^y y^, and z^ respec- 
tively in the expression, we find that t disappears, and we are 
left with the expression having f, 17, and f respectively in the 
place of x^,y^i and z^. 

Similarly [x^, y^, z^ may be any point on the line of 
action of the corresponding force. 

Hence we may take (ajj, y^, z^ and {x^, y^, z^ to be those 
points in the directions of the respective forces which are at 
the extremities of the straight line at right angles to both 
directions. These points may be represented by the A and 
A of the diagram in Art. 102. 

Let r denote the length of the straight line which joins 
the points [x^y y^, z^ and {x^, y^, z^ when thus chosen; and 
let X, /i, V be the direction cosines of this straight line. Then 

x^-x^^^Xr, y^-y^ = firy z^-z^ = vr. 
Moreover \X^ +fjLY^ + vZ^=^ 0, and \X^ + /a F^ + i/Z^ = 0. 

Hence z,Y,- Z,Y,^ X,Z^^ X.Z^'^ Y,X,- Y.X^^k '^^' 

where k is some quantity to be determined. And since 
X* + /Lt* + I/* = 1 we have 

A;» = {Z, Y, - Z, rj' + {X,Z, - X^,f + ( Y,X, - F,XJ». 

Substitute for x^ — x^y V^'^Viy ^^^ ^%~'^i ^^ *^® criterion 
expression ; thus it becomes 

lUz, Y, - zj,y + {x,z, - x^,Y + ( Y,x, - Y,xy 

V 

that is rh. 

But F = (Z,'+ F,'+ Z^) (X/+ Y:+ Z^ - (X,X,+ Y, Y,+Z,Z^' 
=B^'B,' -(B,B^ COS ay = B,'R,'sm'a, 

where B^ and B^ denote the two forces, and a the angle 
between their directions. 

Thus the criterion expression is numerically equal to 
B^Rjr sin a ; and this is independent of the origin and of 
the system of rectangular axes which may be used. 
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274. By the aid of Art. 102 we may state the result thus : 
the criterion expression in the case of two forces is numeri- 
cally equal to six times the volume of the tetrahedron of 
which the forces represent opposite edges. 

Or we may give a mechanical form to the result, and say 
that the criterion expression in the case of two forces is 
numerically equal to the product of one of the forces into the 
moment of the other force round the direction of this as 
an axis. For let the direction of B^ be taken as the axis ; 
resolve the other force into JR^ cos a parallel to the axis, and 
i?j sin a at right angles to the axis : the former component 
has no moment round the axis, while the moment of the 
latter is rB^ sin a* 

It is easy to extend the result to the case of any number 
of forces. We may say that the criterion expression is equal 
to the aggregate obtained by taking for each pair of forces 
the product of one force into the moment of the other 
round the direction of this as an axis. 

But in this case we shall have to attend to the signs of the 
terms which compose the aggregate. Suppose for instance 
that there are three forces JR^, B^, and B^] then the term 
which arises from B^ and B^ will have the same sign as that 
which arises from B^ and B^, provided the forces 5 and iJ, 
tend to turn the same way round the direction of ii^ as an 
axis. To shew this, suppose the axis of z to coincide with 
the direction of B^; then the term which arises from jBj 
and B^ will be found to be ^JF^.-o?,) -X,(y,-yJ}, 
and the term which arises from B^^ and B^ will be 
jBJFg(a?,— a;J — Xg(yg — yj}: the signs of these terms will 
be the same or contrary according as B^ and B^ tend to turn 
in the same way or in contrary ways round the axis of z. 

Similarly we may say that the criterion expression is equal 
to six times the aggregate obtained by taking for each] pair 
of forces the volume of the tetrahedron of which they repre- 
sent opposite edges. But the signs of the terms must be 
regarded, and must be settled by the rule already given. 
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275. To jvnd the value of the potential of a homogeneous 
ellipsoid at its centre. 

Let 2a, 26, 2c denote the axes of the ellipsoid, p the 
density. Then, as usual, we denote an element of mass 
by pr^ sin dO d<}> dr ; thus the potential V is to be found from 
the equation 

The integration with respect to r is to be taken from to 
the value assigned by 



r* sin' ^ cos* <^ r' sin' ^ sin' <^ r'cos'^^ 
a b' c 



Thus 



ir^ pa'^C [[ sin dO d(f> 

2 jj 6 V sin* <9 cos'^ 6 + aV sin'"^ fi 



^cos'^i^+aVsin'^sin'^-fa't'cos'^' 

The limits for are from to w, and for <f> from to 27r. 
Or we may take the limits in each case to be and - , and 
multiply the result by 8. 

The integration with respect to <f> may be effected as in 
Art. 228 ; and thus we shall obtain 



IT 

= 2'jrpabc^ I 

J a 



2 sin d0 



^{c' sin' ^ + a' cos' 0) V(c' sin' + b^ cos' 0) ' 
We may transform the definite integral by putting 
cos'^ = -g— , and thus we have F= irpahc I -q , where Q 
has the value assigned in Art. 228. 

We may now express the value of the potential at any 
interior point of the ellipsoid. Let/, g, h be the coordinates 

of the point ; then we know that — -7> > ~" ;j~ > — 'IT express 
respectively the attractions parallel to the coordinate axes. 
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Hence by Art. 228, 

Here tlie constant is some quantity independent of f, g, 
and h ; and to determine it we may suppose /, g, and h all 
to vanish. Then the value of F is that for the centre of the 
ellipsoid which has been previously found. Thus the constant 
is determined, and we have finally for any internal point 



^=Wf{'-&-6M:-rc4i 



Q' 



276. An important theorem was given by Green in his 
Essay on the. . . Theories of Electricity and Magnetism, which 
is connected with the investigations relative to the Potential 
Function. As the demonstration presents no difficulty to a 
student who has read Chapter xiii. we will reproduce it. 

Let tr and V be two functions of the rectangular coordi- 
nates X, y, z, which remain finite as well as their first and 
second differential coefficients throughout the space bounded 

by a given closed surface. Let -j-j- + -j-^ + —rY be denoted 

by A ?7 for abbreviation, and let a similar notation be used 
with respect to K Then will 

ju~dS^jjjUArdxdydz^jv^d8-jjjVAUda:di/dz; 

where dS denotes an element of the given closed surface, 
and dn an element of the normal to the surface drawn out- 
wards at dS. The single integrals are to extend over the 
whole given closed surface, and the triple integrals are to 
extend throughout the space within the closed surface. 

Let W denote the triple integral 

([(dxdi dz f^^ . ^^+^^ 
]]] *^ \dx dx dy dy dz dz]' 
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the integral extending throughout the space within the 
closed surface. We shall shew that W may be transformed 
into either of the expressions which we assert to be equal. 

By integration by parts we have 

J dx dx dx J da? ' 

suppose the integrals taken between the appropriate limits 
for x ; then the term outside the integral sign gives rise to 
a result which we may denote by 



(^S.-(^-^ 



dx)^' 

Thus when we proceed to integrate with respect to y and z 
we have the expression 



lliOA^'-Dh''- 



Let X denote the cosine of the angle made with the axis 
of x by the normal to the surface drawn outwards at the 
point (x, y, z). Then instead of the expression just given we 
may use 



■ 



dx 



the integral extending over the whole given closed surface. 
For if \ and \ denote the values of X which correspond to 
the limits of the integration with respect to x, we have 

\dS = dydz, and \dS=^dydz. 

Proceeding in this manner we see that 

dV , dV . dV 
dy 

where fi and v denote the direction cosines of the angles 
which the normal to the surface drawn outwards at the point 
{x, y, z) makes with the axes of y and z respectively. 

And > — + — r— = — 

dx dy dz dn ' 



H^{^'^-''^%^^'^)''^-IJh^^^y^^' 
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80 that W = ju^d8- JJJUA Vdxdy dz. 

» 

In the same manner we may shew that 

Thus by equating the two forms for W we obtain the 
proposed theorem. 

In demonstrating the theorem we have supposed the given 
closed surface to be such that a straight line parallel to the 
axis of X meets it at only two points ; but the theorem is true 
even when the surface has folds, so that a straight line may 
meet it in any even number of points. 

Suppose for instance that a straight line parallel to the 
axis of X meets the surface 2Xfour points. Then instead of 

//{(-a-(^f)}*-' 

we now have such an expression as 

rjdV\ frrdVX (rrdV\ f rr dV\} , , 

r ^y 
and this as before may be replaced by l\Z7 -y- dS, 

We have assumed that JJ and V remain finite throughout 
the space within the given closed surface. Suppose however 
that U becomes infinite at a point (f , % f ) which is within 
the surface. Describe any arbitrary surface, say a spherical 
surface, w^hich shall include the point (^, 9;, f) and yet fall 
entirely within the given surface. Then the theorem still 
subsists with the following modifications : the triple integrals 
must extend throughout the space bounded by the two 
surfaces ; and the single integrals must extend over both the 
surfaces, provided we mbtract the result for the spherical sur- 
face from the result for the given surface. 
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For example suppose that near the point (^, 17, 5) we have 
U sensibly equal to the reciprocal of the distance from this 

point, say - . ^escribe a spherical surface of infinitesimal 

radius a, having its centre at the point (f, 17, ?). 

Then the part oi\u^^d8 which depends on the surface 

1 

of the sphere will ultimately vanish ; for U varies as - and 
dS varies as r*. 

Next consider the part oi \V -r- dS which depends on the 

spherical surface. We shall have ^ = — — . Also we may 

put d8 = r^dfOy where dw is the element of a surface of radius 
unity. Hence ultimately we obtain — ^ttF^ where F^ de- 
notes the value of V at the point (f, 9;, f). And as this is 
to be subtracted we have 47r F^. 

The part of the triple integral jj lUAVdxdydz which is 

to be omitted, as enclosed by the sphere, is of the order of a* 
and therefore vanishes ultimately. Thus finally we obtain 



jU^dS --jjju^rdxdi/dz = 47rF, 



JV ^dS-jjjV^Udxdydz, 



J cLn JJJ 

where the single integrals extend over the whole of the 
given closed surface, and the triple integral on the left-hand 
side throughout the space bounded by the surface. The 
triple integral on the right-hand side extends also throughout 
this space, except that part of it which is within the infini- 
tesimal sphere. But as A D^ is zero within this sphere, at 
least except at the centre, we may say that the triple inte- 
gral extends throuffhout the space bounded by the given 
closed surface, on tne understanding that A ?7 is to be con- 
sidered zero even at the centre. 
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1. A uniform wire is bent into the form of three sides 
ABj BGj CD of an equilateral polygon ; and its centre of 
gravity is at the intersection oi AG and BD. Shew that the 
polygon must be a regular hexagon. 

2. Three forces act along three straight lines which may 
be considered as generating lines in the same system of a 
hyperboloid of one sheet; shew that if the forces admit 
of a single resultant^ it must act along another generating 
line of the same system. 

3. A gate moves freely about a vertical axis, along which 
it also slides ; while a point in the plane of the gate, and 
rigidly connected with it, rests on a given rough inclined 
plane ; find the limiting position of equilibrium. 

4. Suppose straight lines to be drawn from one of the 
centres of the four circles that touch the sides or the sides 
produced of a given triangle to the other three centres, and 
let these straight lines represent three forces in magnitude and 
direction ; then the straight line joining the first centre with 
the centre of the circle circumscribing the triangle will re- 
present in magnitude and direction one-fourth of the resultant 

5. A particle rests in equilibrium in a fine groove in the 
form of a helix, the axis of which is inclined to the horizon 
at a given angle a. Find the distance of the particle from 
a vertical plane passing through the axis. Also find the 
greatest value of a for a given helix in order that there may 
be a position of equilibrium of the garticle. 

6. A quadrilateral figure possesses the following property; 
any point being taken and four triangles formed by joining 
this point with the angular points of the figure, the centres of 
gravity of these triangles lie in the circumference of a circle ; 
prove that the diagonals of the quadrilateral are at right 
angles to each other. 
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7. A square board is supported in a horizontal position 
by three vertical strings ; if one of them be attached to a 
comer, where must the others be attached in order that the 
weight which can be placed on any part of the board without 
overturning it may be the greatest possible ? 

8. A triangular plate hangs by three parallel threads 
attached at the comers, and supports a heavy particle. Prove 
that if the threads are of equ ^strength, ' a heayier particle 
may be supported at the centre of gravity than at any other 
point of the disc. 

9. ABC is a triangle ; D, E, F are the middle points of 
the sides opposite to A, B, G respectively ; P is any point ; 
PByPJE, PFsxe divided in a given ratio at A\B\ C respec- 
tively ; shew by the theory of the centre of gravity that AA\ 
BB\ and GC meet at a point. 

10. A right cone is cut obliquely and then placed with its 
section on a horizontal plane ; prove that when the angle of 
the cone is less than sin"^ J, there will be two sections for 
which the equilibrium is neutral, and for intermediate sections 
the cone will fall over. 

11. A right cylinder on an elliptic base (the semiaxes of 
which are a and li) rests with its axis horizontal between two 
smooth inclined planes inclined at right angles to each other ; 
determine the positions of equilibrium, (1) when the inclina- 
tion of one of the planes is greater than tan"^ ^ , (2) when the 

inclination of both planes is less than tan"^ t . 

12. A pack of cards is laid on a table; each projects in 
the direction of the length of the paok beyond the one below 
it ; if each projects as far as possible, prove that the distances 
between the extremities of the successive cards will form an 
harmonic progression. 

13. Find the least excentricity of an ellipse in order that 
it may be capable of resting in equilibrium on a perfectly 
rough inclined plane. 

Result, e* = : — . 

1 + sm a 
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14. Two mtitually repelling particles are placed in a para- 
bolic groove, and connected by a thread which passes through 
a small ring at the focus ; shew that if the particles be at rest, 
either their absciss® are equal, or the two parts of the thread 
form one straight line. 

15. Each element of a parabolic arc bounded by the vertex 
and the latus rectum is acted on by a force in the normal 
proportional to the distance of the element from the axis of 
the parabola. Shew that the equation to the straight line 
in which the resultant acts is 

15y + 10a?=26a. 

16. Each element of the arc of an elliptic quadrant is 
acted on by a force in the normal proportional to the ordinate 
of that point. Shew that the equation to the straight line 
in which the resultant acts is 

Qhy - ^irax + ^d^ - 4S* - 0. 

17. A smooth body in the form of a sphere is divided into 
hemispheres and placed with the plane of division vertical 
upon a smooth horizontal plane ; a string loaded at its ex- 
tremities with two equal weights hangs upon the sphere,, 
passing over its highest point and cutting the plane of division 
at right angles ; find the least weight which will preserve the 
equilibrium. 

18. The locus of the centre of gravity of segments of 
equal area J. in an ellipse is a similar concentric ellipse whose 
minor axis is 

g -^ sm' I , where ^ = -y (^ - sm (f>). 

19. The foci of a rough oblongum attract directly as 
the distance ; if a particle without weight be placed on the 
oblongum, find within what limits it must be placed so as 
to be in equilibrium. Shew that if the coefficient of friction 

be greater than ^ ^ ^. , where e is the excentricity, the 

particle will rest anywhere on the surface. 

20. A circular disc of mass m' and radius c rests in con- 
tact with two equal uniform straight rods AB, A C, which are 
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joined at -4 by a smooth hinge, and which attract each other 
and the disc with a force varying as the distance ; also the 
disc attracts the rods similarly. Shew that there i& equili- 
brium if 

m'c (2c cos a — a sin a) = mc? sin* a cos a, 

where m is the mass of each rod, a the length of each rod, 
and 2a their inclination to each other. 

21. A square picture hangs in a vertical plane by a string, 
which passing over a smooth nail has. its ends fastened to two 
points symmetrically situated in one side of the frame. Deter- 
mine the positions of equilibrium, and whether they are stable 
or unstable. 

Results, Let I be the length of the string, c the distance of 
the two points to which the ends of the string are fastened, 
h the length of a side of the square ; then if Ih be greater 
than CA/(c* + h^ there is only one position of equilibrium, 
namely, the ordinary position, and the equilibrium is stable ; 
if Ih be less than c V(c* + h^) there, are two oblique positions 
of stahU equilibrium, besides the ordinary position of equi- 
librium, which is stable with respect to some displacements 
and unstable with respect to other displacements. 

22. A flexible thread is placed in a tube of any form and 
is acted on by any forces. The diameter of the tube is equal 
to that of the thread and is infinitesimal. Determine the 
position of equilibrium. 

23. Two equal particles are connected by two given 
strings without weight, which are placed like a necklace on 
a smooth cone with its axis vertical and vertex upwards ; find 
the tensions of the strings. 

24!. A triangle of area A revolves through an angle ^ about 
an axis in its own plane taken parallel to one side^ shew that 
the least amount of aurface generated m 

"^•f- 2{b + c)a ' 
where a is the greatest side. 
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